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CHAPTER 1: Introduction

EXERCISES 1.1: Background, page 5

1. This equation involves only ordinary derivatives of x with respect to t, and the highest deriva-
tive has the second order. Thus it is an ordinary differential equation of the second order with
independent variable ¢ and dependent variable x. It is linear because x, dz/dt, and d*z/dt>

appear in additive combination (even with constant coefficients) of their first powers.

3. This equation is an ODE because it contains no partial derivatives. Since the highest order
derivative is dy/dz, the equation is a first order equation. This same term also shows us that
the independent variable is # and the dependent variable is y. This equation is nonlinear

because of the y in the denominator of the term [y(2 — 3z)]/[z(1 — 3y)] .

5. This equation is an ODE because it contains only ordinary derivatives. The term dp/dt is the
highest order derivative and thus shows us that this is a first order equation. This term also
shows us that the independent variable is ¢ and the dependent variable is p. This equation
is nonlinear since in the term kp(P — p) = kPp — kp? the dependent variable p is squared
(compare with equation (7) on page 5 of the text).

7. This equation is an ordinary first order differential equation with independent variable x and

dependent variable y. It is nonlinear because it contains the square of dy/dx.

9. This equation contains only ordinary derivative of y with respect to . Hence, it is an ordi-
nary differential equation of the second order (the highest order derivative is d*y/dz?) with
independent variable z and dependent variable y. This equation is of the form (7) on page 5

of the text and, therefore, is linear.
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11.

13.

15.

17.

This equation contains partial derivatives, thus it is a PDE. Because the highest order deriva-
tive is a second order partial derivative, the equation is a second order equation. The terms
ON/0t and ON/Or show that the independent variables are ¢ and r and the dependent variable
is V.

Since the rate of change of a quantity means its derivative, denoting the coefficient propor-
tionality between dp/dt and p(t) by k (k > 0), we get

dp _

= kp.
aw P

In this problem, T' > M (coffee is hotter than the air), and T is a decreasing function of ¢,
that is dT'/dt < 0. Thus
dT
— =k(M —-T
= K(M - T),
where k > 0 is the proportionality constant.
In classical physics, the instantaneous acceleration, a, of an object moving in a straight line

is given by the second derivative of distance, x, with respect to time, t; that is

d*r

dr?

Integrating both sides with respect to t and using the given fact that a is constant we obtain

dx
—=qat+C. 1.1
T =att (1.1)

The instantaneous velocity, v, of an object is given by the first derivative of distance, x,
with respect to time, ¢. At the beginning of the race, ¢ = 0, both racers have zero velocity.

Therefore we have C' = 0. Integrating equation (1.1) with respect to ¢ we obtain
1
r=—at’+C].
2
For this problem we will use the starting position for both competitors to be x =0 at ¢t = 0.

Therefore, we have C; = 0. This gives us a general equation used for both racers as

1, 2z
Tr=—=at or t=14/—,
2 a
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where the acceleration constant a has different values for Kevin and for Alison. Kevin covers

the last 1 of the full distance, L, in 3 seconds. This means Kevin’s acceleration, ag, is

4
2L 2(3L/4
tk —tap=3=1—— ( /)7
K ag

where tx is the time it takes for Kevin to finish the race. Solving this equation for ax gives,

(v2-var)
9

determined by:

g =

Therefore the time required for Kevin to finish the race is given by:

2L 3
(x/i—\/%)QLm V232

Alison covers the last 1/3 of the distance, L, in 4 seconds. This means Alison’s acceleration,

2L 2(2L/3
ta—tys=4=4/— - BL3)
aA a A

where t 4 is the time required for Alison to finish the race. Solving this equation for a4 gives

(v2- vap)’
16

Therefore the time required for Alison to finish the race is given by:

V2 =12 + 6V/3 ~ 22.39 sec.

tg =

a4, is found by:

ap =

; 2L 4
A =

<\/§— Nz, ) (L/16) IRCENCE
The time required for Alison to finish the race is less than Kevin; therefore Alison wins the

race by 6v/3 — 4v/6 ~ 0.594 seconds.

V2 =12 4+ 4v6 ~ 21.80 sec.

EXERCISES 1.2: Solutions and Initial Value Problems, page 14

1. (a) Differentiating ¢(x) yields ¢'(z) = 62%. Substitution ¢ and ¢’ for y and 3’ into the given
equation, xy’ = 3y, gives

T (6:102) =3 (2x3) )
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(b)

(c)

which is an identity on (—o0,00). Thus ¢(x) is an explicit solution on (—o0, 00).

We compute

do  d

L e —a)=e"— 1.

dv  dz (" —a)=e
Functions ¢(x) and ¢'(x) are defined for all real numbers and

%+¢($)2 = (eﬂf»‘ _ 1)—1—(690 _ x)Q — (em . 1)—1—(6% — ore® _'_x2) _ €2m+(1_2x)€m+x2_1’

which is identically equal to the right-hand side of the given equation. Thus ¢(x) is an

explicit solution on (—oo, 00).

Note that the function ¢(x) = 2 — 2! is not defined at x = 0. Differentiating ¢(z)

twice yields

% = % (x2 — x’l) =21 — (=12 ? =2z + 2%
d? d (d d 7 _ _
() = d e =2 2t =2 (),
Therefore
o d°0 2 -3 2 -1
—— == -2(1—x ):2(:10 - ):2¢(x),

dz?
and ¢(z) is an explicit solution to the differential equation z?y” = 2y on any interval not

containing the point z = 0, in particular, on (0, co).

3. Since y = sinz + 22, we have 3y’ = cosz+ 2z and y” = — sinz + 2. These functions are defined
Y Y

on (—o0,00). Substituting these expressions into the differential equation y” + y = x? + 2

gives

y' +y=—sinz+2+sinz+2*=2+2"=2"+2  forall v in (—oo,00).

Therefore, y = sinx + 2% is a solution to the differential equation on the interval (—oo, c0).

5. Differentiating x(t) = cos 2t, we get

dx d . .
Fri (cos2t) = (—sin 2t)(2) = —2sin 2t.
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So,

d
d—j 4 tx = —2sin2f + tcos2t Fsin 2t

on any interval. Therefore, () is not a solution to the given differential equation.

7. We differentiate y = €** — 3e~* twice:

d d

ﬁ = (62“ — 36’:”) = e(2) — 3 %(—1) = 2* + 37,

d?y d (dy d

TI 22 ) = (262 1 3677) = 262%(2) 4+ 3¢ % (—1) = 462 — 3677,

dzx? dx(dx dx(e+€) @)+ 37 (=) ‘ ‘

Substituting y, ¥/, and y” into the differential equation and collecting similar terms, we get

d? d
d—xz — é -2y = (462“” - 36_90) — (26% + 36_’”) -2 (62’” — 36_9"’)

= (4-2-2)" 4+ (-3-3-2(=3))e " =0.
Hence y = €?* — 3¢ is an explicit solution to the given differential equation.

9. Differentiating the equation z? + y? = 6 implicitly, we obtain
, x

224 2yy =0 = y:—g.

Since there can be no function y = f(z) that satisfies the differential equation y' = x/y and
the differential equation y = —x/y on the same interval, we see that z% + y*> = 6 does not

define an implicit solution to the differential equation.
11. Differentiating the equation e® + y = z — 1 implicitly with respect to = yields

Ly =)

dx
d dy
ry -2 -1
= e o (xy) + I
dy dy
Ty d 2 -1
= e (y+xdx) + I
dy

= ye™ + e (xe™ +1) =1
dy 1—ye™ eW(e™—y) e™—y

dr  14zew ew(e®w +x) e W4’
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Therefore, the function y(x) defined by e™ +y = x — 1 is an implicit solution to the given

differential equation.
13. Differentiating the equation siny + 2y — 23 = 2 implicitly with respect to z, we obtain

y cosy+ay +y—32°=0

302 —
= (cosy+ )y =32" —y = y’:u.
Cosy +x

Differentiating the second equation above again, we obtain

(=y'siny + 1)y + (cosy + 2)y" = 62 —

= (cosy+ )y’ =6x—y + (y)’siny —y =6z — 2y + (y)*siny
S = 6z — 2y + (y/)*siny

=
Ccosy +x
Multiplying the right-hand side of this last equation by y'/y’ = 1 and using the fact that
I _ 31'2 -y
cosy +x’
we get
"o 6x — Qy/ + (y/)2 Siny . y/
v cosy +x (322 — y)/(cosy + )
Gy — 2(y')* + (') siny
B 322 —y '

Thus y is an implicit solution to the differential equation.

15. We differentiate ¢(x) and substitute ¢ and ¢’ into the differential equation for y and y’. This
yields

Qb(l') = 06333 +1 = M = (06393 + 1)/ — 3063:1:;

dx
d
d—¢ — 3¢ = (3Ce*) —3(Ce*™ +1) = (3C —3C)e* — 3 = -3,
x
which holds for any constant C' and any z on (—oc,00). Therefore, ¢(z) = Ce* + 1 is a
one-parameter family of solutions to ' — 3y = —3 on (—o0, c0). Graphs of these functions for

C =0, £0.5, +1, and 42 are sketched in Figure 1-A.



17.

19.

Exercises 1.2

104

05

Figure 1-A: Graphs of the functions y = Ce3® + 1 for C' = 0, 0.5, £1, and £2.

Differentiating ¢(x), we find that

2
1 — ce®

o) - () - T
= 2(—=1) (1 —ce®) * (1 — ce®) = 2ce” (1 — ce¥) 2. (1.2)

On the other hand, substitution of ¢(z) for y into the right-hand side of the given equation
yields

_ 9 ( 1 _1) 2 1—-(1—ce) 2ce

1—ce® \'1— ce*

T 1—cer 1-—ce (1 — cer)?’

which is identical to ¢'(x) found in (1.2).

Squaring and adding the terms dy/dxr and y in the equation (dy/dac)2 + 9243 = 0 gives a
nonnegative number. Therefore when these two terms are added to 3, the left-hand side will
always be greater than or equal to three and hence can never equal the right-hand side which

1S zero.
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21. For ¢(x) = 2™, we have ¢/(x) = ma™ ! and ¢"(x) = m(m — 1)z™ 2,

(a) Substituting these expressions into the differential equation, 3z2%y” + 11zy’ — 3y = 0,
gives
32° [m(m — 1)z™ %] + 11z [ma™ '] = 32™ =0
= 3m(m—1)z™ + 1lma™ — 32" =0
= [Bm(m—-1)+11m—-3]2m =0
= [3m2+8m—3} ™ = 0.
For the last equation to hold on an interval for x, we must have

3m* +8m —3 = (3m—1)(m+3) = 0.

Thus either (3m — 1) =0 or (m + 3) = 0, which gives m = =, —3.

Wl =

(b) Substituting the above expressions for ¢(z), ¢'(z), and ¢”(x) into the differential equa-

tion, 2%y" — xy’ — by = 0, gives

2 [m(m — 1)z™ %] — 2 [ma™ '] = 52™ =0 = [m?* —2m — 5] 2™ = 0.
For the last equation to hold on an interval for x, we must have
m* —2m — 5= 0.

To solve for m we use the quadratic formula:

2++44+2

m

23. In this problem, f(z,y) = z* — y* and so
of _ 90—y’
dy
Clearly, f and 0f/0y (being polynomials) are continuous on the whole zy-plane. Thus the

= —3y°.

hypotheses of Theorem 1 are satisfied, and the initial value problem has a unique solution for

any initial data, in particular, for y(0) = 6.



25.

26.

27.

29.
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Writing

Z—j = —% = —4tz
we see that f(t,z) = —4tx™! and Of(t,x)/0r = I(—4tx™')/0xr = 4tx~2 The functions
f(t,z) and Of(t,x)/0z are not continuous only when x = 0. Therefore, they are continuous
in any rectangle R that contains the point (2, —m), but does not intersect the t-axis; for
instance, R = {(t,z): 1 <t <3, =27 <2 <0}. Thus, Theorem 1 applies, and the given

initial problem has a unique solution.

Here f(z,y) =3z — /y — 1 and Of(x,y)/0y = —é(y — 1)72/3, Unfortunately, df /9y is not
continuous or defined when y = 1. So there is no rectangle containing (2, 1) in which both f
and Jf /0y are continuous. Therefore, we are not guaranteed a unique solution to this initial

value problem.

Rewriting the differential equation in the form dy/dx = x/y, we conclude that f(z,y) = z/y.
Since f is not continuous when y = 0, there is no rectangle containing the point (1,0) in

which f is continuous. Therefore, Theorem 1 cannot be applied.

(a) Clearly, both functions ¢;(x) = 0 and ¢o(z) = (z — 2)3 satisfy the initial condition,
y(2) = 0. Next, we check that they also satisfy the differential equation dy/dx = 3y?/>.

dpy  d 23
%:%(0)2023%@)/ ;
% - % (2~ 2)*) = 3(z — 2)* = 3 [(x — 2)°]** = B(2)*".

Hence both functions, ¢;(z) and ¢9(x), are solutions to the initial value problem of

Exapmle 9.

(b) In this initial value problem,

Of(ey) .2 a2
_9.2/3 Y) 9% 231 _
f(x,y) —33/ = ay 33y y1/3 ’

g = 0 and yo = 1077, The function f(z,y) is continuous everywhere; of(z,y)/dy is

continuous in any region which does not intersect the x-axis (where y = 0). In particular,

9
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both functions, f(x,y) and 0f(z,y)/dy, are continuous in the rectangle
R={(z,y): -1<z <1, (1/2)107" <y < (2)107"}

containing the initial point (0,1077). Thus, it follows from Theorem 1 that the given

initial value problem has a unique solution in an interval about x.

31. (a) To try to apply Theorem 1 we must first write the equation in the form ¢ = f(z,y).
Here f(z,y) = 4oy~ ' and df(x,y)/0y = —4xy2. Neither f nor df /0y are continuous
or defined when y = 0. Therefore there is no rectangle containing (xg,0) in which both

f and 0f /0y are continuous, so Theorem 1 cannot be applied.

(b) Suppose for the moment that there is such a solution y(x) with y(x¢) = 0 and xy # 0.

Substituting into the differential equation we get

y(z0)y'(x0) — 4o = 0 (1.3)
or
0-y'(zg) —420=0 = 4xy = 0.
Thus zq = 0, which is a contradiction.

(c) Taking C' = 0 in the implicit solution 4z% — y* = C given in Example 5 on page 9 gives
42* — y* = 0 or y = +2x. Both solutions y = 2x and y = —2xz satisfy y(0) = 0.

EXERCISES 1.3: Direction Fields, page 22

1. (a) For y = +2x,

&y _ i(j:23c) =12 and

4x 4x
= — = = 42 0.
dr dx T

y 2z
Thus y = 2z and y = —2z are solutions to the differential equation dy/dx = 4x/y on

any interval not containing the point z = 0.

(b) , (c) See Figures B.1 and B.2 in the answers of the text.

10



(d)

Exercises 1.3

As © — o0 or  — —o0, the solution in part (b) increases unboundedly and has the lines
y = 2z and y = —2x, respectively, as slant asymptotes. The solution in part (c) also
increases without bound as x — oo and approaches the line y = 2z, while it is not even

defined for z < 0.

3. From Figure B.3 in the answers section of the text, we conclude that, regardless of the initial

velocity, v(0), the corresponding solution curve v = v(t) has the line v = 8 as a horizontal

asymptote, that is, lim; ., v(t) = 8. This explains the name “terminal velocity” for the value

v=2_&.

5. (a)

(b), (c)

(d)

6. (a)

(b)

(c)

The graph of the directional field is shown in Figure B.4 in the answers section of the

text.

The direction field indicates that all solution curves (other than p(¢) = 0) will approach
the horizontal line (asymptote) p = 1.5 as ¢ — 4o00. Thus lim; ;o p(t) = 1.5.

No. The direction field shows that populations greater than 1500 will steadily decrease,
but can never reach 1500 or any smaller value, i.e., the solution curves cannot cross
the line p = 1.5. Indeed, the constant function p(¢) = 1.5 is a solution to the given
logistic equation, and the uniqueness part of Theorem 1, page 12, prevents intersections

of solution curves.

The slope of a solution to the differential equation dy/dx = x + siny is given by dy/dx .
Therefore the slope at (1,7/2) is equal to

dy 7
—~ =1+4sin-=2.
dx +s1n2

The solution curve is increasing if the slope of the curve is greater than zero. From part
(a) we know the slope to be = 4 siny. The function sin y has values ranging from —1 to
1; therefore if x is greater than 1 then the slope will always have a value greater than

zero. This tells us that the solution curve is increasing.

The second derivative of every solution can be determined by finding the derivative of

11
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12

(d)

7. (a)

(b)

(c)

(d)

(e)

the differential equation dy/dx = = + siny. Thus

d (dy d o
. (%) = %(x—ksmy),

2
= % =1+ (cos y)g—i (chain rule)
=1+ (cosy)(x +siny) =1+ zcosy + siny cos y;
= dQ—yzl—kxcosy—i—lsinZy.
dz? 2

Relative minima occur when the first derivative, dy/dx, is equal to zero and the second
derivative, d*y/dx?, is greater than zero. The value of the first derivative at the point
(0,0) is given by

dy

%:O—i—sinO:O.

This tells us that the solution has a critical point at the point (0,0). Using the second

derivative found in part (c) we have

y 140 cos0+ ~sin0 =1
—_— = - COS — S1n = 1.
dx? 2

This tells us the point (0,0) is a relative minimum.

The graph of the directional field is shown in Figure B.5 in the answers section of the

text.

The direction field indicates that all solution curves with p(0) > 1 will approach the
horizontal line (asymptote) p = 2 as t — 4o00. Thus lim;,; p(t) = 2 when p(0) = 3.

The direction field shows that a population between 1000 and 2000 (that is 1 < p(0) < 2)

will approach the horizontal line p = 2 as t — 4o00.

The direction field shows that an initial population less than 1000 (that is 0 < p(0) < 1)

will approach zero as t — +o0.

As noted in part (d), the line p = 1 is an asymptote. The direction field indicates that a
population of 900 (p(0) = 0.9) steadily decreases with time and therefore cannot increase

to 1100.



9. (a)

(b)

(d)

Exercises 1.3

The function ¢(x), being a solution to the given initial value problem, satisfies
d
Do) o0 =1 (1.4

Thus ,
d=¢ d (do d do
() =G =1 =1,

where we have used (1.4) substituting (twice) x — ¢(x) for d¢/dzx.

First we note that any solution to the given differential equation on an interval [ is
continuously diferentiable on 7. Indeed, if y(z) is a solution on I, then y'(x) does exist
on I, and so y(x) is continuous on I because it is differentiable. This immediately implies

that y/(x) is continuous as the difference of two continuous functions, x and y(z).

From (1.4) we conclude that

W1 g |, =0—6(0) = —1<0

dx =0

and so the continuity of ¢/(x) implies that, for |z| small enough, ¢'(x) < 0. By the
Monotonicity Test, negative derivative of a function results that the function itself is
decreasing.

When z increases from zero, as far as ¢(z) > z, one has ¢'(x) < 0 and so ¢(z) decreases.
On the other hand, the function y = x increases unboundedly, as x — oo. Thus, by
intermediate value theorem, there is a point, say, z* > 0, where the curve y = ¢(x)
crosses the line y = z. At this point, ¢(z*) = 2* and hence ¢'(z*) = 2* — ¢(a*) = 0.
From (b) we conclude that z* is a critical point for ¢(z) (its derivative vanishes at this

point). Also, from part (a), we see that
() =1—¢'(z")=1>0.

Hence, by Second Derivative Test, ¢(x) has a relative minimum at z*.

Remark that the arguments, used in part (c), can be applied to any point =, where

¢'(z) = 0, to conclude that ¢(x) has a relative minimum at z. Since a continuously

13
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(), (g)
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differentiable function on an interval cannot have two relative minima on an interval
without having a point of relative maximum, we conclude that z* is the only point where
¢'(x) = 0. Continuity of ¢'(z) implies that it has the same sign for all x > z* and,
therefore, it is positive there since it is positive for x > z* and close to z* (¢'(z*) = 0

and ¢”(z*) > 0). By Monotonicity Test, ¢(x) increases for z > x*.

Fory=x—1,dy/de =1and x —y = o — (r — 1) = 1. Thus the given differential
equation is satisfied, and y = x — 1 is indeed a solution.

To show that the curve y = ¢(x) always stays above the line y = x — 1, we note that the

initial value problem
dy

=Ty, y(z0) = 1o (1.5)

has a unique solution for any zy and 3. Indeed, functions f(z,y) = x—y and df/dy = —1
are continuous on the whole xy-plane, and Theorem 1, Section 1.2, applies. This implies

that the curve y = ¢(z) always stays above the line y =z — 1:

p0)=1>—-1=(z—-1)| _,

and the existence of a point = with ¢ () < (z — 1) would imply, by intermediate value
theorem, the existence of a point zg, 0 < zy < Z, satisfying yo := ¢(z9) = xo — 1 and,
therefore, there would be two solutions to the initial value problem (1.5).

Since, from part (a), ¢"(x) = 1—¢/'(x) = 1—z+¢(x) = ¢(x)—(z—1) > 0, we also conclude
that ¢'(z) is an increasing function and ¢’(x) < 1. Thus there exists lim, . ¢'(x) < 1.
The strict inequality would imply that the values of the function y = ¢(z), for = large
enough, become smaller than those of y = x — 1. Therefore,

lim ¢'(z) =1 & lim [z — ¢(2)] =1,

and so the line y = x — 1 is a slant asymptote for ¢(x).

The direction field for given differential equation and the curve y = ¢(z) are shown in

Figure B.6 in the answers of the text.



11.

13.

15.

17.
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For this equation, the isoclines are given by 2x = c¢. These are vertical lines x = ¢/2. Each
element of the direction field associated with a point on = = ¢/2 has slope c. (See Figure B.7

in the answers of the text.)

For the equation Jy/0x = —x/y, the isoclines are the curves —z/y = c¢. These are lines that
pass through the origin and have equations of the form y = maz, where m = —1/c¢, ¢ # 0. If
we let ¢ = 0 in —z/y = ¢, we see that the y-axis (z = 0) is also an isocline. Each element
of the direction field associated with a point on an isocline has slope ¢ and is, therefore,
perpendicular to that isocline. Since circles have the property that at any point on the circle
the tangent at that point is perpendicular to a line from that point to the center of the circle,
we see that the solution curves will be circles with their centers at the origin. But since we
cannot have y = 0 (since —x/y would then have a zero in the denominator) the solutions will
not be defined on the z-axis. (Note however that a related form of this differential equation is
yy + x = 0. This equation has implicit solutions given by the equations y? + 2> = C. These
solutions will be circles.) The graph of ¢(z), the solution to the equation satisfying the initial
condition y(0) = 4, is the upper semicircle with center at the origin and passing through the

point (0,4) (see Figure B.8 in the answers of the text).

For the equation dy/dx = 2x? —y, the isoclines are the curves 222 —y = ¢, or y = 22> —c. The
curve y = 2x? — ¢ is a parabola which is open upward and has the vertex at (0, —c). Three of
them, for ¢ = —1, 0, and 2 (dotted curves), as well as the solution curve satisfying the initial

condition y(0) = 0, are depicted in Figure B.9.

The isoclines for the equation

dy 1
273 -
dx y+x

are given by
1 1
3—y+—=c & y=—+3—c¢,
x x
which are hyperbolas having z = 0 as a vertical asymptote and y = 3 — ¢ as a horizontal

asymptote. Each element of the direction field associated with a point on such a hyperbola

has slope c¢. For x > 0 large enough: if an isocline is located above the line y = 3, then ¢ <0,

15
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Figure 1-B: Isoclines and the direction field for Problem 17.

and so the elements of the direction field have negative or zero slope; if an isocline is located
below the line y = 3, then ¢ > 0, and so the elements of the direction field have positive slope.
In other words, for x > 0 large enough, at any point above the line y = 3 a solution curve
decreases passing through this point, and any solution curve increases passing through a point
below y = 3. The direction field for this differential equation is depicted in Figure 1-B. From
this picture we conclude that any solution to the differential equation dy/dx =3 —y + 1/z

has the line y = 3 as a horizontal asymptote.

19. Integrating both sides of the equation dy/y = —dz/z yields

1 1 e
;dy:— ;dx = Inly| = —Inlz| + C; = Injy| =In—

601 02
= |y| R
|| ||

= ly| =

where C| is an arbitrary constant and so Cy := €t is an arbitrary positive constant. The last

equality can be written as

16



Exercises 1.4

where C' = +C5 is any nonzero constant. The value C' = 0 gives y = 0 (for = # 0), which is,

clearly, also a solution to the given equation.

EXERCISES 1.4: The Approximation Method of Euler, page 28

1. In this initial value problem, f(z,y) = x/y, x¢ = 0, and yo = —1. Thus, with A = 0.1, the

recursive formulas (2) and (3) on page 25 of the text become

Tpi1 =Tp+h=2x,+0.1,

Tn
yn+1=yn+hf($myn)Zyn+0-1'<—)> n=0,1,....

n

We set n = 0 in these formulas and obtain

r1=20+0.1=0+0.1=0.1,

0
y1:y0+01~ (_xo) :—1+01. (_> :_1
Yo —1

Putting n = 1 in the recursive formulas yields

To=21+01=0.1+01=02,

0.1
Yo =1y1 +0.1- (ﬂ> =-1+4+0.1- (—) =-1.01.
1 —1

Continuing in the same manner, we find for n = 2, 3, and 4:

0.2
23 =02+01=03, y3=-1.01+0.1- ( ) = —1.02980;

—1.01
4 =03+01=04, ys = —1.02980 + 0.1 - (L) = —1.05893;
—1.02980
0.4
x5 =04+01=0.5, ys = —1.05893 4 0.1 - (m) = —1.09671,

where we have rounded off all answers to five decimal places.

2. In this problem, o = 0, yo = 4, h = 0.1, and f(x,y) = —x/y. Thus, the recursive formulas

given in equations (2) and (3) on page 25 of the text become
Tpi1 =Tp+h=2,+0.1,

17
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T,
yn+1:yn+hf(xnayn):yn+0]-<_y_)a n:O71a27""

To find an approximation for the solution at the point 1 = 2o + 0.1 = 0.1, we let n = 0 in
the last recursive formula to find

To

y1 =yo+0.1- (——> =4+0.1-(0) =4.

Yo
To approximate the value of the solution at the point 2o = 21 +0.1 = 0.2, we let n = 1 in the
last recursive formula to obtain

1 0.1 1
= 01-(—)=4401-——— ) =4— — =3.9975 ~ 3.998.
Yo =1Y1 + ( ) + ( 1 > 100

Continuing in this way we find

T2 0.2
= 0.1=0.3 = 01-|——=) =39975+0.1-( — ~ 3.992
T3 = Tg + ) Ys = Yz + ( yg) + ( 3.9975) )
x4 =0.4, Y4 ~ 3.985,
x5 = 0.5, ys ~ 3.975,

where all of the answers have been rounded off to three decimal places.

3. Here f(z,y) = y(2 —y), xo = 0, and yo = 3. We again use recursive formulas from Euler’s
method with A = 0.1. Setting n = 0, 1, 2, 3, and 4 and rounding off results to three decimal

places, we get

r1= x9+0.1=0.1, y1 =90+ 0.1 [yo(2 —yo)] =34+ 0.1-[3(2 — 3)] = 2.700;
2o =01+01=0.2, Yo = 2.700 + 0.1 - [2.700(2 — 2.700

2.511;

[2.700( )]
23=02+01=03,  y3=2511+0.1-[2.511(2—2.511)] ~ 2.383;
24=03+01=04,  y=2383+0.1[2.383(2 — 2.383)] = 2.292;

[2.292( )]

5 =04+01=0.5, ys = 2.292 + 0.1 -(2.292(2 — 2.292)| =~ 2.225.

5. In this problem, f(z,y) = (y* 4+ y)/x, 2o = yo = 1, and h = 0.2. The recursive formulas (2)
and (3) on page 25 of the text, applied succesively with n =1, 2, 3, and 4, yield

2 1241
o= 104+02=1.2, y1:y0+0.2<w):1+0.2( ;L ):1.400;
Zo

18
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23 =14+02=16,

2, =16+02=18,

Exercises 1.4

1.4002 + 1.400

Yo = 1.400 + 0.2 ( ;; ) ~ 1.960:
1.9602 + 1.960

ys = 1.960 + 0.2 ( 12 ) ~ 2.780:
27892 + 2.789

Y = 2.789 4 0.2 ( 1+6 ) ~ 4.110.

7. For this problem notice that the independent variable is ¢t and the dependent variable is x.

Hence, the recursive formulas given in equations (2) and (3) on page 25 of the text become

the1 =tp +h and O(tni1) = Tpp1 = xp + hf(tn, ), n=20,1,2,....

For this problem, f(t,z) = 1+tsin(tx), ty = 0, and xy = 0. Thus the second recursive formula

above becomes

Tpi1 = Tp + A1+ t, sin(t,x,)], n=0,1,2,....

For the case N =1, we have h = (1 —0)/1 = 1 which gives us
thh=0+1=1 and p(1)~z2;=0+1-(1+0-sin0) = 1.
For the case N =2, we have h = 1/2 = 0.5. Thus we have
t1=04+05=0.5, 21 =0+05-(14+0-sin0)=0.5,
and
tp=05+05=1, ¢(1) =29 =0.54+0.5-[1+0.5-sin(0.25)] ~ 1.06185.
For the case N =4, we have h = 1/4 = 0.25, and so the recursive formulas become
tny1 =t, +0.25 and Tpi1 = Ty + 0.25 - [1 + ¢, sin(t,x,)] -
Therefore, we have
t1=0+0.25=0.25, 1 =0+0.25-[140-sin(0)] = 0.25.

19
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Plugging these values into the recursive equations above yields
to =0.254+0.25=0.5 and xe = 0.25 4+ 0.25 - [1 4+ 0.25 - sin(0.0625)] = 0.503904 .
Continuing in this way gives

t3=0.75 and x5 =0.503904 + 0.25 - [1 + 0.5 - sin(0.251952)] = 0.785066 ,
ty=1.00 and (1)~ x4 = 1.13920.

For N =8, we have h = 1/8 = 0.125. Thus, the recursive formulas become
tny1 = tn, +0.125 and Tpi1 = Tp + 0.125 - [1 + ¢, sin(t,x,)] -

Using these formulas and starting with ¢, = 0 and 2y = 0, we can fill in Table 1-A. From this

we see that ¢(1) ~ xg = 1.19157, which is rounded to five decimal places.

Table 1-A: Euler’s method approximations for the solution of 2’ = 1+t sin(tx), (0) = 0,
at t = 1 with 8 steps (h = 1/8).

n t, Ty

0.125 0.125

0.250 0.250244
0.375 0.377198
0.500 0.508806
0.625 0.649535
0.750 0.805387
0.875 0.983634
1.000 1.191572

0 J O T B W N -

9. To approximate the solution on the whole interval [1,2] by Euler’s method with the step
h = 0.1, we first approximate the solution at the points x, =1+ 0.1n, n =1,...,10. Then,

on each subinterval [x,,, x,.1]|, we approximate the solution by the linear interval, connecting

20
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(T, Yn) With (Tpi1,Yns1), n = 0,1,...,9. Since f(r,y) = 272 — yz~! — y?, the recursive

formulas have the form

Tn+1 :l’n+01,

1 n
Ynt1 = Yn + 0.1 (—2—y——y§), n=01,...,9,
xXr

n :L‘n

xo = 1, yo = —1. Therefore,

1 -1 )
= 14+01=11, y=-1+01(5~— —(-1)°) =-09;

1 —09
25 =11+401=12, y=-09+0.1 (1 5T (—0.9)2) ~ —0.81653719;
1 —0.81653719
23=12+401=13, y;=—081653719+0.1 (1 7~ = - (—0.81653719)2)
~ —0.74572128 ;
1 —0.74572128
24=13+01=14, y,=—074572128+0.1 (1 o 5 - (—0.74572128)2)

~ —0.68479653 ;
ete.

The results of these computations (rounded to five decimal places) are shown in Table 1-B.

Table 1-B: Euler’s method approximations for the solutions of ¢/ = 272 — ya ! 2
y(1) = —1, on [1,2] with A = 0.1.

n Tn Yn n Tn Yn

0 1.0 —1.00000 6 1.6 —0.58511
1 1.1 —0.90000 7 1.7 —0.54371
2 12 —0.81654 8 1.8 —0.50669
3 1.3 —0.74572 9 1.9 —0.47335
4 14 —0.68480 10 2.0 —0.44314
5 1.5 —0.63176

The function y(z) = —1/x = 271, obviously, satisfies the initial condition, y(1) = —1. Further
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11.

22

12 14 16 18 2

Figure 1-C: Polygonal line approximation and the actual solution for Problem 9.

we compute both sides of the given differential equation:

2

)

_ / _
y(@) = (-a1) =
flayx) =272 = (—z )z~ - (—x_1)2 =r 24+t ?=2"2
Thus, the function y(x) = —1/z is, indeed, the solution to the given initial value problem.
The graphs of the obtained polygonal line approximation and the actual solution are sketched
in Figure 1-C.
In this problem, the independent variable is ¢ and the dependent variable is z; f (¢, z) = 1+2?,
to =0, and zy = 0.

The function ¢(¢) = tant satisfies the initial condition: ¢(0) = tan0 = 0. The differential

equation is also satisfied:

d
d—f =sec’t =1+tan’t =1+ ¢(t)>

Therefore, ¢(t) is the solution to the given initial value problem.



13.
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For approximation of ¢(t) at the point ¢ = 1 with N = 20 steps, we take the step size
h = (1—t)/20 = 0.05. Thus, the recursive formulas for Euler’s method are

tony1 =t, +0.05,
Tyt =T+ 0.05 (1 +22) .
Applying these formulas with n = 0,1,...,19, we obtain
x1 = w9 + 0.05 (1 4 z) = 0.05,

xy = 21 +0.05 (14 z7) = 0.05+ 0.05 (1 4 0.05?) = 0.100125,
x5 = w3 + 0.05 (1 4 x3) = 0.100125 + 0.05 (1 + 0.100125%) ~ 0.150626,

T19 = @15 + 0.05 (1 + 275) ~ 1.328148
¢(1) ~ x99 = w19+ 0.05 (1 + zy) = 1.328148 4 0.05 (1 + 1.328148%) ~ 1.466347,

which is a good enough approximation to ¢(1) = tan1 ~ 1.557408.

From Problem 12, y, = (1 + 1/n)" and so lim,, . [(e — y,)/(1/n)] is a 0/0 indeterminant. If

we let h = 1/n in y, and use L’Hospital’s rule, we get

o o 1/h h "(h
lim €= _ lim S G (L+h) = lim _g( ) = lim _g( )
n—oo 1/n h—0 h h—0 h h—0 1

where g(h) =e— (1 +h 1/h, Writing (1 + h Uk as e0+W/h the function g(h) becomes
g(h)=e— eln+h)/h .

The first derivative is given by

g'(h) =0— a

d |1
- [eln(lJrh)/h] _ _eln(lJrh)/h o |:_ hl(l + h):| ]

dh | h
Substituting Maclaurin’s series for In(1 4 h) we obtain

d |1 1 1 1
/ . 1/h T E S Y S
g(h) = —(1+h) _h[_h(h 2h +3h 4h—|— )]

23
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15.

24

d 1.1 1
= —(1+mY" — |1 —h+-h2—h¥+...
(1+4) [ 23 PR }
1

dh
2 3
= —(1+h)YP | ——4+Zh—h2P4.. .
(1+h) [ p 3Tt }
Hence
1 2 3
. ! _ . . 1/h |~ “p Y12
fma ) = {0 g gn e ]
1 2 3
T Uhl | limd -2 2 2p— 2 p2 4.,
[}%(Hh) } Llfi%{ ptahmgh T H

From calculus we know that e = }lLin% (1+ h)Y", which gives

1 e
. / _ - _ -
iy g'(h) = e( 2) 2

So we have
€—Yp €

I _
e 1/n 2

The independent variable in this problem is the time ¢ and the dependent variable is the
temperature 7'(¢) of a body. Thus, we will use the recursive formulas (2) and (3) on page 25
with x replaced by ¢ and y replaced by T'. In the differential equation describing the Newton’s
Law of Cooling, f(t,T) = K(M(t) — T). With the suggested values of K = 1 (min)™!,
M(t) = 70°, h = 0.1, and the initial condition 7°(0) = 100°, the initial value problem becomes

= —70-T, T0O) =1
=TT, (0) = 100,

and so the recursive formulas are

tn+1 — tn + 01 B
Toir =T, +0.1(70 = T},).

For n =0,

th=ty+01=01, Ty =Ty+0.1(70 — Ty) = 100 + 0.1(70 — 100) = 97;



forn =1,

t2:t1+01202,

for n = 2,

t3:t2+01:03,

Exercises 1.4

To =T, +01(70 —T7) =97+ 0.1(70 — 97) = 94.3;

Ty =Ty + 0.1(70 — Ty) = 94.3 + 0.1(70 — 94.3) = 91.87 .

Table 1-C: Euler’s method approximations for the solutions of 7"
T(0) = 100, with K =1, M =70, and h = 0.1.

n t, T, n t, Th

0 0.0 100.00 11 1.1 79414
1 0.1 97.000 12 1.2 78.473
2 0.2 94.300 13 1.3 77.626
3 03 91.870 14 1.4 76.863
4 04 89.683 15 1.5 76.177
5 0.5 87.715 16 1.6 75.559
6 0.6 85.943 17 1.7 75.003
7 0.7 84.349 18 1.8 74.503
8 0.8 82914 19 1.9 74.053
9 0.9 81.623 20 2.0 73.647
10 1.0 80.460

:K(M_T>7

By continuing this way and rounding results to three decimal places, we fill in Table 1-C.

From this table we conclude that

(a) the temperature of a body after 1 minute 7'(1) ~ 80.460° and

(b) its temperature after 2 minutes 7'(2) & 73.647°.

16. For this problem notice that the independent variable is ¢ and the dependent variable is T

Hence, in the recursive formulas for Euler’s method, the ¢ will take the place of the x and the
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26

T will take the place of the y. Also we see that h = 0.1 and f(t,T) = K (M* —T?), where
K =40"% and M = 70. The recursive formulas (2) and (3) on page 25 of the text become

tn+1 :tn+01,
Toi1 =To+hf (tp, T,) =T, + 0.1 (407%) (70* = T.)) n=0,1,2,....

From the initial condition, 7°(0) = 100, we see that to = 0 and T = 100. Therefore, for n = 0,

ti=t+01=0+01=0.1,
Ty =Ty + 0.1 (407%) (70* = T}) = 1004 0.1 (40~*) (70" — 100*) =~ 97.0316,

where we have rounded off to four decimal places. For n = 1, we have

ta=t;+01=0.1+0.1=0.2,
Ty =T+ 0.1 (407%) (70* = T}') = 97.0316 + 0.1 (40~*) (70* — 97.0316") ~ 94.5068 .

By continuing this way, we fill in Table 1-D.

Table 1-D: Euler’s method approximations for the solution of T/ = K (M* — T%),
7(0) = 100, with K = 404, M = 70, and h = 0.1.

n t, T, n t, T, n t, T,

0 0 100 7 0.7 85.9402 14 1.4 79.5681
1 0.1 97.0316 8 0.8 84.7472 15 1.5 78.9403
2 0.2 94.5068 9 0.9 83.6702 16 1.6 78.3613
3 0.3 92.3286 10 1.0 82.6936 17 1.7 77.8263
4 0.4 90.4279 11 1.1 81.8049 18 1.8 77.3311
5 0.5 88.7538 12 1.2 80.9934 19 1.9 76.8721
6 0.6 87.2678 13 1.3 80.2504 20 2.0 76.4459

From this table we see that

T(]_) = T(tlo) ~ T10 = 82.694 and T(Q) = T(tgo) ~ T20 = 76.446 .



CHAPTER 2: First Order Differential Equations

EXERCISES 2.2: Separable Equations, page 46
1. This equation is separable because we can separate variables by multiplying both sides by dz

and dividing by 2% + y + 4.

3. This equation is separable because

dy_ ye:ery B
de 2242

( a ) ye! = g(z)p(y).-

2+ 2

5. Writing the equation in the form
ds s+1 9

- = S ,
dt st
we see that the right-hand side cannot be represented in the form ¢(¢)p(s). Therefore, the

equation is not separable.

7. Multiplying both sides of the equation by y?dx and integrating yields

y’dy = (1 — 2%)dx = /dey = /(1 — 2%)dx
1

1
= §y3:x—§x3+01 = yYP=3r-2"+C = y=V3r—-23+0C,

where C' := 3( is an arbitrary constant.

9. To separate variables, we divide the equation by y and multiply by dx. This results

d d
y_ y(2 + sin z) = Y (2 + sinz)dx

dz y
dy .

= — = [ (2+sinz)dx = In|y| =2z —cosx + C
Y

=

2rx—cosxz+C1 __ 601 e2z—cosz o C2e2z—cosa:
- - 9

ly| = e
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where C is an arbitrary constant and, therefore, Cy := ¢ is an arbitrary positive constant.

We can rewrite the above solution in the form
y = :i:CzeQa:—cosx — Ce2z—cosa;’ (21)

with C' := (5 or C' = —(C5. Thus C is an arbitrary nonzero constant. The value C' = 0 in
(2.1) gives y(x) = 0, which is, clearly, is also a solution to the differential equation. Therefore,
the answer to the problem is given by (2.1) with an arbitrary constant C'.

11. Separating variables, we obtain

dy dw
sec2y 1422’

Using the trigonometric identities secy = 1/ cosy and cos® y = (1 +cos2y)/2 and integrating,
we get

dy  dx (1 + cos2y)dy dx

= = =
sec?y 1+ 2a? 2 1+ a2

(1+cos?y)dy_/ dz
= / 2 ) 1422

1 1
= 5 (y + 5 sin Qy) = arctanx + C;

= 2y + sin 2y = 4 arctan x + 4C} = 2y + sin 2y = 4 arctanz + C.

The last equation defines implicit solutions to the given differential equation.

2

13. Writing the given equation in the form dx/dt = = — z*, we separate the variables to get

dx

T — 12

=dt.

Integrate (the left side is integrated by partial fractions, with 1/(z — 2?) = 1/2 + 1/(1 — x))

to obtain:
Injz| —In|l —z|=t+c = In 1 =t+c
—x
x
= +efte = C¢, where C' = e°
1—=x
= x=Ceé — zCé = x+ xCe = Cél
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17.

Exercises 2.2

Cet

= x(l—}-C’et):C'et = {E:m

Note: When C' is replaced by —K, this answer can also be written as v = Ke'/(Ke' — 1).
Further we observe that since we divide by x — 2?> = z(1 — z), then z = 0 and z = 1 are also
solutions. Allowing K to be zero gives z = 0, but no choice for K will give x = 1, so we list

this as a separate solution.

To separate variables, we move the term containin dz to the right-hand side of the equation

and divide both sides of the result by y. This yields

Yy ldy = —ye®Tsinx dx = Yy 2dy = —e“sinz dx.

Integrating the last equation, we obtain

/dey = / (—e“Tsinx) dx = —y '+ C = /e“du (u= cosx)
1 1

= = C = % = eo82 - =
Y + € € Yy (C — ecosz

where C' is an arbitrary constant.

First we find a general solution to the equation. Separating variables and integrating, we get

dy

3 3
d 4
= —y:/dex = —ln|1—y|+01:x—
11—y 4
1'4 44
= |1 —y| =exp (Cl_Z) = Qe "/

To find C, we use the initial condition, y(0) = 3. Thus, substitution 3 for y and 0 for z into

the last equation yields
13/ =ce®* = 2=C

Therefore, |1 —y| = 2¢~*"/4. Finally, since 1 — y(0) = 1—3 < 0, on an interval containing

x =0 one has 1 —y(z) < 0 and so |1 —y(x)| = y(x) — 1. The solution to the problem is then

—z4/4

y—1=2e or y:26_$4/4+1.
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19. For a general solution, separate variables and integrate:

21.

d d

d—gzysine = Ey:SIDQdQ
dy .

= — = [ sinfdb = In|y| = —cosf + C
Yy

- ‘y‘ _ 670059+C1 _ Ce*COSQ = y = _0670089

(because at the initial point, § = 7, y(7) < 0). We substitute now the initial condition,

y(m) = —3, and obtain

—3=y(r)=—-Ce " = —Ce = C =3e!.

Hence, the answer is given by y = —3e le™ 8¢ = —3¢=17cosf,

Separate variables to obtain

1
3 (y + 1)_1/2 dy = cosx dx.

Integrating, we have

(y+ 1) =sinz + C.

Using the fact that y(7) = 0, we find

l=sinmt+C = C=1.

Thus
(y+ 1) =sinz + 1 = y = (sinx+1)*> -1 =sin’z + 2sinz.
23. We have
d d
oy cos? 1 = Y ords = sec’ydy = 2x dx
dx cos?y

30

= /sechdy:/Qxdx = tany = 22 + C.
Since y = 7/4 when z = 0, we get tan(r/4) = 0 + C and so C = 1. The solution, therefore,
is

tany = 22 + 1 & y = arctan (x2+1) .
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25. By separating variables we obtain (1 + y) 'dy = 22 dx. Integrating yields
23

In|l+4+vy|l= 3

+C. (2.2)

Substituting y = 3 and x = 0 from the initial condition, we get In4 = 0 + C', which implies
that C' = In4. By substituting this value for C' into equation (2.2) above, we have

1,3
1n\1+y|=§—|—ln4.

Hence,
6ln|1—i—y\ — €(m3/3)+1n4 — em3/361n4 — 46m3/3
= 1+y=4e”/? = y=4¢"P 1.

We can drop the absolute signs above because we are assuming from the initial condition that

y is close to 3 and therefore 1+ y is positive.

27. (a) The differential equation dy/dz = e”* separates if we multiply by dz. We integrate the
separated equation from x = 0 to x = x1 to obtain

1 T=x1

/e“Cde: /dy:y

0 =0

r=x1

0 = y(z1) — y(0).

xr=

If we let ¢ be the variable of integration and replace z; by = and y(0) by 0, then we can
express the solution to the initial value problem as

xT

M@:/Jﬁ

0

(b) The differential equation dy/dx = e’ y~2 separates if we multiply by 32 and dz. We

integrate the separated equation from x = 0 to x = z; to obtain

T, 7 1 ., jo=or 1

¥ dr = 2d — a3 _ 3 _ 03'
/6 x /y y=3v"| 3[?;(331) y(0)°]
0 0
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32

(c)

(d)

If we let t be the variable of integration and replace z; by = and y(0) by 1 in the above

equation, then we can express the initial value problem as

T

/etht = % [y(z)® —1].

0

Solving for y(x) we arrive at
y(x) = 1+3/et2dt : (2.3)

The differential equation dy/dx = /1 + sinz(1 + y?) separates if we divide by (1 + y?)
and multiply by dz. We integrate the separated equation from x = 0 to x = x; and find

/ V1+sinzdr = / (1+y*) 'dy = tan ' y(z;) — tan"" y(0).
0 z=0

If we let t be the variable of integration and replace z; by x and y(0) by 1 then we can

express the solution to the initial value problem by
y(z) = tan /\/1 + sintdt + Z
0

We will use Simpson’s rule (Appendix B) to approximate the definite integral found in
part (b). (Simpson’s rule is implemented on the website for the text.) Simpson’s rule
requires an even number of intervals, but we don’t know how many are required to obtain
the desired three-place accuracy. Rather than make an error analysis, we will compute
the approximate value of y(0.5) using 2, 4, 6, ... intervals for Simpson’s rule until the
approximate values for y(0.5) change by less than five in the fourth place.

For n = 2, we divide [0, 0.5] into 4 equal subintervals. Thus each interval will be of length
(0.5 —0)/4 =1/8 = 0.125. Therefore, the integral is approximated by

5

0.
2 1 2 2 2 2
do = o [60 4 460125 4 90(0.28)7 | 4,(0325)* | ((05) ] ~ 0.544999003 .

0
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Substituting this value into equation (2.3) from part (b) yields
y(0.5) &~ [1 + 3(0.544999003)]"/* ~ 1.38121.

Repeating these calculations for n = 3, 4, and 5 yields Table 2-A.

Table 2—A: Successive approximations for y(0.5) using Simpson’s rule.

Number of Intervals y(0.5)
6 1.38120606
8 1.38120520
10 1.38120497

Since these values do not change by more than 5 in the fourth place, we can conclude that
the first three places are accurate and that we have obtained an approximate solution

y(0.5) ~ 1.381.

29. (a) Separating variables and integrating yields

dy dy

9 9 3/2 9 3/2
= v =+ 0y = y:(—x+—01) :(%4_0) ,

2/3 3773
(b) Using the initial condition, y(0) = 0, we find that

9 3/2
O:y(O):{%—FC} = 32 = C=0,

and so y = (22/3 + 0)3/2 = (22/3)%2, £ > 0, is a solution to the initial value problem.

(c¢) The function y(z) = 0, clearly, satisfies both, the differential equation dy/dz = y/® and
the initial condition y(0) = 0.

(d) In notation of Theorem 1 on page 12, f(x,y) = y'/? and so

OF _ & sy Lo |
oy dy 3 3y2/3 "

33



Chapter 2

Since Jf/dy is not continuous when y = 0, there is no rectangle containing the point
(0,0) in which both, f and 0f/dy, are continuous. Therefore, Theorem 1 does not apply

to this initial value problem.

30. (a) Dividing the equation by (y 4+ 1)?/ and multiplying by dx separate variables. Thus we

get
dy 9 dy
el _ 1)2/3 g —3)d
o = @=3)y+1) = s - @3
d x?
2 C 3 2 3
= y+1:(%—x—|—§1) = y:—1+<%—x+0) . (2.4)

(b) Substitution y(z) = —1 into the differential equation gives

d(—1
CD _ (z —3)[(~1) + 1]*/3 = 0= (z—3)-0,
dx
which is an identity. Therefore, y(x) = —1 is, indeed, a solution.

(c) With any choice of constant C, z2/6 — x + C is a quadratic polynomial which is not
identically zero. So, in (2.4), y = —1+ (22/6 — 2 + C)> % — 1 for all C, and the solution

y(x) = —1 was lost in separation of variables.

31. (a) Separating variables and integrating yields

d d
—‘g:xdx = /—‘g:/xd:c
Y Y

1 1
= —Qy_2:§l'2+01 = y_2:—l’2—201
= > +y?=C, (2.5)
where C' := —2(; is an arbitrary constant.

(b) To find the solution satisfying the initial condition y(0) = 1, we substitute in (2.5) 0 for

x and 1 for y and obtain
0?+12=C = C=1 = 24y t=1.

34
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(d)

Exercises 2.2

Solving for y yields
1

V1—22'

Since, at the initial point, x = 0, y(0) = 1 > 1, we choose the positive sign in the above

y==+ (2.6)

expression for . Thus, the solution is
1
Vil
Similarly we find solutions for the other two initial conditions:

1 1
= — —4 - .
v=3 = ¢ VT A
1 1
y(0) 1 y T

For the solution to the first initial problem in (b), y(0) = 1, the domain is the set of all

values of x satisfying two conditions

1—2?>0 (for existence of the square root) )
= 1—27>0.
1—a2?#£0 (for existence of the quotient)
Solving for z, we get
2t <1 = lr] <1 or —1<z<l1.

In the same manner, we find domains for solutions to the other two initial value problems:

y(O):5 = —2<x<2;
(0)=2 = 1< <1

= ——<r <.
y 2 2

First, we find the solution to the initial value problem y(0) = a, a > 0, and its domain.

Following the lines used in (b) and (c) for particular values of a, we conclude that

1
N=a = 0+4+a?=C = = ————— and so its domain is
1 1
a?—2>>0 = 22 <a? = ——<r< .
a a

As a — +0, 1/a — +o00, and the domain expands to the whole real line; as a — +o0,

1/a — 0, and the domain shrinks to x = 0.
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a:—% a=—1 a=—2

Figure 2—A: Solutions to the initial value problem ¢’ = 23?, y(0) = a, a £ 0.5, %1,
and +2.

(e) For the values a = 1/2, 1, and 2 the solutions are found in (b); for a = —1, we just have
to choose the negative sign in (2.6); similarly, we reverse signs in the other two solutions
in (b) to obtain the answers for a = —1/2 and —2. The graphs of these functions are

shown in Figure 2-A.

33. Let A(t) be the number of kilograms of salt in the tank at ¢ minutes after the process begins.

Then we have

dA(t
d—i = rate of salt in — rate of salt out.

rate of salt in = 10 L/min x 0.3 kg/L = 3 kg/min.

Since the tank is kept uniformly mixed, A(¢)/400 is the mass of salt per liter that is flowing

out of the tank at time ¢. Thus we have

A(t Alt
rate of salt out = 10 L/min x % kg/L = 4LO) kg /min.
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Therefore,
dA 5 A 120-A
a7 40 40
Separating this differential equation and integrating yield
40
— dA = —401In {120 — A| =
120—Ad dt = 01n|120 |=t+C

= In|120 — A| = —4—t0 +C, where — % is replaced by C
= 120 — A = Ce "% where C can now be positive or negative
=  A=120-Ce ",
There are 2 kg of salt in the tank initially, thus A(0) = 2. Using this initial condition, we find
2=120-C = C =118.
Substituting this value of C' into the solution, we have
A=120 — 1187/,

Thus
A(10) = 120 — 118¢710/40 ~ 98 1 kg.
Note: There is a detailed discussion of mixture problems in Section 3.2.
. In Problem 34 we saw that the differential equation d7'/dt = k(M — T') can be solved by

separation of variables to yield

T =Ce" + M.
When the oven temperature is 120° we have M = 120. Also 7'(0) = 40. Thus
40 = C' + 120 = C = —80.

Because T'(45) = 90, we have

90 = —80e™* 4 120 = % — ok = 45k = In (%) :

Thus k = In(3/8)/45 ~ —0.02180. This k is independent of M. Therefore, we have the

general equation
T(t) — 0670.0218015 + M.
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(a)

(b)

(c)

We are given that M = 100. To find C' we must solve the equation 7°(0) = 40 = C'+100.
This gives C' = —60. Thus the equation becomes

T(t) = —60e” "1 + 100.
We want to solve for t when T'(¢) = 90. This gives us

90 = —60e 02189 4 100 N 1 002180t
6

1
= —0.0218t = In (6) = 0.0218t = In6.

Therefore t =1n6/0.0218 ~ 82.2 min.

Here M = 140, so we solve
T(0) =40 =C + 140 = C = —100.
As above, solving for ¢ in the equation

T(t) = —100e 0218 1 140 = 90 = t~31.8.

With M = 80, we solve
40 = C' + 80,

yielding C' = —40. Setting

T(t) = —40e~002180t | gy — g N _1 _ —oomsor
1 .

This last equation is impossible because an exponential function is never negative. Hence
it never attains desired temperature. The physical nature of this problem would lead
us to expect this result. A further discussion of Newton’s law of cooling is given in

Section 3.3.

37. The differential equation

38

dP_ r
dt 100
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separates if we divide by P and multiply by dt.

1 T T
—dP =— [ dt InP=—1t P(t) = [ ert/100
/P 100 = n 100 +C = (t) = Ke ,

where K is the initial amount of money in the savings account, K = $1000, and r% is the

interest rate, r = 5. This results in
P(t) = 1000/ (2.7)

(a) To determine the amount of money in the account after 2 years we substitute ¢t = 2 into

equation (2.7), which gives
P(2) = 1000e/1% = $1105.17 .

(b) To determine when the account will reach $4000 we solve equation (2.7) for ¢ with

P = $4000:

4000 = 1000/ = ePt100 — 4 = t =201In4 ~ 27.73 vears.

(c) To determine the amount of money in the account after 3% years we need to determine
the value of each $1000 deposit after 3% years has passed. This means that the initial
$1000 is in the account for the entire 3% years and grows to the amount which is given
by Py = 1000e°3-2)/190  For the growth of the $1000 deposited after 12 months, we take
t = 2.5 in equation (2.7) because that is how long this $1000 will be in the account. This
gives P, = 1000e°25)/100  Using the above reasoning for the remaining deposits we arrive
at P, = 1000e>(1:9)/190 and Py = 1000e>©-5)/100  The total amount is determined by the

sum of the P;’s.
P — 1000 [65(3.5)/100 1 P25)/100 4 5(15)/100 4 65(0.5)/100} ~ $4,427.59

39. Let s(t), t > 0, denote the distance traveled by driver A from the time ¢ = 0 when he ran
out of gas to time ¢. Then driver A’s velocity va(t) = ds/dt is a solution to the initial value
problem

dv
d—tA = —kvf,, v4(0) = vg,
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where vpg is driver B’s constant velocity, and k > 0 is a positive constant. Separating variables

we get
d d 1
WA it = l?:_/kﬁ - —kt+C.
v V5 va(t)
From the initial condition we find
1 1 1
- =k-0+C=C = C=—.
vg  va(0) vp
Thus
1
va(t) =—F

:k’t—f-]_/UB _UBkt—f-]_

The function s(t) therefore satisfies

ds vp
e 0)=0.
TS R

Integrating we obtain

B 1
= | —dt=—+1 1 .
s(t) /UBkt—i—ldt - n(vgkt + 1)+ Cy

To find C; we use the initial condition:
1
O:S(O):EID(UB]{?O‘l—l)—f—Cl:Cl = Cy=0.

So,
1
s(t) = Z In (vgkt +1).

At the moment ¢ = t; when driver A’s speed was halved, i.e., va(t;) = v4(0)/2 = vp/2, we

have

—_

UB
UBk?tl + 1
= vgkt; +1 =2 and so k=In(vgkt; +1) =1n2

1
—vp =va(ty) = and 1=s(t1) = z In (vpkt; + 1)

\)

1
= s(t) = ) In(vptin2+1).
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Since driver B was 3 miles behind driver A at time ¢ = 0, and his speed remained constant,
he finished the race at time tp = (34 2)/vp = 5/vp. At this moment, driver A had already

gone

1 1 5
s(tp) = 3 In(vgtgln2+4+1) = 3 In (@ vpln2 + 1)

1
= — In(5In2+ 1) &~ 2.1589 > 2 miles,
In2

i.e., A won the race.

EXERCISES 2.3: Linear Equations, page 54

1. Writing
d
dx

we see that this equation has the form (4) on page 50 of the text with P(x) = —x

-2
Yy=—x “cosx,

—2 and

Q(z) = —x 2 cosx. Therefore, it is linear.

Isolating dy/dx yields
dy y—cosx

dv a2
Since the right-hand side cannot be represented as a product g(z)p(y), the equation is not

separable.

3. In this equation, the independent variable is ¢ and the dependent variable is x. Dividing by

r, we obtain

- r

Therefore, it is neither linear, because of the sint/x term, nor separable, because the right-

dr sint
— 2.

hand side is not a product of functions of single variables x and t.

5. This is a linear equation with independent variable ¢ and dependent variable y. This is also

a separable equation because

dy y(t—1) t—1
a2l (m) y=g(t)p(y).
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7. In this equation, P(z) = —1 and Q(z) = ¢3*. Hence the integrating factor

p(z) = exp (/ P(x)dx) = exp (/(-1)@) =",

Multiplying both sides of the equation by u(x) and integrating, we obtain

LAy,
e ——ey=e

dx

= ey = /ezxdx =
3x

1
= y=<§e%+0)em:%+06m.

d(e =
7:)363:)3 2z = (6 y) — 62:)3
dx

@

e 4+ C

DO | —

9. This is a linear equation with dependent variable » and independent variable 6. The method
we will use to solve this equation is exactly the same as the method we use to solve an
equation in the variables x and y since these variables are just dummy variables. Thus we
have P(#) = tan6 and Q(6) = sec § which are continuous on any interval not containing odd

multiples of /2. We proceed as usual to find the integrating factor p(6). We have

1
w(0) = exp (/ tan0d6’> = e InleosfHC _ p¢ = K|secf|, where K = ¢.

Y
Thus we have

w(0) = sech,

where we can drop the absolute value sign by making K = 1 if # is in an interval where sec 0 is
positive or by making K = —1 if sec 6 is negative. Multiplying the equation by the integrating
factor yields

sec 9% + (secf tan 0)r = sec = Dy(rsec ) = sec? 0.

Integrating with respect to 6 yields
rsecf = /seczede =tanf0+C = r=cosftanfd+Ccos = r=sinf+ Ccosh.

Because of the continuity of P(#) and Q(€) this solution is valid on any open interval that

has end points that are consecutive odd multiples of 7 /2.
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Choosing t as the independent variable and y as the dependent variable, we put the equation

put into standard form:

dy dy
t 1——2=0 = _y=t+1. 2.8
+y+ o = o Y + (2.8)

Thus P(t) = —1 and so pu(t) = exp [[(—1)dt] = e~". We multiply both sides of the second
equation in (2.8) by u(t) and integrate. This yields

_ dy _ d
eta—e fy=(t+1)e" = d_( y) = (t+1)e
= ety:/(t—i-l)etdt —(t+1)e” /tdt
—(t+ et —et+C=—(t+2)e"+C

= y:et(—(t+2)e_t+0):—t—2+C€t,
where we have used integration by parts to find [ (¢t + 1)e~'dt.

In this problem, the independent variable is y and the dependent variable is x. So, we divide

the equation by y to rewrite it in standard form.

dx
y— + 2 = 5y? = — + —x =5y".
dy dy vy

Therefore, P(y) = 2/y and the integrating factor, u(y), is

2
) =exw ([ 2ay) = exp @iml) = bl = 57
Multiplying the equation (in standard form) by y* and integrating yield

o AT 4 d , 4
—+2yx =95 = — =9
v gy e =5y dy(yl“) Y

= y2x:/5y4dy:y5+0 = =y (Y+C)=y*+Cy >

To put this linear equation in standard form, we divide by (z* + 1) to obtain

dy x x
_+ y: .
de x224+1 2+ 1
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Here P(z) = x/(2* + 1), so

/ P(z)de =

Thus the integrating factor is

p(r) =e

1
/ :1: d:zc:aln(ﬁ—i—l).

241

(1/2) In(z2+1) _ eln[(x2+1)1/2] = (2% + 1)1/2.

Multiplying equation (2.9) by u(z) yields

(x2 + 1)1/2_ +

which becomes

d
dx

L [@® 1)) =

T . T
@+ T @

x
(22 4+ 1)1/2°

Now we integrate both sides and solve for y to find

(x2—|—1)1/2y:(x2—1—1)1/2+0 = y=1+C(z*+1)"Y2

This solution is valid for all x since P(z) and @Q(x) are continuous for all x.

17. This is a linear equation with P(x)

—1/x and Q(x) = we® which is continuous on any

interval not containing 0. Therefore, the integrating factor is given by

o) =esp | [ (=5

1

1
>d4:6_1”:—, for x > 0.

T

Multiplying the equation by this integrating factor yields

1 dy y
rdr 2%
Integrating gives
Y_ o +C
x

= y = xe’ 4+ Cu.

Now applying the initial condition, y(1) = e — 1, we have

e—1=e+4+C = C=-1
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Thus, the solution is

y =xe® —x, on the interval (0, c0).

Note: This interval is the largest interval containing the initial value z = 1 in which P(z) and

Q(x) are continuous.

In this problem, ¢ is the independent variable and x is the dependent variable. One can notice
that the left-hand side is the derivative of xt® with respect to t. Indeed, using product rule

for differentiation, we get

d dz d (t3) dx
— (at?) = — P+ ——~ =1— + 3t°x.
) =ty a o
Thus the equation becomes
i(xtg):t = xt?’:/tdt:ﬁ—l—(]
dt 2
t? 1 C
=t =+C) ==+~
= x (2 + ) 2t + I

(Of course, one could divide the given equation by #* to get standard form, conclude that
P(t) = 3/t, find that p(t) = ¢3, multiply by ¢* back, and come up with the original equation.)
We now use the initial condition, z(2) = 0, to find C.

1 C 1 C
0=22)= 7=+ = = -+ —-—=0 = C=-2
"2 =5y T 173

Hence, the solution is z = 1/(2t) — 2/(¢3).
Putting the equation in standard form yields

dy sinzx Y

— Yy = 2T COsST = — + (tanz)y = 2z cos x.

dr  cosxw dx

Therefore, P(x) = tanx and so

pu(x) = exp (/tanxdx) =exp (—1In|cosz|) = |cosz| .
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At the initial point, z = 7/4, cos(w/4) > 0 and, therefore, we can take u(z) = (cosxz)™ .

Multiplying the standard form of the given equation by p(z) gives

1 dy sinx d 1
— + Yy =2z = — Y| =2z
cost dr  cos?z dxr \ coszx

:/Qxdx:x2+0 = y:cos:c(:c2+0).

cos T
From the initial condition, we find C:

B S B (R I

Hence, the solution is given by y = cosx (2? — 72).

We proceed similarly to Example 2 on page 52 and obtain an analog of the initial value
problem (13), that is,

d
E%-+5y::406—”t, y(0) = 10, (2.10)

Thus P(t) =5 and pu(t) = exp ([ 5dt) = €. Multiplying the differential equation in (2.10)
by u(t) and integrating, we obtain

e5t @ 4 5e5ty — 406720256525 — 4067151‘/

dt
d (e’ 40
= (th y) = 40e” 1 = e’y = /4Oel5t dt = =T e P+ C.
Therefore, a general solution to the differential equation in (2.10) is
40 8
y = e (_15 o150 4 C) — Ot _ . o= 20t
Finally, we find C' using the initial condition.
8 8 8 38
10=y(0)=Ce " — e =C—~ C=10+2 =—.
y(0) e 5 € 3 = + 5= 3

Hence, the mass of RA, for ¢ > 0 is given by

38 8
£ = 225t _ 2 20t
y(t) 3¢ 5 €
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This is a linear problem and so an integrating factor is

1(z) = exp ( / 2 da:) — exp (7).

Multiplying the equation by this integrating factor yields

d
612—:‘/ + 2xe“2y =" = D, (ye“2> =e”
dx

= /Dt (yet2> dt = /etht,
2 2

where we have changed the dummy variable x to ¢ and integrated with respect to ¢ from

2 (since the initial value for z in the initial condition is 2) to z. Thus, since y(2) = 1,

T T T

yeg”2 — et = /etht = Y= e | et + / dt | = e /etht.

2 2 2

We will use Simpson’s rule (page A.3 of the Appendix B) to approximate the definite
integral found in part (a) with upper limit x = 3. Simpson’s rule requires an even
number of intervals, but we don’t know how many are required to obtain the desired 3
place accuracy. Rather than make an error analysis, we will compute the approximate
value of y(3) using 4, 6, 8, 10, 12, ... intervals for Simpson’s rule until the approximate
values for y(3) change by less than 5 in the fourth place. For n = 2 we divide [2, 3] into 4
equal subintervals. Thus, each subinterval will be of length (3 —2)/4 = 1/4. Therefore,
the integral is approximated by

3

/ et dt ~ % [eW 12257 4 o257 1 o275 1 0(3)*| ~ 1460.354350 .
2

Dividing this by ¢®’ and adding ¢*3* = ¢, gives
y(3) = 0.186960.

Doing calculations for 6, 8, 10, and 12 intervals yields Table 2-B.
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Table 2—B: Successive approximations for y(3) using Simpson’s rule.

Number of Intervals y(3)
6 0.183905
8 0.183291
10 0.183110
12 0.183043

27. (a)

48

Since the last 3 approximate values do not change by more than 5 in the fourth place,
it appears that their first three places are accurate and the approximate solution is

y(3) ~ 0.183.

The given differential equation is in standard form. Thus P(x) = V1 +sinz. Since
we cannot express [ P(x)dz as an elementary function, we use fundamental theorem of

calculus to conclude that, with any fixed constant a,

T /

/P(t)dt = P(x),
that is, the above definite integral with variable upper bound is an antiderivative of P(z).
Since, in the formula for p(z), one can choose any antiderivative of P(z), we take the
above definite integral with a = 0. (Such a choice of a comes from the initial point x = 0
and makes it easy to satisfy the initial condition.) Therefore, the integrating factor p(x)

can be chosen as
X

() = exp / V1 +sin?t dt

0
Multiplying the differential equaion by p(z) and integrating from x = 0 to x = s, we

obtain
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N u@ma—mmmmz/ﬁ@mm.

0
From the initial condition, y(0) = 2. Also, note that

0

p(0) = exp /\/1+sin2t dt | =e® =1.
0
This yields 1(0)y(0) = 2 and so

s

p(s)ols) = [ nla)eds+2,

0

Dividing by p(s) and interchanging = and s give the required.

(b) The values of p(z), = = 0.1, 0.2, ..., 1.0, approximated by using Simpson’s rule, are
given in Table 2-C.

Table 2—C: Approximations of v(z) = [ V1 + sin*tdt and p(z) = €”*) using Simpson’s

rule.

z  v(z) p(z) z  v(z) p(z)

0.0 0.0 1.0000 0.6 0.632016 1.881401
0.1 0.100166 1.105354 0.7 0.748903 2.114679
0.2 0.201315 1.223010 0.8 0.869917 2.386713
0.3 0.304363 1.355761 0.9 0.994980 2.704670
0.4 0.410104 1.506975 1.0 1.123865 3.076723

0.5 0.519172 1.680635

We now use these values of p(x) to approximate fol 1(s)sds by applying Simpson’s rule

again. With n =5 and
1-0
h=——=0.1
2n
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(c)

the Simpson’s rule becomes

1

/ 1(s)s ds ~ O;gl[u(o)m) + 4(0.1)(0.1) + 211(0.2)(0.2) + 41(0.3)(0.3)
: +200(0.4)(0.4) + 42(0.5)(0.5) + 241(0.6)(0.6) + 442(0.7)(0.7)
+21(0.8)(0.8) + 422(0.9)(0.9) + 1(1.0)(1.0)] ~ 1.064539 .

Therefore,

1 1 2
L d - - 1.064539 + ————— = 0.9960 .
= / uis)sds + ) 3.076723 * 5076723

0

We rewrite the differential equation in the form used in Euler’s method,
dy _
dx
and conclude that f(z,y) = 2 — V1 4+ sin®zy. Thus the recursive formulas (2) and (3)
on page 25 of the text become

1+sin’zy, y(0) =2,

Tp+1 = Tp + h>

ynH:yn—l—h(xn— 1+sin2xnyn>, n=20,1,...,

x9g =0, yo = 2. With h = 0.1 we need (1 — 0)/0.1 steps to get an approximation at
=1
n=0: z; =01, y =(2)+0.1[(0) — /1 + sin*(0) (2)] = 1.8000;

n=1: 2,=02, y,=(1.8)+0.1[(0.1) — \/1 + sin?(0.1) (1.8)] ~ 1.6291;
n=2: x3=03, ys=(1.6291)+0.1[(0.2) — /1 + sin?(0.2) (1.6291)] ~ 1.4830;

Results of these computations, rounded off to four decimal places, are given in Table 2-D.
Thus Euler’s method with step h = 0.1 gives y(1) ~ 0.9486 .

Next we take h = 0.05 and fill in the Table 2-E. So, with step h = 0.05, we have
y(1) =~ 0.9729.
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Table 2-D: Euler’s method approximations for the solution of v/ + yv1 + sin® z = z,
y(0) =2, at z = 1 with h =0.1.

k zp  y k zp k zp

0 0.0 2.0000 4 0.4 1.3584 8 0.8 1.0304
1 0.1 1.8000 5 0.5 1.2526 9 0.9 0.9836
2 0.2 1.6291 6 0.6 1.1637 10 1.0 0.9486
3 0.3 1.4830 7 0.7 1.0900

Table 2—-E: Euler’s method approximations for the solution of v/ + yV1 + sinz = x,
y(0) =2, at z = 1 with h = 0.05.

n Tn Yn n Iy Yn n In Yn

0 0.00 2.0000 7 0.35 1.4368 14 0.70 1.1144
1 0.05 1.9000 8 0.40 1.3784 15 0.75 1.0831
2 0.10 1.8074 9 045 1.3244 16 0.80 1.0551
3 0.15 1.7216 10 0.50 1.2747 17 0.85 1.0301
4 0.20 1.6420 11 0.55 1.2290 18 0.90 1.0082
5 0.25 1.5683 12 0.60 1.1872 19 0.95 0.9892
6 0.30 1.5000 13 0.65 1.1490 20 1.00 0.9729

29. In the presented form, the equation
dy 1
dr — e% + 2z
is, clearly, not linear. But, if we switch the roles of variables and consider y as the independent
variable and x as the dependent variable (using the connection between derivatives of inverse
functions, that is, the formula y'(x) = 1/2/(y)), then the equation transforms to
d dz
—x:e4y+2x = oy =Y
dy dy

This is a linear equation with P(y) = —2. Thus the integrating factor is

p(y) = exp ( / (—Q)dy) — e
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and so

d %y
— (e’ny) = e Wl = % = e Wy = /ezydy S +C.
dy 2

Solving for z yields

ey ety
r = e (7+C) = 7+062y.

31. (a) On the interval 0 < x < 2, we have P(z) = 1. Thus we are solving the equation

oy = 0)=1.
o ty=q, y(0)

The integrating factor is given by

1(z) = exp ( / dx) e,

Multiplying the equation by the integrating factor, we obtain
dy
e” o + ey = xe” = D, [e*y] = ze” = ey = [ xe"dx.
x
Calculating this integral by parts and dividing by e* yields
y=e "(ze* —e"+C)=ax—1+Ce ™",
(b) Using the initial condition, y(0) = 1, we see that
1=y0)=0-14+4C=-14+C = C =2

Thus the solution becomes

y=x—142".
(c) In the interval x > 2, we have P(z) = 3. Therefore, the integrating factor is given by
p(x) = exp (/3d:p) = e,
Multiplying the equation by this factor and solving yields

d
L 3’y = we™ = D, (e*y) = xe™ = ey = /95631 dx .

dx
Integrating by parts and dividing by e3* gives
1 1 x 1
— 3z | 3z _ — 3z Cl=2_2 073:1:.
y=-e { 3 xre 9 e + ] 379 + Ce
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(d) We want the value of the initial point for the solution in part (c) to be the value of the

(e)

solution found in part (b) at the point x = 2. This value is given by
y(2) =2—-1+2e2=1+2¢"2
Thus the initial point we seek is
y(2) =1+ 22

Using this initial point to find the constant C' given in part (c) yields

2 1 4
1+26_2:y(2):§—§—|—06_6 = C:§€6+264.

Thus, the solution of the equation on the interval x > 2 is given by

1 4
y:§_§+ [§€6+2€4:| e 3,

Patching these two solutions together gives us a continuous solution to the original equa-

tion on the interval x > 0:

r—1+2e™%, 0<x<2;

Y

y:

1 4
§—§+<§€6—|—2€4) e 2< 1.

The graph of the solution is given in Figure B.18 of the answers in the text.

Writing the equation in standard form yields

Therefore, P(x) = 2/z and

p(z) = exp (/%m) = exp (2In|z]) = |z]? = 22

C
— (2%y) =32 = $2y:/3x2dx:x3—|—0 S y—z+ =
o
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(b)

35. (a)

54

is a general solution to the given differential equation. Unless C' = 0 and so y = z, the
function y = z + C'/2? is not defined when x = 0. Therefore, among all solutions, the
only function defined at = 0 is ¢(z) = x, and the initial value problem with y(0) = yo

has a solution (and unique) if and only if

Yo = () T 0.
Standard form of the equation xy’ — 2y = 3z is
dy 2
dv z7
This gives P(z) = —2/z, u(z) = exp [ [(—2/x)dz] = 272, and
d
T (:E_Qy) =322 = o %= /3x‘2 de=-3z'4C = y=-3z+Cz%
x

Therefore, any solution is a polynomial and so is defined for all real numbers. Moreover,

any solution satisfies the initial condition y(0) = 0 because

—3r+Cz?| =-3(0)+C(0)2*=0

=0

and, therefore, is a solution to the initial value problem. (This also implies that the

initial value problem with y(0) = yo # 0 has no solution.)

This part of the problem is similar to Problem 33 in Section 2.2. So, we proceed in the
same way.
Let A(t) denote the mass of salt in the tank at ¢ minutes after the process begins. Then

we have

rate of input =5 L/min x 0.2 kg/L. =1 kg/min,

rate of exit =5 L/min X % kg/L = % kg /min ,
dA A 100 — A
dt 100 100
Separating this differential equation yields dA/(100 — A) = dt/100. Integrating, we
obtain
—In|100 — A| = 1% +C = 100 — A| = ¢ t/100-C1 — =C1o=t/100



(b)

Exercises 2.3
=  10-A=Ce 1 (C=xe“) = A=100-Ce .
The initial condition, A(0) = 5 (initially, there were 5 kg of salt in the tank) implies that
5=A(0)=100—-C = C =95.
Substituting this value of C' into the solution, we have
A(t) = 100 — 95¢~1/100
Thus the mass of salt in the tank after 10 min is
A(10) = 100 — 957 10/190 ~ 14.04 kg,

which gives the concentration 14.04 kg /500 L ~ 0.0281 kg/L.

After the leak develops, the system satisfies a new differential equation. While the rate of
input remains the same, 1 kg/min, the rate of exit is now different. Since, every minute,
5 liters of the solution is coming in and 5 + 1 = 6 liters are going out, the volume of
the solution in the tank decreases by 6 — 5 = 1 liter per minute. Thus, for ¢ > 10, the
volume of the solution in the tank is 500 — 1 - (¢ — 10) = 510 — ¢ liters. This gives the

concentration of salt in the tank

A(t)
keg/L 2.11
s10 7 e/ (2.11)
and
: : A(t) 6A(t) :
rate of exit =6 L/min x F10 — g/ F10 g/min
Hence, the differential equation, for ¢ > 10, becomes
dA 1 6A N dA n 64 1
d ~ 510—t dt 510 —t

with the initial condition A(10) = 14.04 (the value found in (a)). This equation is a

linear equation. We have

6 -6
w(t) = exp (/ 503 dt) =exp (—61n[510 — t|) = (510 — ¥)
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% (510 —t)°A] =1- (510 —t)~® = (510 — ¢)~°

= (510 —t) A = /(510 — )%t = é (510—t) " +C
1

= A= : (510 —t) + C(510 — t)°.

Using the initial condition, A(10) = 14.04, we compute C'.

1 85.96
14.04 = A(10) = = (510 — 10) + C'(510 — 10)° = C=- .
Therefore,
1 85.96 1 510 — t\°
At) == (510 —t) — ——— (510 — )% = = (510 — ) — 85.96
*) 5( ) (500)6( ) 5( ) ( 500 >

and, according to (2.11), the concentration of salt is given by

5 510—t \ 500

Aty 1 8596 (510 —t\°
510—t 5 '

20 minutes after the leak develops, that is, when ¢t = 30, the concentration will be

1 8596 510 — 30
5 510-30 500

6
) ~ 0.0598 kg/L .

37. We are solving the equation

dz mt
4 9r=1— — = 10.
7 + 2z cos (12) : z(0) =10

This is a linear problem with dependent variable x and independent variable ¢ so that P(t) = 2.

Therefore, to solve this equation we first must find the integrating factor p(t).

p(t) = exp (/th) = e,

Multiplying the equation by this factor yields

dx it 7t
2t 2t 2t 2t 2t
—+2 = 1-— — = —
e 7 Te e { cos(m)] e e 005(12)

2% 2% g, 2t 7T_t _1215_ 2t 7T_t
= xe —/e dt /e COS(12) dt—Qe /e COS(12) dt.
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The last integral can be found by integrating by parts twice which leads back to an integral

similar to the original. Combining these two similar integrals and simplifying, we obtain

[ (L) - ) BB

12 4+ (§3)?

Thus we see that . -
o(t) = l B 2 cos (E) + ij (ﬁ) L e
2 4+ (ﬁ)

Using the initial condition, t = 0 and x = 10, to solve for C', we obtain

19 2
C=—+———.
2 44 ()2
Therefore, the desired solution is
.T(t) — 1 _ 2 cos (%) + 1_7; sin (%) [Q + 2 :| 6721‘/.
2 44 ($5)? 2 4+ (5)?

39. Let Tj(t), j = 0,1,2,..., denote the temperature in the classroom for 9 + j < ¢ < 10 + j,
where t = 13 denotes 1: 00 P.M., t = 14 denotes 2 : 00 P.M., etc. Then

T(9) =0, (2.12)
and the continuity of the temperature implies that

tillr&jzﬂ+1(10+j), j=0,1,2,.... (2.13)

According to the work of the heating unit, the temperature satisfies the equation

ar. (1=T,, if j =2k
J—{ A 94 j<t<104j k=0,1,... .

At =Ty, =2k +1

The general solutions of these equations are:

for j even

dT; dT;
1T J
dt T 1o

= In|l -7 =—-t+¢ = Ti(t) =1—Cje

=dt

o7
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for 7 odd
dT; dT;
S ——J -
7 j = 7, dt

= In|T;| = —t+¢; = T;(t) = Cje
where C; # 0 are constants. From (2.12) we have:

0=Ty9) =(1-Coe™") | =1-Coe™® = Co = €.

t=9

Also from (2.13), for even values of j (say, j = 2k) we get

(1 — Cope™) = Cypyre”’

=9+ (2k+1) t=9+(2k+1)
- 1 — Cope= 10420 — ¢, o= (10428)
= Copy1 = 't — Oy,

Similarly from (2.13) for odd values of j (say, j = 2k + 1) we get

—t —t
Copyre = (1 — Chpqae )
=04 (2k+2) t=9+(2k+2)
—(1142k) _ —(1142k
= Coprre” ) =1 — Copyae” )
1142k
= Copo =€ — Copyr -

In general we see that for any integer j (even or odd) the following formula holds:
Cj = €9+j — ijl-
Using this recurrence formula we successively compute

Ci=e"-Ch=e-e=€’(e—1)

Comel —Ch=el — e 4 ¢ =2 —e+ 1)

J
C;=¢’ Z(—l)j_kek.
k=0

o8
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Therefore, the temperature at noon (when ¢ = 12 and j = 3) is
Ty(12) = Cae'2 = e712¢° Z Pk =1 —et4e?—e P x0.718 = 71.8°F.

At 5 P.M.(when t = 17 and j = 8), we find

8

8
Ts(17) =1—Cse™'" = 1—¢ "¢’ Z(—l)g_ke’€ - Z(_l)kﬂe—k
k=0

k=1

1—(— —1\8
_ et Lo 0060 = 26.9°F.
1+e!

EXERCISES 2.4: Exact Equations, page 65

1. In this equation, M(z,y) = 2*y + x*cosz and N(x,y) = —a3. Taking partial derivatives, we
obtain

oM 0 __ON

By oy YT = e A=

Therefore, according to Theorem 2 on page 61 of the text, the equation is not exact.

Rewriting the equation in the form

dy %y + 2t 1
%IW:;ijxcosx, (2.14)

we conclude that it is not separable because the right-hand side in (2.14) cannot be factored

as p(x)q(y). We also see that the equation is linear with y as the dependent variable.

3. Here M (z,y) = ye*™ 4 2z, N(z,y) = ze™¥ — 2y. Thus

oM 0
8y 8y

N
%—x = % (xe™ —2y) =" + % (™) =™ + ze™y = (1 + zy),

OM /0y = ON/Ox, and the equation is exact.

0
(ye™ + 2) = €ty 5 (%) = ™ +yeTa = (1 + ya),

We write the equation in the form

dy  ye™ +2r
dr  ze — 2y
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60

and conclude that it is not separable because the right-hand side cannot be represented as a
product of two functions of single variables z and y. Also, the right-hand side is not linear
with respect to y which implies that the equation is not linear with y as the dependent
variable. Similarly, choosing z as the dependent variable (taking the reciprocals of both sides)

we conclude that the equation is not linear either.

. The differential equation is not separable because (2zy + cosy) cannot be factored. This

equation can be put in standard form by defining = as the dependent variable and y as the

independent variable. This gives

dx n 2 — Ccos Y
N —r = ,
dy —y y?

so we see that the differential equation is linear.

If we set M(z,y) = y* and N(z,y) = 2xy + cosy we are able to see that the differential

equation is also exact because M, (z,y) = 2y = N (x,y).

. In this problem, the variables are r and 6, M (r,0) = 0, and N(r,0) = 3r — 6 — 1. Because

oM ON
0 3

the equation is not exact. With r as the dependent variable, the equation takes the form

dr_ sr-6-1_ 3 6+l
a0 9 9 g ¢

and it is linear. Since the right-hand side in the above equation cannot be factored as p(0)q(r),

the equation is not separable.

. We have that M(x,y) = 22y + 3 and N(x,y) = 2> — 1. Therefore, M, (z,y) = 2z = N (z,y)

and so the equation is exact. We will solve this equation by first integrating M (z,y) with

respect to x, although integration of N(z,y) with respect to y is equally easy. Thus

F(z,y) = /(2:70y +3)dx = 2%y + 37 + g(y).
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Differentiating F'(z,y) with respect to y gives F,(z,y) = 2> + ¢'(y) = N(z,y) = 2* — 1.
From this we see that ¢ = —1. (As a partial check we note that ¢'(y) does not involve z.)
Integrating gives

9ly) = /(—1) dy = —y.
Since the constant of integration will be incorporated into the parameter of the solution, it is
not written here. Substituting this expression for ¢g(y) into the expression that we found for
F(z,y) yields

F(z,y) = 2*y + 32 —y.

Therefore, the solution of the differential equation is

C — 3z

x2—1"

x2y+3x—y:C’ = y =

The given equation could be solved by the method of grouping. To see this, express the differ-

ential equation in the form
(2zy dx + 2* dy) + (3dx — dy) = 0.

The first term of the left-hand side we recognize as the total differential of #2y. The second

term is the total differential of (32 — y). Thus we again find that
F(r,y) =2’y +3c -y
and, again, the solution is 2%y + 3z —y = C.

Computing partial derivatives of M (x,y) = cosz cosy + 2x and N(z,y) = —(sinzsiny + 2y),

we obtain
oM 0 ( +20) .
—— = — (cosxcosy + 2x) = —coswsiny,
y dy
ON 0 L :
= O [— (sinzsiny + 2y)] = —cosxsiny,
oM  ON
oy Oz’

and the equation is exact.
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Integrating M (z,y) with respect to x yields

F(z,y) = /M(:p,y)d:p = /(cosxcosy—f—Zx) dz
= cosy/cosxd:v—l—/?xd:v:sin:pcosy—i—xQ—l—g(y).
To find g(y), we compute the partial derivative of F'(x,y) with respect to y and compare the

result with N(x,y).

OF 0
v o [sinzcosy +2° + g(y)] = —sinasiny + ¢'(y) = — (sinzsiny + 2y)
y Oy

= JW=-2y = gy= /(—Qy)dy =y’
(We take the integration constant C' = 0.) Therefore,
F(z,y) =sinzcosy +2* —y* =c
is a general solution to the given equation.

In this equation, the variables are y and t, M (y,t) =t/y, N(y,t) =1+ Iny. Since

MU _ 0 (N1 N o
ot ot\y/) vy dy Oy y_y’

the equation is exact.

Integrating M (y,t) with respect to y, we get

t
F(y,t) Z/gdy:tlnlm +g(t) =tlny + g(t).

(From N(y,t) = 1+ Iny we conclude that y > 0.) Therefore,
oF _ 0
ot ot
= J0=1 = g=t

tlny+g(t))=Iny+4¢'(t)=1+Iny

= F(y,t) =ty +t,

and a general solution is given by tIny + ¢ = ¢ (or, explicitly, ¢t = ¢/(lny + 1)).
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17.
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This differential equation is expressed in the variables r and 6. Since the variables x and y
are dummy variables, this equation is solved in exactly the same way as an equation in x and
y. We will look for a solution with independent variable # and dependent variable r. We see

that the differential equation is expressed in the differential form
M(r,0)dr + N(r,0)d9 = 0, where M(r,0) =cosf and N(r,0) = —rsinf + e’
This implies that
My(r,0) = —sinf = N,.(r,0),

and so the equation is exact. Therefore, to solve the equation we need to find a function
F(r,0) that has cos @ dr + (—rsinf + ¢%) df as its total differential. Integrating M (r,#) with

respect to r we see that
F(r,0) = /cos@dr =rcosf+ g(0)
= Fy(r,0) = —rsinf + ¢'(0) = N(r,0) = —rsin6 + ¢’
Thus we have that
JO=¢ = g0)=¢,
where the constant of integration will be incorporated into the parameter of the solution.
Substituting this expression for g() into the expression we found for F'(r,0) yields

F(r,0) =rcosf + ¢’

From this we see that the solution is given by the one parameter family r cosf + ¢’ = C, or,

solving for r,
r=- = (C —¢e")sech.

Partial derivatives of M(x,y) = 1/y and N(z,y) = — (3y — x/y?) are

dy oy \y) 42 or  Ox Y y2 ) y?

Since OM /Jy # ON/Oz, the equation is not exact.
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19. Taking partial derivatives of M(z,y) = 2z 4+ y/(1 + 2?y?) and N(z,y) = —2y + z/(1 + 2?y?)

21.

64

with respect to y and z, respectively, we get

2.9y . 9 2.9
oM 8<2x+ Y ):(1)(1+xy) yr*(2y) 1 — 2%y

oy oy 7 T aty (L+ 222)2 (L+222)?
ON 0 9 T (DA + %) —ayP(2r)  1—aPy?
or  Ox YT 22 ) (14 22y?)? (14 a2y2)2

Therefore, the equation is exact.

_ Y _ 2 dlzy)
F(z,y) = / (296-1— 1+x2y2) dr =x —I—/ T+ () = x” + arctan(zy) + g(y)
or 0

e
Jy Oy 1+ (ay)?
= J(y) = -2y = 9(y) =~y

[2? + arctan(zy) + g(y)] +9'(y) =2y +

x
1+ z2y?

= F(x,y) = 2° — y* + arctan(zy)
and a general solution then is given implicitly by z* — y? + arctan(xy) = c.

We check the equation for exactness. We have M (z,y) = 1/z + 2yx, N(x,y) = 2yx* — cosy,
oM 0 (1
—— = (=42 | =4
3 g (3 o) =
ON 0

% o (2yx2 — cos y) = 4yux.

Thus OM /0y = ON/Ox. Integrating M (x,y) with respect to x yields

1
F(z,y) = / (; + 2y2x) dr = In|z| + 2%y* + g(y).

Therefore,

OF 9 :
dy oy [Infz| + 2% + g(y)] = 22°y + g'(y) = N(z,y) = 2ya” — cosy

= 9'(y) = —cosy = g(y) = /(— cosy)dy = —siny

= F(z,y) = In|z| + 2%y* — siny,
and a general solution to the given differential equation is

In |z| + 2*y* —siny = c.



23.

25.
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Substituting the initial condition, y = m when x = 1, we find c.
In|1| + 1°7% —sinT = ¢ = c=7"

Therefore, the answer is given implicitly by In|z| + 22y? — siny = 72. (We also used the fact

that at the initial point, (1, 7), x > 0 to skip the absolute value sign in the logarithmic term.)

Here M(t,y) = e'y + tely and N(t,y) = te' +2. Thus M,(t,y) = €' + te' = Ny(t,y) and so
the equation is exact. To find F(¢,y) we first integrate N(t,y) with respect to y to obtain

F(t,y) = /(tet +2)dy = (te' + 2)y + h(t),

where we have chosen to integrate N (¢, y) because this integration is more easily accomplished.

Thus

Fi(t,y) = e'y +te'y + b/ (t) = M(t,y) = e'y + te'y
= h'(t) =0 = h(t) =C.

We will incorporate this constant into the parameter of the solution. Combining these results
gives F(t,y) = te'y + 2y. Therefore, the solution is given by te'y + 2y = C. Solving for y
vields y = C/(te! +2). Now we use the initial condition y(0) = —1 to find the solution that
passes through the point (0, —1). Thus

C C
0)= =1 S C= 2
v =573 -3 -
This gives us the solution
2
Y= et 12

One can check that the equation is not exact (OM /0y # ON/Ox), but it is separable because

it can be written in the form

y—1
T

1
yQSinxdx+—ydy:O = yPsinz dr =
x

y—1
Y2

dy.

= rsinx dr =
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Integrating both sides yields

—1 1 1
/xsinxdx:/yy2 dy = x(—cosx)—/(—cosx)dx:/(;—?) dy

1
= —xcosz +sinx =Inly| + — + C,
Y

where we applied integration by parts to find [ @ sinz dx. Substitution of the initial condition,

y(m) = 1, results
—7rcos7r+sin7r:ln|1\—|—%+0 = C=mn—-1
So, the solution to the initial value problem is
—zcosr+sine=lny+1/y+7—1.
(Since y(m) =1 > 0, we have removed the absolute value sign in the logarithmic term.)

27. (a) We want to find M(z,y) so that for N(z,y) = sec’ y — x/y we have

1
My(z,y) = Ny(z,y) = -

Therefore, we must integrate this last expression with respect to y. That is,

1
M) = [ (=) dy= =l + ).
where f(x), the “constant” of integration, is a function only of z.

(b) We want to find M(x,y) so that for
N(z,y) =sinzcosy —zy —e ¥
we have
My(z,y) = N,(x,y) = coszcosy — y.
Therefore, we must integrate this last expression with respect to y. That is
M(z,y) = /(cosxcosy —y)dy = cosx/cosydy - /ydy

2

= cosxsiny — % + f(x),

where f(x), a function only of x, is the “constant” of integration.
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We have M(z,y) = y* 4+ 2zy and N(z,y) = —a*. Therefore M,(z,y) = 2y + 2z and
Ny(z,y) = —2x. Thus My(x,y) # N,(x,y), so the differential equation is not exact.

If we multiply (y* + 2xy)dz — x2dy = 0 by y~2, we obtain
2 2
<1+_x) dx—x—Qdy:O.
) Y
In this equation we have M (z,y) = 1+ 2zxy~! and N(z,y) = —x?y 2. Therefore,

OM(z,y) 2z ON(z,y)

dy Y2 or

So the new differential equation is exact.

Following the method for solving exact equations we integrate M (z,y) in part (b) with

respect to x to obtain

F(x,y):/<1+2§) de =z + %Q—i-g(y).

To determine ¢(y), take the partial derivative of both sides of the above equation with

respect to y to obtain

oF  a? i)
Substituting N(z,y) (given in part (b)) for 9F/dy, we can now solve for ¢'(y) to obtain
z? z?
Ny =-5=-2+tdb) = du=0.

The integral of ¢'(y) will yield a constant and the choice of the constant of integration
is not important so we can take g(y) = 0. Hence we have F(z,y) = x + 2%/y and the
solution to the equation is given implicitly by

33'2

r+—=0C.
Y

Solving the above equation for y, we obtain

Y=o+

67



Chapter 2
(d) By dividing both sides by y* we lost the solution y = 0.

31. Following the proof of Theorem 2, we come to the expression (10) on page 63 of the text for
g'(y), that is

§(y) = N(z,y) a% / M(s,y) ds (2.15)

(where we have replaced the integration variable ¢ by s). In other words, ¢g(y) is an antideriva-
tive of the right-hand side in (2.15). Since an antiderivative is defined up to an additive
constant and, in Theorem 2, such a constant can be chosen arbitrarily (that is, g(y) can be
any antiderivative), we choose ¢g(y) that vanishes at yo. According to fundamental theorem

of calculus, this function can be written in the form

g(y)z/g’(t)dt = /y N(z,t) — at/]\/[stds dt

[0
= N( - | = M
/ x,t)dt p / (s,t)ds| dt

o

:/Nxtdt— /Mst
= /Nxtdt—/Msyds+/Msy0

Substituting this function into the formula (9) on page 63 of the text, we conclude that

t=y

Flz,y) = jM(t,y)dtJr /yN(x,t)dt—jM(s,y)ds+jM(s,yo)ds

Y T
= /N(x,t)dt+/M(s,y0)ds
Yo 20

(a) In the differential form used in Example 1, M(z,y) = 2zy?> + 1 and N(x,y) = 222y.
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Thus, N(z,t) = 22°t and M(s,yo) =2s-0*+1 =1, and (18) yields

T

Y Y T
F(z,y) = /(2x2t)dt+/1-ds:x2/2tdt+/ds
0 0

0 0

ST 999
=Yy +x.

s=0

t=y
+s
t=0

T

(b) Since M(z,y) = 2xy — sec’* z and N(z,y) = z* + 2y, we have

N(z,t) =2*+2t and M(s,y0) =250 —sec’s = —sec’ s,

Yy T
F(z,y) = / (2 +2t) dt + / (—sec? s) ds
0 0
t= sS=x
= (:c2t+t2) Z —tans o: vy +y* — tanz.
t= s=

(c) Here, M(z,y) = 1+ €y + xe”y and N(x,y) = ze® + 2. Therefore,

N(z,t) =ze®*+2 and M(s,yo) =1+¢€"-0+se”-0=1,

T

Y
F(x,y):/(xe“+2)dt—|—/1~ds
0 0
:0: (xe” +2)y + x,

t=y
+5

= (ze® +2)t
t=0

which is identical to F(x,y) obtained in Example 3.

32. (a) The slope of the orthogonal curves, say m,, must be —1/m, where m is the slope of the
original curves. Therefore, we have

By L dy _ F(ay)
Fy(2,y) dv  F(v,y)

= Fy(z,y)dr — Fy(z,y)dy = 0.

b) Let F(z,y) = 2? + y?. Then we have F,(z,y) = 2z and F,(x,y) = 2y. Plugging these
y

expressions into the final result of part (a) gives
2ydr — 2z dy =0 = ydr —xdy = 0.
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To find the orthogonal trajectories, we must solve this differential equation. To this end,

note that this equation is separable and thus

1 1
/—dx:/—dy = In|z|=In|y|+C
Z Y

= enlel=C — hnlyl = y=kx, where k=4e°.

Therefore, the orthogonal trajectories are lines through the origin.
(c) Let F(z,y) = zy. Then we have F,(x,y) =y and F,(z,y) = x. Plugging these expres-
sions into the final result of part (a) gives

rdr —ydy = 0.

To find the orthogonal trajectories, we must solve this differential equation. To this end,

note that this equation is separable and thus

@2 P
/xd:v:/ydy = —:5—1—0 = -y =k,

where k := 2C. Therefore, the orthogonal trajectories are hyperbolas.

33. We use notations and results of Problem 32, that is, for a family of curves given by F(z,y) = k,
the orthogonal trajectories satisfy the differential equation

OF(z,y) ,  OF(z,y)

5 o dy =0, (2.16)

(a) In this problem, F(z,y) = 22 4+ y* and the equation (2.16) becomes

Q2 2 92 2
0" +y7) 4 R +Y) 0o o 9yde—dedy =0, (2.17)
8y ox

Separating variables and integrating yield

d 2d d 2d
2ydr = 4x dy = ar _ 24y = /_x: ~ay
= In|z|=2Iny| + ¢ = elnlel — p2lnlyl+er
= |z = e y|* = cy” = r =+’ = cy?,
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where ¢ as any nonzero constant.

Separating variables, we divided the equation (2.17) by zy. As a result, we lost two
constant solutions x = 0 and y = 0 (see the discussion on pages 44-45 of Section 2.2
of the text). Thus the orthogonal trajectories for the family 22% + y* = k are x = ¢y,
c#0,2=0,and y = 0. (Note that 2 = 0 can be obtained from z = cy? by taking ¢ = 0
while y = 0 cannot.)

First we rewrite the equation defining the family of curves in the form F(x,y) = k by
dividing it by x*. This yields yz=* = k. We use (2.17) to set up an equation for the
orthogonal trajectories:

oF oF
o = _4ygg*5 , 8—3/ =t = x 4de — (—4yx’5) dy=0.

Solving this separable equation yields

rde = —4dyxz P dy =0 = rdr = —4y dy

2
= /xdx = /(—4y)dy = % =20+ ¢ = 4+ 4y P =c.

Thus, the family of orthogonal trajectories is #? + 4y? = c.
Taking logarithm of both sides of the equation, we obtain

Iny
=

Iny = kx = k,

and so F(z,y) = (Iny)/x, OF/0x = —(Iny) /2%, F/0y = 1/(zy). The equation (2.17)

becomes

1 1 1 1
—dx—(—ﬂ) dy = = —de=-——udy.
xy x

Separating variables and integrating, we obtain
rdr =—ylnydy = /:pdx:—/ylnydy
72 y? y? y? y?
= —=-=1 = —dy=—-=1 =
9 ny -+ / Y Y B ny -+ 1 +c
= S+ hy-S=¢ = 27+2hy—y’=c

where ¢ := 4c¢;, and we have used integration by parts to find [yInydy.
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(d) We divide the equation, y? = kz, by = and get y?/x = k. Thus, F(z,y) = y?/x and

OF  y? or 2y
or a2’ oy
2 2 9 2
= —ydl’— Y dy =10 = —ydl‘: ¥y dy
X x2 €T l'Q
2
= wdr=-ydy = $2:—%+Cl = 2+ yi=c

35. Applying Leibniz’s theorem, we switch the order of differentiation (with respect to y) and
integration. This yields

g’zN(x,y)—j<%M(t,y)) dt.

o
Therefore, ¢ is differentiable (even continuously) with respect to x as a difference of two
(continuously) differentiable functions, N(z,y) and an integral with variable upper bound of
a continuous function M, (t,y). Taking partial derivatives of both sides with respect to z and
using fundamental theorem of calculus, we obtain
2(g') 9 (0
= — |N(z,y) — — M(t dt
e 5 | V(@) / o (t,y)
zo

o ol /0 o 0
o (z,y) e / (83/ M ( ,y)) o (z,y) 3y M(z,y) =0

zo

due to (5). Thus 0 (¢’) /Ox = 0 which implies that ¢’ does not depend on z (a consequence of

mean value theorem).

EXERCISES 2.5: Special Integrating Factors, page 71

1. Here M(z,y) = 2y® + 2y? and N(z,y) = 3y*z + 2zy. Computing

oM ON
—— =6y* +4y and — =3y + 2,
dy ox

we conclude that this equation is not exact. Note that these functions, as well as M itself,

depend on y only. Then, clearly, so does the expression (ON/0x — OM/0y)/M, and the
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equation has an integrating factor depending on y alone. Also, since

OM /0y — ON/Ox  (6y® +4y) — (3y* + 2y) 3y +2y 1

N 3y2x + 2zy 23y 42y) 2’

the equation has an integrating factor depending on .

Writing the equation in the form

dv 3yr+2ry  wy(By+2)  yBy+2)
dy 2y% + y? 22+ 1) 2P+ 1)

we conclude that it is separable and linear with x as the dependent variable.

. This equation is not separable because of the factor (y*+ 2xy). It is not linear because of the

factor y?. To see if it is exact, we compute M, (z,y) and N,(z,y), and see that

Therefore, the equation is not exact. To see if we can find an integrating factor of the form

(), we compute
oM  ON
oy Oxr  2y+ix
N a2

which is not a function of z alone. To see if we can find an integrating factor of the form u(y),

we compute
ON OM
dr Oy  —4v—2y 2Q2r+4y) -2

M o242y yly+2z) oy
Thus the equation has an integrating factor that is a function of y alone.

. In this problem, M(z,y) = 2y?z —y and N(z,y) = x. Therefore,

oM ON ON OM
a—y—élyx—l and %—1 = %—a—y—2—4y$'

The equation is not exact, because M /Jy # ON/Ox, but it has an integrating factor depend-
ing just on y since

ON/Ox —OM/0y  2—4yr  —2Q2yx—1) —2

M 2Pz —y y(2yz—1) oy

73



Chapter 2

Isolating dy/dx, we obtain

d — 292
aw _Y yx:g_Qyz.
dx T T

The right-hand side cannot be factorized as p(z)q(y), and so the equation is not separable.
Also, it is not linear with y as the dependent variable (because of 2y* term). By taking the

reciprocals we also conclude that it is not linear with the dependent variable x.

7. The equation (3z* + y) dz + (2%y — x) dy = 0 is not separable or linear. To see if it is exact,

we compute

oM ON
— =1#2zy—1=—.
oy L7 o
Thus, the equation is not exact. To see if we can find an integrating factor, we compute
OM/O0y —ON/Ox _2—2zy —2@y—1) =2
N C22y—ax aley—1) x

From this we see that the integrating factor will be

1(z) = exp (/_—de) — exp (—2In a]) = 22

T

To solve the equation, we multiply it by the integrating factor =2 to obtain

B+yz?)dr+ (y—z ) dy=0.

This is now exact. Thus, we want to find F(x,y). To do this, we integrate M (x,y) = 3+ yx >

with respect to = to get

F(z,y) = / (3 + yx_2) dr =3z —yr ' + g(y)
= By =-1"+gW) =Ny =y—a"

= g =y = gy) =+

Therefore,

F(z,y) =3z —yz ™'+ =

And so we see that an implicit solution is

2
%— + 3z =0C.

SEENS
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Since p(z) = 272 we must check to see if the solution z = 0 was either gained or lost. The
function x = 0 is a solution to the original equation, but is not given by the above implicit

solution for any choice of C. Hence,

Il
o

y?

5 +3z=C and x

are solutions.

. We compute partial derivatives of M (x,y) = 2y* + 2y + 42? and N(x,y) = 2xy + .
oM 0 ON 0
—— = — (2 2y +42®) =4y + 2 =
9 ay(y+y+:v) y+2 o=

Although the equation is not exact (0M /0y # ON/0x), the quotient

2y +x) =2y + 1.

OM/0y —ON/O0x  (4y+2)—(2y+1) 2y+1 1

N 2xy +x S22y + 1)
depends on x only, and so the equation has an integrating factor, which can be found by

applying formula (8) on page 70 of the text. Namely,

1(z) = exp (/édw) — exp (In [2]) = |2].

Note that if i1 is an integrating factor, then —u is an integrating factor as well. This observation
allows us to take pu(x) = x. Multiplying given differential equation by z yields an exact
equation

(20" + 2y + 42*) wdx + 2* (2y + 1) dy = 0.

Therefore,

F(z,y) = /x2(2y +1)dy = 22 (y2 + y) + h(z)
oF
or

= B (z) = 42° = hx) = /4x3dx =t

= =2z (v’ +y) + 1 () = (2y* +2y +42°) z

= F(z,y) = 2 (y2 + y) + 2t = 2%y + 2%y + 21,
and z%y? + 2%y + 2* = ¢ is a general solution.

75



Chapter 2

11. In this differential equation, M (z,y) = y* + 2zy, N(z,y) = —2%. Therefore,

oM ON
oy YT oz

—2x,

and so (ON/0z — OM/dy)/M = (—4z — 2y)/(y* + 2zy) = —2/y is a function of y. Then

1(y) = exp U (—%) dy} =exp(—2Inly)) =y 2.

Multiplying the differential equation by p(y) and solving the obtained exact equation, we get

y 2 (y2 + Qxy) do —y 2xdy =0

= F(z,y) = / (—y’Q:cQ) dy =y 'a? + h(zx)
8F a —1 2 —1 / -2 2 —1
5 = B [y~'2® + h(z)] y o+ W (z) =y (y* + 2xy) + 2zy
= h'(z) =1 = h(z) =z = F(z,y) =y ‘2 + .

=

Since we multiplied given equation by u(y) = y~2 (in fact, divided by y?) to get an exact
equation, we could lose the solution y = 0, and this, indeed, happened: y = 0 is, clearly, a

solution to the original equation. Thus a general solution is

y lt+r=c and Y

Il
e

13. We will multiply the equation by the factor 2"y™ and try to make it exact. Thus, we have
(anym+2 _ 6xn+1ym+1) dr + (3xn+1ym+1 _ 4xn+2ym) dy = 0.
We want M, (x,y) = N,(z,y). Since

M, (z,y) = 2(m + 2)z"y"™ "' — 6(m + 1)z"'y™,
Ny(z,y) = 3(n+ 1)z"y™ " — 4(n + 2)a"'y™,

we need

2(m+2)=3(n+1) and 6(m+1) =4(n+2).
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Solving these equations simultaneously, we obtain n =1 and m = 1. So,

w(w,y) = zy.
With these choices for n and m we obtain the exact equation
(2zy® — 62%9?) dz + (32%y* — 42°y) dy = 0.
Solving this equation, we have
F(x,y) = / (2zy° — 62%y?) do = 2%y® — 22°y* + g(y)
= F,(z,y) = 32%y* — 42y + ¢'(y) = N(z,y) = 32°y* — 42°y.

Therefore, ¢'(y) = 0. Since the constant of integration can be incorporated into the constant

C' of the solution, we can pick g(y) = 0. Thus, we have
P(z,y) = 2%y’ - 22%y*
and the solution becomes
2y —22%y* = C.

Since we have multiplied the original equation by xy we could have added the extraneous
solutions y = 0 or z = 0. But, since y = 0 implies that dy/dz = 0 or x = 0 implies that
dzx/dy =0, y = 0 and = = 0 are solutions of the original equation as well as the transformed

equation.
Assume that, for a differential equation

M (z,y)dx + N(z,y)dy = 0, (2.18)
the expression

ON/O0x —OM /0y
M —yN N

H(zy) (2.19)

is a function of xy only. Denoting

u(z) = exp ( / H(z)dz)
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and multiplying (2.18) by u(zy), we get a differential equation
p(y) M (z, y)dx 4 p(zy) N (z, y)dy = 0. (2.20)
Let us check it for exactness. First we note that

)= o ([ 100)] = ([ 100) [ [ 101 = oo

Next, using this fact, we compute partial derivatives of the coefficients in (2.20).

o M)} = 4S5 M) + ) )
= p(zy)H(xy) M (z,y) + M(xy)%jy)
= X xY)x T M
= p(zy) {H( y) aM(z,y) + o ]

a%{u(xy)N(x,y)} = M/(xy)%]v(x,y)—ku(xy)%
= pu(wy)H(zy y)

JyN(z,y) + u(wy) (,()
_ ON(zy) |
= pu(zy) {H (zy) yN(z,y) + ——= e

But (2.19) implies that

ON oM ON oM
T (aM —yN)H & yNH — _sMH -
o oy (z yN)H (ry) yNH (zy) + o = (vy) + 9y

and, therefore,

Olp(ry)M(z,y)] _ Olu(ry)N(z,y)]
oy Ox '
This means that the equation (2.20) is exact.

17. (a) Expressing the family y = 2 — 1 4+ ke™® in the form (y — x + 1)e* = k, we have (with
notation of Problem 32) F(z,y) = (y — x + 1)e”. We compute

or 9 (- + 1)e7] = Iy —ai—l—l) d;e;)

o Or “Crly-Til)
=—¢"+(y—a+1)e" = (y —x)e”,
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OF _ 0 oy Qw4 1)

dy Oy Ay

Now we can use the result of Problem 32 to derive an equation for the orthogonal

e’ =e”.
trajectories (i.e., velocity potentials) of the given family of curves:
—dr — —dy = = edr—(y—a)e"dy=0 = dr+(x—y)dy=0.

(b) In the differential equation dx + (z —y)dy =0, M = 1 and N = = — y. Therefore,

ON/Ox —OM/dy _ Oz —y)/0x —0(1) /oy _
M (1) ’

and an integrating factor pu(y) is given by u(y) = exp U(l)dy] = Y. Multiplying the
equation from part (a) by p(y) yields an exact equation, and we look for its solutions of

the form G(z,y) = c.
eddr+ (v —y)eYdy =0
= G(z,y) = /eydx = xze’ + g(y)
= %—j =we! +4(y) = (x—ye! = gy =—ye’
= gly) = /(—yey)dy = - (yey - /eydy) = —ye’ +e'.
Thus, the velocity potentials are given by

G(z,y) = we’ —ye’ +e’ =c or r=y—1+ce?.

EXERCISES 2.6: Substitutions and Transformations, page 78

1. We can write the equation in the form

Y (217 = [y 42) 1’ = Gly — ),

where G(t) = (t — 1)%. Thus, it is of the form dy/dx = G(az + by).

3. In this equation, the variables are x and ¢. Its coefficients, t + x + 2 and 3t — x — 6, are linear

functions of x and t. Therefore, given equation is an equation with linear coefficients.
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5. The given differential equation is not homogeneous due to the e=2* terms. The equation

(ye™ + y3)dz — e ?*dy = 0 is a Bernoulli equation because it can be written in the form
dy/dx + P(z)y = Q(x)y" as follows:
dy

2z, 3
dz v

The differential equation does not have linear coefficients nor is it of the form 3y’ = G(az+by).

. Here, the variables are y and 6. Writing

dy ¢ =0y (y/0)’—(y/9)”

o 202y 2(y/0) ’

we see that the right-hand side is a function of y/6 alone. Hence, the equation is homogeneous.

. First, we write the equation in the form

dy =322 +y* ¢ -3%  (y/2)’ —3(y/v)
dr — xy— o3y~ a2 -3 (y/r)2—-1

Therefore, it is homogeneous, and we we make a substitution y/x = u or y = zu. Then

y' = u+ zu’, and the equation becomes

Separating variables and integrating yield

du  ud—3u 2u N u2—1d 2d
— = —u = — u=——dzx
dx u? —1 u2 —1 U T
2 2 1 d
= /u du:—/—dx = /(u——)du:—Q ar
U T U T
1
= §u2 —Inju|=—=2Inlz| + C4 = v’ —1In (u?) + In(z*) = C.

Substituting back y/z for v and simplifying, we finally get

W (L 1= Yo (P 2
(x> ln(w2)—|—ln(x)—0 = xz—l—ln " =C,

which can also be written as
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11. From

T

dr  zy—y* y (y)2
dy a2 x

we conclude that given equation is homogeneous. Let u = y/x. Then y = zu and ' = u+azu'.

Substitution yields

n du 9 N du 9 N du dx
Uu r—=UuUu—1Uu €r— = —Uu - =
dx dx u
d d 1
— _/_Z: @ = —=In|z|+C
u x u
x x
= — =1 C = =—
Y nlel + Y In|z|+ C

2. In doing

Note that, solving this equation, we have performed two divisions: by z? and u
this, we lost two solutions, x = 0 and u = 0. (The latter gives y = 0.) Therefore, a general

solution to the given equation is

T

= =0 d =0.
ma+c’ oo e

Y

13. Since we can express f(¢, x) in the form G(z/t), that is, (dividing numerator and denominator
by 1?)
2 2
2 VETE @+
tx B (x/t) ’
the equation is homogeneous. Substituting v = x/t and dz/dt = v + tdv/dt into the equation

yields

dv V1402 dv V1402
Vht— =v 4 — t y-r-

dt ) = dt )

This transformed equation is separable. Thus we have

) 1
——dv = —dt = V1i+v2=Il|t|+C,
V1402 t i

where we have integrated with the integration on the left hand side being accomplished by
the substitution u = 1 + v%. Substituting z/¢ for v in this equation gives the solution to the

original equation which is
72
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15. This equation is homogeneous because

dy 2*—y* 1 (y/a)
de  3zy  3(y/x)

Thus, we substitute v = y/x (y = zu and so ¢y = u + zu’) to get

N du 1 —u? N du 1 —4u? N 3u du dx
u+r— = r— = - ==
dx 3u dz 3u 1 —4u? T
Judu dz 3 9

” /1—4u2: > = ghll-wd =D+ o

Y\ 2
= -3 1—4(—) = 8ln|z| + C;

x

= 3In(z%) — 3In|2* — 4y*| = 8In|z| + Co,

which, after some algebra, gives (2% — 4y2)3 2> =C.

17. With the substitutions z = x +y and dz/dx = 1 + dy/dx or dy/dx = dz/dx — 1 this equation

becomes the separable equation

d d
—Z—lz\/E—l = —Z:\/Z
dx dx

= 22 dz = dx = 2=+ C.
Substituting x + y for z in this solution gives the solution of the original equation

2Ve+y=a+C

which, on solving for y, yields

Thus, we have
_ @0
y=""—7 :
19. The right-hand side of this equation has the form G(x — y) with G(¢) = (¢ + 5)?. Thus we

substitute

t=x—y = y=x—1 = y =1-1,

82



21.

Exercises 2.6

separate variables, and integrate.

dt
1—— =(t+5)?
7y = (£+5)

= j—;:1—(t+5)2:(1—t—5)(1+t+5):—(t+4)(t+6)

dt dt
= (t+4)(t+6):_dx - /(t+4)(t+6):_/dx

1 1 1 t+4
= — —— ———)dt=— [ d = 1 = -2 C
2/(t+4 t+6) /x N t+6‘ e
g4 —y+6
= In rToyte = 2x+ (] = %:C’ge%
T—y+6 r—y+4
2
= 1+ ———— = (Che™ = =r+4d+ 5.
+ac—y—l—él 2¢ y=x+ +C’e2l’+1

Also, the solution
t+4=0 = y=x+4

has been lost in separation variables.

This is a Bernoulli equation with n = 2. So, we make a substitution u = y'™™ = 1. We

have y = u™!, ¥ = —u %4/, and the equation becomes
1 du 1  2° du 1 )
_—— _— = — _— = = —X
w? dr  ur  u? dr =
The last equation is a linear equation with P(z) = —1/z. Following the procedure of solving

linear equations, we find an integrating factor p(z) = 1/z and multiply the equation by u(z)
to get

ldu 1 d (1>
——— - U= = ul=-x

x dr 22 dr \z

1 1 1
= —u:/(—x)dx:——x2+01 = u=—-z"+Cix
x 2 2
1 2
= y

h —x3/2 + Cx T Cr—a¥

Also, y = 0 is a solution which was lost when we multiplied the equation by u? (in terms of

y, divided by y?) to obtain a linear equation.

83



Chapter 2

23. This is a Bernoulli equation with n = 2. Dividing it by 3? and rewriting gives

2

d
y’Q—y — 27ty = 2%,

dx
Making the substitution v = y~! and hence dv/dx = —y~2dy/dx, the above equation becomes

dv v
— +2— =22
dx T v

This is a linear equation in v and z. The integrating factor pu(z) is given by

1(z) = exp (/;dx) — exp (2Ine]) = o2

Multiplying the linear equation by this integrating factor and solving, we have

d
x2d—v + 20 =zt = D, (1'21)) =z
x

5 3 C
= xQU:/x4dzpzx—+C’1 = v:x——k—l.
5 5 a2

Substituting y~* for v in this solution gives a solution to the original equation. Therefore, we

find .
_1_.%_3_’_& = — M B
Yy =5 T2 y= 522 )

Letting C' = 5C'; and simplifying yields
5

y:xf’—l—C'

Note: y = 0 is also a solution to the original equation. It was lost in the first step when we

divided by 2.

25. In this Bernoulli equation, n = 3. Dividing the equation by x?, we obtain

x_3é—f + %x” = —t.
Now we make a substitution © = 22 to obtain a linear equation. Since v’ = —2z732’, the
equation becomes
ldu 1 du 2
57 gu:—t = E—?u:%
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= = = t_ZU—/ dt =2In|t| +C

= u = 2t*1n |t| + Ot = v 2 =2 Int| + O .
x = 0 is also a solution, which we lost dividing the equation by z3.

. This equation is a Bernoulli equation with n = 2, because it can be written in the form

dr 2 9
@_ET—TQ .

Dividing by 7? and making the substitution u = r=1,

o dr 2

we obtain a linear equation.

221 p2 et R B
i g 7 - b 9" ="
du 2, B 2 0
= @ 5 =—0 = u(é’)-exp(/ed@)—ﬁ
d9 =—1 = 0u=—-0+C = U=
Making back substitution (and adding the lost solution r = 0), we obtain a general solution
92
r=5"¢ and r=0.

. Solving for h and £ in the linear system

—3h+k—-1=0
h+k+3=0

gives h = —1 and k£ = —2. Thus, we make the substitutions * = v — 1 and y = v — 2, so that
dxr = du and dy = dv, to obtain
(=3u+v)du+ (u+wv)dv=0.

This is the same transformed equation that we encountered in Example 4 on page 77 of the

text. There we found that its solution is
2+ 2uv — 3u? = C.
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Substituting x + 1 for v and y + 2 for v gives the solution to the original equation

(y+2°+2(=+1)(y+2) - 3x+1)*=C.

31. In this equation with linear coefficients, we make a substitution x = v + h, y = v + k, where

h and k satisfy
2h—k =0 k= 2h k=1,
= =
dh+k =3 4h 4+ 2h =3 h=1/2.
Thus c =u+1/2, y =v+ 1. As dx = du and dy = dv, substitution yields

du — du+v  4A(u/v)+1
dv  2u—v  2(ufv)—1

(2u — v)du + (du+v)dv =0

U du dz
= Z= - = u =0z = — =zZ4+v—
v dv dv
N N dz 4z +1 N dz 4z +1 (2z+1)(z+1)
z+v—=— vV— = — —z=—
dv 2z —1 dv 2z —1 2z —1

2z —1 1 2z —1 1
dz=——d dz=— | —dv.
7 il T T /(2z+1)(z+1) : /v v

To find the integral in the left-hand side of the above equation, we use the partial fraction

decomposition
2z —1 4 3

2+ )G+ D) 2241 ig1
Therefore, the integration yields

—2In|2z+ 1| +3In|z+ 1| = —In|v| + C} = |z + 113v| = e |22 + 1)
3 2
= <E+1) v:C'2<2g+1> = (ut0)® = Cy2u+v)?
v v
= (@-1/2+y—-1P=CRr-14+y—1° = (2z+2y—3)P°=C2x+y—2)°.

33. In Problem 1, we found that the given equation is of the form dy/dx = G(y — 4x) with
G(u) = (u —1)% Thus we make a substitution u = y — 4z to get

dy 2 du 2
Voly—tr-1 = ar @)
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du 2 B du _
= %:(u—l) —4=(u—-3)(u+1) = /(u—S)(u—i—l)_/d:p'

To integrate the left-hand side, we use partial fractions:

(u—3)1(u+1):i(ui3_u41r1)'

Thus
1 "
Z(ln|u—3|—ln\u+1\):x—|—01 = In ] =4z +
U
u—3 Ce** + 3
_04:13 - "+
= u+1 ¢ = Y 1 —Cet
Ce** +3

S y—drt (2.21)

where C' # 0 is an arbitrary constant. Separating variables, we lost the constant solutions
u =3 and u = —1, that is, y = 4r 4+ 3 and y = 4x — 1. While y = 4x + 3 can be obtained
from (2.21) by setting C' = 0, the solution y = 4x — 1 is not included in (2.21). Therefore, a

general solution to the given equation is

Ce** + 3

m and y:417—]_

y =4z +

This equation has linear coefficients. Thus we make a substitution t =u+ h and r = v + k

with h and k satisfying

h+k+2 =0 h=1,
=
3h—k—6 =0 k= —3.
As dt = du and dz = dv, the substitution yields
du  ut+v  (ufv)+1

d 3u—v)du =0 — = = ,
(utv)dv+ (3u = v)du - dv 3u—wv 3(u/v) —1

With z = u/v, we have u = vz, v’ = 2z + v2’, and the equation becomes

N dz z+1 N dz 32241

z24+v—=— v— = —

dv 3z —1 dv 3z —1
3z —1

1 3z —1 1
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N / 3zdz / dz Injo| + C
— =—Inlv
322 +1 322 +1 !
1

= 3 In (32*+1) — % arctan <z\/§> =—Inlv|+ C;
= In [(32* + 1)v*] — % arctan <2\/§> = (Ch.

Making back substitution, after some algebra we get

In [3(t — 1)* + (z + 3)*] + 2 arctan [i] =C.

V3 V3(t—1)
37. In Problem 5, we have written the equation in the form
dy 2,3 _3dy -2 2
dr y=e¢ey Yy dr Y €
Making a substitution u = y~2 (and so u' = —2y~3y’) in this Bernoulli equation, we get
du 2 2z
T +2u = —2e = p(x) = exp 2dzx ) =e
x
d(e*® 1
= (Z w) = —2e¥e* = —2¢M = ey = / (—2¢™) do = 3 e 4+ C
x

1 1
= u=-—3 e 4 Ce = y 2= —5 e 4 Ce 2,
The constant function y = 0 is also a solution, which we lost dividing the equation by 1°.

39. Since the equation is homogeneous, we make a substitution u = y/6. Thus we get

3 _ 2 3,2 2 _
dy _ (y/0)" - (y/0) W oyl v wou
do 2(y/0) do 2u 2
e O

do 2 u(u+1) 0
2du db u?
. | 1 =—In|f|+C
- /u(u+1) 0 = n<u+1>2 n |0 4 C
u? C
= [CEE C #0.
Back substitution u = y/6 yields
2
y C ) )
= — = Oy =C(y+0)°, C 0.
(y + 6)2 9 Y (y ) #
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When C' = 0, the above formula gives § = 0 or y = 0, which were lost in separating variables.

Also, we lost another solution, u + 1 =0 or y = —6. Thus, the answer is
0y* =C(y+6)*> and y=—0,
where C' is an arbitrary constant.
The right-hand side of (8) from Example 2 of the text can be written as
y—r—1+@—y+2)'=—(z—y+2)+1+(r—y+2) ' =Gx—-y+2)

with G(v) = —v+v~ 1+ 1. With v = 2 —y+2, we have 3y = 1 —, and the equation becomes

dv dv_v2—1 N v
dx dr v v2 —1

= In|v? — 1| =22+ C, = v’ —1=Ce*, C#0.

:—U—i-'l]il_'_l = d'U:dx

Dividing by v? — 1, we lost constant solutions v = %1, which can be obtained by taking C' = 0

in the above formula. Therefore, a general solution to the given equation is
(x—y+2)°=Ce* + 1,
where C' is an arbitrary constant.

(a) If f(tx,ty) = f(x,y) for any ¢, then, substituting ¢t = 1/x, we obtain

which shows that f(z,y) depends, in fact, on y/x alone.

(b) Since
dy M(z,y)
dv~ N(z,y) f@y)

and the function f(x,y) satisfies

M(tw, ty)  t"M(z,y)  M(z,y)

flte,ty) = _N(t:v,ty) ~ t"N(z,y) _N(x,y) = f(@.y),

we apply (a) to conclude that the equation M (z,y)dxr + N(z,y)dy = 0 is homogeneous.
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45. To obtain (17), we divide given equations:

@__4x+y_4+(y/x)
dv — 22—y (y/z)—2°

Therefore, the equation is homogeneous, and the substitution v = y/z yields

du 44w N du 4+u w4 3u+4
xdx_u—Q xdx_u—Q v= U — 2

U — 2 1 U — 2 1
= ———du=——d = ————du=— [ —dzx.
u? —3u—4 “ 2 /u2—3u—4 “ /x ¢

Using partial fractions, we get

u +

and so

2 3
g1n|u—4|—|—g1n|u+1|:—ln|x|+C’1
= (u—4)*(u+1)%2° =C
Y 2y 8 5 _ 2 3 _
= =—4) (+1) =C = (y—da)(yt+a)=C
T T
REVIEW PROBLEMS: page 81

1. Separation variables yields

—1
Y dy = e" dx = (y— e Vdy =e"dx

ey
= /(y— e dy = /exdx
= —(y—l)e‘y—I—/e_ydy:e’”—I—C' = —(y—1)e?—eV=e"4+C

= e’ +ye ¥V =-C,
and we can replace —C' by K.

3. The differential equation is an exact equation with M = 2xy —32% and N = 22 —2y~3 because

M, = 2x = N,. To solve this problem we will follow the procedure for solving exact equations
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given in Section 2.4. First we integrate M (x,y) with respect to x to get

F(z,y) = / (2zy — 3x2) dzx + g(y)

= F(z,y) = 2%y — 2° + g(y). (2.22)

To determine g(y) take the partial derivative with respect to y of both sides and substitute
N(z,y) for OF (z,y)/0y to obtain

N=2=2y7"=2" 4 g'(y).

Solving for ¢'(y) yields
g'(y) = -2y~

2

Since the choice of the constant of integration is arbitrary we will take g(y) = y~°. Hence,

2

from equation (2.22) we have F(z,y) = 2®y — 2® + y~2 and the solution to the differential

equation is given implicitly by 2%y — 2® +y 2 = C.
. In this problem,
M (z,y) = sin(xy) + xy cos(zy), N(z,y) = 1 + 2° cos(xy).

We check the equation for exactness:

E)a_M = [z cos(zy)] + [z cos(zy) — zy sin(ay)z] = 22 cos(wy) — z*y sin(zy),
Y
(7N 2 . 2 .
i 0 + [2x cos(zy) — z° sin(zy)y] = 2x cos(xy) — x y sin(zy).
x

Therefore, the equation is exact. So, we use the method discussed in Section 2.4 and obtain

F(z,y) = /N(x, y)dy = / [1+ 2” cos(ay)| dy = y + xsin(zy) + h(z)

OF
= - =sin(ay) +wcos(zy)y + W' (x) = M(x,y) = sin(xy) + zy cos(xy)

= h'(x) =0 = h(xz) =0,
and a general solution is given implicitly by y + xsin(zy) = c.

91



Chapter 2

7. This equation is separable. Separating variables and integrating, we get
dt — dy
t 8

=  y=Thlt|+0)"".

t3y?dt = —tty Cdy =

1
= ln|t\+01:?y_7

The function ¢ = 0 is also a solution. (We lost it when divided the equation by ¢*.)

9. The given differential equation can be written in the form
dy 1 T
dx * 377 3Y
This is a Bernoulli equation with n = —1, P(z) = 1/(3z), and Q(z) = —x/3. To transform

this equation into a linear equation, we first multiply by y to obtain

dy 1 1
Yar T3V T 3"
Next we make the substitution v = y2. Since v = 2y, the transformed equation is
E v+ 1 v=—-ux
2 3x 377
= v+ 2 v = Z . (2.23)
3z 3

The above equation is linear, so we can solve it for v using the method for solving linear

equations discussed in Section 2.3. Following this procedure, the integrating factor p(z) is

2 2
p(z) = exp (/ B_xdx) = exp (g ln\x|) = z%/3,

2/3

found to be

Multiplying equation (2.23) by x** gives
2 2 2
T GRS
We now integrate both sides and solve for v to find
-2 —1 —1
xQ/BU:/?xW?’dx:IxS/B—l—C = 'U:Ixz—i-C'x’Q/B.

Substituting v = y? gives the solution
1
y: = 2 22+ O3 = (2 + 49?)2?? = 4C
or, cubing both sides, (z* + 4y?)?z? = C}, where C := (4C)? is an arbitrary constant.
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11. The right-hand side of this equation is of the form G(t — x) with G(u) = 1 + cos? u. Thus we

make a substitution
t—x=u = r=1—u = r=1—u,

which yields

d d
1—d—?;:1+coszu = d—?::—COSQU

= sec?udu = —dt = /Sec2udu: —/dt
= tanu = -t +C = tan(t —z) +t=C.

13. This is a linear equation with P(z) = —1/x. Following the method for solving linear equations

given on page 51 of the text, we find that an integrating factor u(x) = 1/z, and so

M = l:102sir12x:acsir12x
dzx x

1 1 1 1
= ¥_ rsin2xdr = ——xcos2x + - | cos2xdr = —= xcos2x + ~ sin2x + C
T 2 2 2 4
72

= y:—? c052x+§sin2x+0x.

15. The right-hand side of the differential equation y' = 2 — /22 — y + 3 is a function of 2z — y
and so can be solved using the method for equations of the form y" = G(ax + by) on page 74
of the text. By letting z = 22 — y we can transform the equation into a separable one. To

solve, we differentiate z = 2z — y with respect to x to obtain

dz 2_@ N @_Z_dz

de dx de dr
Substituting z = 2x — y and 3’ = 2 — 2’ into the differential equation yields

d
2——=2—+2z+3 or —Z:\/z—|—3.

dx dx
To solve this equation we divide by v/z + 3, multiply by dx, and integrate to obtain
/(z+3)_1/2dz:/dx = 20z +3)V2 =z 4 C.
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17.

19.

94

Thus we get
(x+ C)?
z4+3=—-".
4
Finally, replacing z by 2x — y yields
(x+ C)?
2r — J=—.
r—y+ 1
Solving for y, we obtain ,
1 )

This equation is a Bernoulli equation with n = 2. So, we divide it by y* and substitute

u=1y ! to get
d d
_d_g 4 ou = = d_z —2u=—1 = w1(0) = exp {/(—Q)dﬁ} —=e ¥
d (e7"u) —20 —20 —20 e
= T_—e = e u—/(—e )d@—T—i-Cl
1 1+ Ce? 2
-1_ = C 20 - - = e
= Yy 5 + Cie 2 = Yy=7 e

This formula, together with y = 0, gives a general solution to the given equation.

In the differential equation M (z,y) = 2% — 3y* and N(z,y) = 2zy. The differential equation

is not exact because
oM ON
— =—6 20 = —.
By y# =

However, because (OM/dy — ON/0x) /N = (—8y)/(2zy) = —4/x depends only on z, we can

determine p(z) from equation (8) on page 70 of the text. This gives

1(z) = exp (/ _?4 dx) -

4 we get the exact equation

When we multiply the differential equation by pu(z) = x~
(272 = 327 dx + 22 3y dy = 0.
To find F(z,y) we integrate (z=2 — 3z~%y?) with respect to z:

F(z,y) = / (272 =327 ") de = —27 ' + 2% + g(y).
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Next we take the partial derivative of F with respect to y and substitute 2z =3y for OF/dy:
207y = 227"y + g'(y).

Thus ¢'(y) = 0 and since the choice of the constant of integration is not important, we will
take g(y) = 0. Hence, we have F(z,y) = —x~! + 273y* and the implicit solution to the
differential equation is

—r ' 4y =C.
Solving for 4? yields y? = 22 + C23.

Finally we check to see if any solutions were lost in the process. We multiplied by the

4

integrating factor u(x) = x7* so we check = 0. This is also a solution to the original

equation.

This equation has linear coefficients. Therefore, we are looking for a substitution z = u + h

and y = v + k with h and k satisfying
Oh4+k—1 =0 h=1,
h+k—4 =0 k= 3.
So, x =u+1 (dr = du) and y = v + 3 (dy = dv), and the equation becomes

dv  2u—v  2-—(v/u)

—2 d dv = — = - ,
(—2u+v)du+ (u+v)dv =0 " uto 1+ (o)

With z = v/u, we have v = z 4+ uz’, and so

n dz 2—z N dz 2—2z —22 - 2242

z U— = u— = Y S —

du 1+ 2 du 1+2 1+2

z+1 p du N / 1+2 p /du

_— = —— e — z = — -
22422 -2 U 22422 -2 U
1

= aln’22—|—22—2’:—1n|u|+01 = (2% +22 —2)u® = Co.

Back substitution, z = v/u = (y — 3)/(x — 1), yields

0?4+ 2uw — 2u? = O, = (y—3)2+2(9€—1)@—3)_2(33_1)2202

= y? — 8y — 2% — 22 + 22y = C.
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23. Given equation is homogeneous because

25.

96

dy z—y 1-(y/z)
de x4y 1+ (y/z)

Therefore, substituting u = y/z, we obtain a separable equation.

u+xd_u:1—u N xd_u:—u2—2u—|—1
dr 14w dx 1+u
_wdl L dw /&da:_ dz
u?+2u — 1 x u?+2u — 1 x

1
= 51n|u2+2u—1|:—ln|x\+01 = (W’ +2u—1)2*=C,
and, substituting back u = y/x, after some algebra we get a general solution y*+2zy—2* = C.
In this differential form, M(x,y) = y(x —y — 2) and N(z,y) = z(y — = + 4). Therefore,

ON

ON/Ox —OM/Oy (y—2z+4)—(z—2y—2) 3Blx-y—-2) -3
M B y(r—y—2) Coyle-y-2) oy

which is a function of y alone. Therefore, the equation has a special integrating factor pu(y).

We use formula (9) on page 70 of the text to find that u(y) = y=3. Multiplying the equation
by p(y) yields
y Hr—y—2)dr+ay Py —x+4)dy =0

=  F(ry) = /yz(x —y—2)dr = y o _ (v ' +2y %) a+g(y)

2
a_F__*3 2 _72_473 / _N o -3 . 4
= oy = VT (—y y Nz +4g(y) =N,y =zy > (y—x+4)

= g'(r)=0 = 9(y) =0,

and so
~2,.2

Y

—x (y_l + 2y_2) =C} = 22yt =2yt —day Tt =C

is a general solution. In addition, y = 0 is a solution that we lost when multiplied the equation

by u(y) = y=2 (i.e., divided by y?).
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27. This equation has linear coefficients. Thus we make a substitution z = u + h, y = v + k with

{3h—k—5::0 h=3,
=

h and k satisfying

h—k+1 =20 k= 4.
With this substitution,

(Bu —v)du+ (u—v)dv =0 = - _ - _

v !
= Z=—, UvV=uz, U =z+uz
U
N N dz 3—2 N dz 3—2 22 -3
Z4+Uu—=— U— = — — 2= —
du 1—2 du 1—2 z—1
z—1 du z—1 du
22 -3 : u /22—3 : u

We use partial fractions to find the integral in the left-hand side. Namely,
z—1 A B 1 1 1 1

= + , A=-———  B=Z4—"—.
22—=3  z—-v3 243 2 23 2 2v3

Therefore, integration yields

Aln’z—\/g)qLBln’z—i—\/g):—ln|u|+01

N ) B CF ) R EYe

= <’U — U\/§> e <’U + u\/g)lﬂ/\/5 =C
V3

N (UQ . 3u2) <Zi_7:j£> 1/v3 o

(y—4) +(z—3)v3

G—b—@—33| O

1/V/3
= [@—4f—mx—@ﬂ[ ]

29. Here M(x,y) = 4xy® — 9y* + 4zy? and N(z,y) = 32*y? — 6zy + 22%y. We compute

oM ON

—— = 12zy* — 18y + Suy, —— = 6ay® — 6y + 4dxy,

oy ox

OM/dy — ON/dx  (12xy* — 18y + 8wy) — (6ay® — by +4ay)  2y(Bry —6+2x) 2
N B 3x2y? — 6xy + 222y Cay(Bzy —6+22)
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which is a function of x alone. Thus, the equation has a special integrating factor

1(z) = exp (/%dw) e}

Multiplying the equation by p(z), we find that

F(z,y) = / a? (4xy® — 9y° + day?) do = o'y — 32%% + 2'y” + g(y)

OF
dy
=  Jy=0 = gy=0

= F(z,y) = x4y3 — 3x3y2 + x4y2 =C

= = 3a'y? — 623y + 22'y + ¢'(y) = *N(x,y) = 2* (3x2y2 — b6xy + 2x2y)

is a general solution.

31. In this problem,

oM _ . 9N _ OM/dy — ONJox 2

— = —=1 d =——.
oy Ox ’ e 5o N x
Therefore, the equation has a special integrating factor
()] =+
w(x) = exp — |dz| =2 "°.
x
We multiply the given equation by u(z) to get an exact equation.
1
<x—%>d:c+—dy20
x x
S~ Fy) / R PP
X = — = —
Y 2] Y=
oF 2
= - Y iww=2-L = W@ =z =  ha)==

and a general solution is given by

<

F(x,y):;jL%:C and x=0.

(The latter has been lost in multiplication by p(z).) Substitution the initial values, y = 3

when z = 1, yields
3+12—C = 0—7
1 2 2
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Review Problems

Hence, the answer is

SHES

N 7 ¥ Tx
2 2 B ’
Choosing x as the dependent variable, we transform the equation to

dx
— = —(t+ 3).
dt+x (t+3)

This equation is linear, P(t) = 1. So, u(t) = exp ([ dt) = €' and

d(e'x)
dt

= —(t+3)e

U

etx:—/(t—i—?))etdt:—(t—|—3)et+/6tdt=—(t+2)€t+0

= r=—(t+2)+Ce "
Using the initial condition, x(0) = 1, we find that
1=2(0)=—(0+2) + Ce™ = C =3,
and so r = —t — 2+ 3e ",
For M(z,y) = 2y* + 4z* and N(z,y) = —zy, we compute

oM ON N OM/0y —ON/Ox 4y—(-y) -5

gr _y gy _
dy v ox Y N —xy x

which is a function of x only. Using (8) on page 70 of the text, we find an integrating factor

p(z) = x~° and multiply the equation by u(x) to get an exact equation,
7 (2y2 + 4952) de —x "y dy = 0.

Hence,

—4 ™y
Fla,y) = | (me7y)dy = ———+h(x)
a—F _ 4$_5y2
ox 2
= W (z) =423 = h(z) = —2272

+ W (2) =27 °M(x,y) = 22 °y* + 427°
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37.

100

—4,2
= F(:E,y):—x 2y —2272=C.

We find C' by substituting the initial condition, y(1) = —2:

(1>74(_2)2 . 2(1)—2 —C

_ 5 =
So, the solution is
_x_4y2 — 272 =—4
= y* + 4a* = 8z
= y2 = 8zt — 4% = 42 (2:L‘2 —
= Y= —22v222 — 1,

1)

where, taking the square root, we have chosen the negative sign because of the initial negative

value for y.

In this equation with linear coefficients we make a substitution x = u + h, y = v + k with A

and &k such that
2h — k =
h+k =3

(2u —v)du + (u+v)dv =0

Therefore,

dv  v—2u (v/u)—2
= = =
du  v+u  (v/u)+1
= z=v/u, v=uz, v =z+u
= z—i—u%:2_2 = u%—
du z+1 du
= z—l—le:_d_u.
22 42 u
Integration yields
/z—l—ldzz_ d_u N /zdz +/
2242 u 2242

k=2,
h=1.
2242
z+1
dz B du
22492 U
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= % In (2* +2) + % arctan (%) =—Injul+ C}
= In [(22 + 2) u2] + V2 arctan (%) =C

= In (112 + 2u ) +v/2arctan ( C

)"

= In [(y — 2)2 +2(x — 1)2} + v/2arctan {ﬁ} =C

The initial condition, y(0) = 2, gives C' = In2, and so the answer is

In [(y — 22+ 2(x — 1)2} + V2 arctan [ﬁ} =In2.

. Multiplying the equation by y, we get

dy 2 5, 1
d:c y oz
We substitute u = 3% and obtain
ldu 2 1 du 4 2
2dr @« dr  z= z’

which is linear and has an integrating factor

1(z) = exp U (-%) dx} -

Hence,
d (z™%u)
2N 90
dx *
4 -5 z !
= x u:/(Qx )d:c:—7+0
—4
= X 492 = —% + C
1
= y2 = —5 + ClA.
Substitution y(1) = 3 yields
1 19
32:—§+C(1)4 or C:E.
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Therefore, the solution to the given initial value problem is

o_ 1 1924 1024 — 1
= —— T = _—
y 27 2 o YT\ T
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CHAPTER 3: Mathematical Models and Numerical
Methods Involving First Order Equations

EXERCISES 3.2: Compartmental Analysis, page 98

1. Let z(t) denote the mass of salt in the tank at time ¢ with ¢ = 0 denoting the moment when
the process started. Thus we have 2(0) = 0.5 kg. We use the mathematical model described
by equation (1) on page 90 of the text to find x(¢). Since the solution is entering the tank
with rate 8 L/min and contains 0.05 kg/L of salt,

input rate = 8 (L/min) - 0.05 (kg/L) = 0.4 (kg/min).

We can determine the concentration of salt in the tank by dividing x(¢) by the volume of the
solution, which remains constant, 100 L, because the flow rate in is the same as the flow rate
out. Therefore, the concentration of salt at time ¢ is x(¢)/100 kg/L and

output rate = % (kg/L) - 8 (L/min) = 2:;—(;) (kg/min).
Then the equation (1) yields

dx 2x dr 2z

This equation is linear, has integrating factor u(t) = exp [ [(2/25)dt] = €*/?, and so

d (62t/25.’L’)

dt
= X%y =04 (%) 2% 4 ¢ =5 4 ¢ = x =5+ Ce 2,

= 0.4e*/

Using the initial condition, we find C'.
05=z(0)=5+C = C=-45,
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and so the mass of salt in the tank after ¢ minutes is
z(t) =5 — 4.5¢7 /%,

If the concentration of salt in the tank is 0.02 kg /L, then the mass of salt is 0.02 x 100 = 2 kg,

and, to find this moment, we solve

,_ 25In(3/2)

2
5—4.5e7HP =90 = 72— 3 ~ 5.07 (min).

. Let z(t) be the volume of nitric acid in the tank at time ¢. The tank initially held 200 L

of a 0.5% nitric acid solution; therefore, x(0) = 200 x 0.005 = 1. Since 6 L of 20% nitric
acid solution are flowing into the tank per minute, the rate at which nitric acid is entering
is 6 x 0.2 = 1.2 L/min. Because the rate of flow out of the tank is 8 L/min and the rate
of flow in is only 6 L/min, there is a net loss in the tank of 2 L of solution every minute.
Thus, at any time ¢, the tank will be holding 200 — 2¢ liters of solution. Combining this
with the fact that the volume of nitric acid in the tank at time t is z(t), we see that the
concentration of nitric acid in the tank at time ¢ is x(¢)/(200 — 2¢). Here we are assuming that
the tank is kept well stirred. The rate at which nitric acid flows out of the tank is, therefore,

8 x [x(t)/(200 — 2¢)] L/min. From all of these facts, we see that

input rate = 1.2 L/min,

8w (t
output rate = 0N L /min.

200 — 2t
We know that
dr .
— = 1nput rate — output rate.
dt
Thus we must solve the differential equation
dx 4x(t)
—=12- 0)=1
dt - O
This is the linear equation
dx 4
i "ot w0
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An integrating factor for this equation has the form

4
u(t) = exp ( / 100_tdt> — ¢~ — (100 — ).

Multiplying the linear equation by the integrating factor yields

d
(100 — t)—4d—3; + 42(100 — )70 = (1.2)(100 — )~

= D, [(100 — t)"*z] = (1.2)(100 — ¢)~*
= (100 — ) *r = 1.2 /(100—t)4dt: % (100 — )+ C
= z(t) = (0.4)(100 — t) + C(100 — t)*.

To find the value of C', we use the initial condition x(0) = 1. Therefore,

2(0) = (04)(100) + C(100)' =1 =  C = 1_0—302 — 39x 10",

This means that at time ¢ there is
x(t) = (0.4)(100 — ) — (3.9 x 1077)(100 — ¢)*
liters of nitric acid in the tank. When the percentage of nitric acid in the tank is 10%, the

concentration of nitric acid is 0.1. Thus we want to solve the equation

) o
200 — 2t

Therefore, we divide the solution z(¢) that we found above by 2(100 —t) and solve for ¢t. That

is, we solve

(0.2) — (1.95 x 107 7)(100 — t)*> = 0.1

107 143
= f=— [0.1 : 1—95} + 100 & 19.96 (min).

5. Let x(t) denote the volume of chlorine in the pool at time ¢. Then in the formula

rate of change = input rate — output rate
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we have

0.001%
=5-107° (gal/mi

(1) (gal)
10,000 (gal)

input rate = 5 (gal/min) -

output rate = 5 (gal/min) - =5-10""z(t) (gal/min),

and the equation for z(¢) becomes

v _ o 1075 _5.104 - s e — 5100
R — . . . €T . . T = . X
dt dt

This is a linear equation. Solving yields
2(t) = 0.1+ Ce™0 ™ = 0.1 + Ce 00005,

Using the initial condition,

0.01%
z(0) = 10,000 (gal) - 100% — 1 (gal),

we find the value of C:
1 =0.1+ Ce 000050 = C=09.

Therefore, z(t) = 0.1 + 0.9¢729995 and the concentration of chlorine, say, c(t), in the pool at
time ¢ 1S

(1) (gal) (1) —0.0005¢
$) = I8 009 = 2 op — 0,001 + 0.009¢ .
") = 15,000 (gal) % = 100 ~ 0009 %

After 1 hour (i.e., £ = 60 min),
c¢(60) = 0.001 + 0.009¢ 2960 — (.001 4 0.009¢ % ~ 0.0097 %.

To answer the second question, we solve the equation

In(1/9
c(t) = 0.001 4 0.009¢~ 29" = 0.002 =  t= % ~ 4394.45 (min) ~ 73.24 (h).

Let x(t) denote the mass of salt in the first tank at time ¢. Assuming that the initial mass is

x(0) = xg, we use the mathematical model described by equation (1) on page 90 of the text to
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find z(t). We can determine the concentration of salt in the first tank by dividing x(¢) by the
its volume, i.e., z(t)/60 kg/gal. Note that the volume of brine in this tank remains constant

because the flow rate in is the same as the flow rate out. Then

t t
output rate; = (3 gal/min) - (% kg/gal) = %0) kg/min.

Since the incoming liquid is pure water, we conclude that
input rate; = 0.

Therefore, x(t) satisfies the initial value problem

dr .
— = Input rate; — output rate; = —

p z(0) = x¢.

x
20’
This equation is linear and separable. Solving and using the initial condition to evaluate the
arbitrary constant, we find

z(t) = zge V%

Now, let y(t) denote the mass of salt in the second tank at time ¢. Since initially this tank
contained only pure water, we have y(0) = 0. The function y(¢) can be described by the same

mathematical model. We get

t
input rate, = output rate; = %0) = 5—8 e/ kg /min.

Further since the volume of the second tank also remains constant, we have

t t
output rate, = (3 gal/min) - (% kg/gal) = %O) kg/min.

Therefore, y(t) satisfies the initial value problem

dy . To _4 y(t)
— = 1put rate, — output rate, = —e¢ /20 __ 23
p 2 p 2 20 20

p” y(0) =0.

or
@ y(t) _ —/20

o0 —w° 0 V=0
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This is a linear equation in standard form. Using the method given on page 51 of the text we

find the general solution to be

y(t) = ;5_8 tet/20 4 Clpt/20

The constant C' can be found from the initial condition:

Zo

= = 0.e0/20 4 (=0/20 N C =0

0= y(0)
Therefore, y(t) = (x0/20) te=*/?°. To investigate y(t) for maximum value we calculate

9y _ @eft/%_@ — To —t/20 1_i
dt 20 20 20 20/ °

Thus

W_y o 1-Ll_0 o =2

dt 20 -
which is the point of global maximum (notice that dy/dt > 0 for ¢ < 20 and dy/dt < 0 for
t > 20). In other words, at this moment the water in the second tank will taste saltiest, and

comparing concentrations, it will be

y(20)/60 _ y(20) 1 90 . ¢—20/20 _ -1

10/60  xo 20

times as salty as the original brine.

. Let p(t) be the population of splake in the lake at time ¢. We start counting the population

in 1980. Thus, we let ¢ = 0 correspond to the year 1980. By the Malthusian law stated on

page 93 of the text, we have
p(t) = poe®t .

Since py = p(0) = 1000, we see that
p(t) = 1000e*" .

To find k£ we use the fact that the population of splake was 3000 in 1987. Therefore,

3

p(7) = 3000 = 1000e*7 = 3= = k==
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0 a/b

Figure 3—A: The phase line for p’ = (a — bp)p.

Putting this value for k into the equation for p(t) gives
p(t) = 1000e™3/T = 1000 - 347 .
To estimate the population in 2010 we plug t = 2010 — 1980 = 30 into this formula to get

p(30) = 1000 - 337 ~ 110, 868 splakes.

In this problem, the dependent variable is p, the independent variable is ¢, and the function
f(t,p) = (a—bp)p. Since f(t,p) = f(p), i.e., does not depend on ¢, the equation is autonomous.

To find equilibrium solutions, we solve

a
flp)=0 = (a —bp)p =0 = =0, p2=7-
Thus, p1(t) = 0 and ps(t) = a/b are equilibrium solutions. For p; < p < po, f(p) > 0, and
f(p) < 0 when p > p,. (Also, f(p) < 0 for p < py.) Thus the phase line for the given equation
is as it is shown in Figure 3-A. From this picture, we conclude that the equilibrium p = p; is

a source while p = p, is a sink. Thus, regardless of an initial point py > 0, the solution to the

corresponding initial value problem will approach ps = a/b as t — oo.

With year 1980 corresponding to ¢ = 0, the data given can be written as

to =0, po = p(to) = 1000;

to =1987—1980 =7, p, = p(t,) = 3000;

t, = 1994 — 1980 = 14, p, = p(ty) = 5000.
Since t, = 2t,, we can use formulas in Problem 12 to compute parameters p; and A in the
logistic model (14) on page 94 of the text. We have:

(3000)(5000) — 2(1000)(5000) -+ (1000)(3000)
(3000)2 — (1000)(5000)

(3000) = 6000;

b1 =
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A 1 | 5000(3000 — 1000) Inb
= n — .
(6000)7 | 1000(5000 — 3000) | _ 42000

Thus the formula (15) on page 95 of the text becomes
PoP1 (1000)(6000) 6000

" Do+ (p1—po)e it (1000) + (6000 — 1000)e—(m5/42000)60008 — 1 1 51-4/7 |
In the year 2010, ¢ = 2010 — 1980 = 30, and the estimated population of splake is

6000

p(t)

Taking the limit in (3.1), as t — oo, yields

: . 6000 6000
tll)rglop(t) N tlggo 1457 14 lim 547 6000.

t—o0

Therefore, the predicted limiting population is 6000.

Counting time from the year 1970, we have the following data:
to =0, po = p(to) = 300;

to =1975— 1970 =5, p, = p(t,) = 1200;
t, = 1980 — 1970 = 10, py, = p(tp) = 1500.

(3.1)

Since t, = 2t,, we use the formulas in Problem 12 to find parameters in the logistic model.

16800
1

~ [(1200)(1500) — 2(300)(1500) 4 (300)(1200)
e { (1200)2 — (300)(1500)

B 1 (1500)(1200 — 300)]  111In(15)

~ (16800/11)5 " {(300)(1500— 1200)} ~ 84000

} (1200) =

Therefore,
300(16800/11) 16800

t) = = .
p(t) 300 + [(16800/11) — 300]e~n(15)t/5 11 + 3. 151-t/5
In the year 2010, ¢t = 2010 — 1970 = 40, and so the estimated population of alligators is
16800 16800

PA0) = s 5 os T 1153 57

Taking the limit of p(t), as t — 0o, we get the predicted limiting population of

16800 16800
I — ~ 1527,
i 11431505 11
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By definition,

i e p(t+h) —p(t)
pit) = Jim h ‘

Replacing h by —h in the above equation, we obtain

(1) = Tim pt—h) —p(t) _ . P)~

p(t —h)
h—0 —h h—0 h ’

Adding the previous two equations together yields

p(t+h) —p(t) N p(t) —p(t — h)}

2p'(t) = lim{

h—0 h h
. |pt+h)—p(t—h)
- flfi%[ h }
Thus ( . ( .
, . |pt+h)—p(t—
p(t)z}ﬂ%[ 2h }

This problem can be regarded as a compartmental analysis problem for the population of
fish. If we let m(t) denote the mass in million tons of a certain species of fish, then the

mathematical model for this process is given by

dm .
—— = increase rate — decrease rate.

dt

The increase rate of fish is given by 2m million tons/yr. The decrease rate of fish is given as

15 million tons/yr. Substituting these rates into the above equation we obtain

CZ—T =2m — 15, m(0) = 7 (million tons).

This equation is linear and separable. Using the initial condition, m(0) = 7 to evaluate the
arbitrary constant we obtain

1 15

m(t) = —=e? + — .

(1) =—5e" + 3

Knowing this equation we can now find when all the fish will be gone. To determine when all

the fish will be gone we set m(t) = 0 and solve for ¢. This gives

1 15
O:—_ 2t -
5¢ T3
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and, hence,

1
t= 5 In(15) ~ 1.354 (years).

To determine the fishing rate required to keep the fish mass constant we solve the general

problem
dm

dt

with r as the fishing rate. Thus we obtain

=2m —, m(0) =7,

m(t) = Ke* + g .

The initial mass was given to be 7 million tons. Substituting this into the above equation we

can find the arbitrary constant K:
m(0)27=K+g = K=7--.

Thus m(t) is given by

m(t):<7—g>62t+g.

A fishing rate of » = 14 million tons/year will give a constant mass of fish by canceling out

the coefficient of the e term.

Let D = D(t), S(t), and V(t) denote the diameter, surface area, and volume of the snowball
at time ¢, respectively. From geometry, we know that V = 7D?/6 and S = 7D?. Since we are

given that V'(¢) is proportional to S(t), the equation describing the melting process is

av d /7

@ a(r D3) — k (rD?

e <6 k(wD?)
T . dD dD
Tp2®2 _ prp? ok = .
5 0 km = 7 k = const

Solving, we get D = 2kt + C. Initially, D(0) = 4, and we also know that D(30) = 3. These
data allow us to find k£ and C.

4=D(0)=2k-0+C = C=4

3=D(30)=2k-30+C=2k-30+4 =  2k=-—g.
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Thus

t
D(t)=——+14.
(t)=—55+

The diameter D(t) of the snowball will be 2 inches when

t
_%4_4:2 = t =60 (min) = 1 (h),

and the snowball will disappear when

t
—%+4:0 = t:120(min):2(h).
. If m(t) (with ¢t measured in “days”) denotes the mass of a radioactive substance, the law of
decay says that
dm
— =km(t
k).

with the decay constant k& depending on the substance. Solving this equation yields
m(t) = Cer.

If the initial mass of the substance is m(0) = mg, then, similarly to the equation (11) on
page 93 of the text, we find that
m(t) = mee™. (3.2)

In this problem, my = 50 g, and we know that m(3) = 10 g. These data yield

10=m(3) =50 = k::—l%r),
and so the decay is governed by the equation
m(t) = 50e” "% = (50)571/%.
After 4 days, the remaining amount will be m(4) = (50)5~%/ g, which is

(50)574/3

0 100% = 5*3 . 100% ~ 11.7%

of the original amount.
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Let M(t) denote the mass of carbon-14 present in the burnt wood of the campfire. Then since

carbon-14 decays at a rate proportional to its mass, we have
dM
— = —aM,
dt

where « is the proportionality constant. This equation is linear and separable. Using the

initial condition, M (0) = M, we obtain
M(t) = Moeiat.

Given the half-life of carbon-14 to be 5600 years, we solve for « since we have

lMo — Mye—o(3600) = 1 — —a(5600)
2 2 ’
which yields
In(0.
o= 005 00123776
~5600

Thus,
M(t) = Mye 0000123776t

Now we are told that after ¢ years 2% of the original amount of carbon-14 remains in the

campfire and we are asked to determine ¢. Thus

0.02My = M~ 0-000123776¢ - 0.02 — ¢—0-000123776¢
In 0.02

fm
= —0.000123776

~ 31,606 (years).

The element Hh decays according to the general law of a radioactive decay, which is described
by (3.2) (this time, with ¢ measured in “years”). Since the initial mass of Hh is my = 1 kg

and the decay constant k = kg, = —2/yr, we get
Hh(t) = Mt = =2, (3.3)

For It, the process is more complicated: it has an incoming mass from the decay of Hh and,

at the same, looses its mass decaying to Bu. (This process is very similar to “brine solution”
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problems.) Thus we use the general idea in getting a differential equation describing this
process:

rate of change = input rate — output rate. (3.4)

The “input rate” is the rate of mass coming from Hh’s decay, which is opposite to the rate of

decay of Hh (Hh looses the mass but It gains it), i.e.,

dHh
input rate = = 2e %, (3.5)

where we have used (3.3). The “output rate” is the rate with which It decays, which (again,
according to the general law of a radioactive decay) is proportional to its current mass. Since

the decay constant for It is k = kyy = —1/yr,
output rate = kyIt(t) = —It(t). (3.6)

Therefore, combining (3.4)—(3.6) we get the equation for It, that is,

dit(t) d1t(1)
29 1 22y
dt € o) dt

+ It(t) = 2.
This is a linear equation with P(t) = 1 and an integrating factor u(t) = exp [[(1)dt] = €.
Multiplying the equation by p(t) yields

% =2¢" = e'Tt(t) = —2e "+ C = It(t) = —2e 2 4+ Ce™".
Initially, there were no It, which means that It(0) = 0. With this initial condition we find
that

0=1t(0) = 220 4 Ce @ =_24+C = (=2
and the mass of It remaining after ¢ years is
It(t) = —2e* +2e ' =2 (e —e ™). (3.7)

The element Bu only gains its mass from It, and the rate with which it does this is opposite
to the rate with which It looses its mass. Hence (3.6) yields

dBu(t)
dt

S Tt(t) =2 (et — )
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Integrating, we obtain
Bu(t) = 2/ (e —e™)dt=—2e"+e >+,
and the initial condition Bu(0) = 0 gives C' = 1. Therefore,

Bu(t) = —2¢ " +e % + 1.

EXERCISES 3.3: Heating and Cooling of Buildings, page 107

1. Let T'(t) denote the temperature of coffee at time ¢ (in minutes). According to the Newton’s

116

Law (1) on page 102 of the text,
ar _
dt
where we have taken H(t) = U(t) =0, M(t) = 21° C, with the initial condition 7'(0) = 95° C.

Solving this initial value problem yields

dT
20T
95 = T(0) = 21 + Ce KO =  C=T4 =  T(t)=21+T4e 5",

= Kdt = —In|T - 21| = Kt + Cy = T(t) =21+ Ce 5,

To find K, we use the fact that after 5min the temperature of coffee was 80° C. Thus

In(74
80 = T(5) = 21 + T4e K® = K= M :
and so
74\ 15
T(t) = 21 + 74e~ T/EN/5 — 91 4 74 (@) :
Finally, we solve the equation T'(t) = 50 to find the time appropriate for drinking coffee:
74\ "/ 74\ "® 29 51n(74/29)
50=214+74(— — =— = t=——""==220.7(min).
* <59> - (59) 74 In(74/59) (min)

. This problem is similar to one of cooling a building. In this problem we have no additional

heating or cooling so we can say that the rate of change of the wine’s temperature, T'(t) is

given by Newton’s law of cooling

dT

o = KM@ - T(),
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where M (t) = 32 is the temperature of ice. This equation is linear and is rewritten in the

standard form as
dT

— + KT(t) = 32K.
o TET()
We find that the integrating factor is e®*. Multiplying both sides by e®* and integrating gives
ar
eKtE + MKT(t) = 32Ke™! = R (t) = /32K€Kt dt

= MM (t) = 32K + © = T(t) =32+ Ce 5t
By setting t = 0 and using the initial temperature 70°F, we find the constant C'.
M0=32+C = C =38.
Knowing that it takes 15 minutes for the wine to chill to 60°F, we can find the constant, K:
60 = 32 + 38¢ K 19),

Solving for K yields

1. /60— 32
K= —1In{—=—2%) ~0.02035.
15 n( 38 )

Therefore,

T(t) = 32 4 380209

We can now determine how long it will take for the wine to reach 56°F. Using our equation
for temperature T'(t), we set

56 = 32 + 38020

and, solving for t, obtain

-1 (56—32

t = n ~ 22.6 min.
0.02035 38 )

. This problem can be treated as one similar to that of a cooling building. If we assume the air
surrounding the body has not changed since the death, we can say that the rate of change of

the body’s temperature, T'(t) is given by Newton’s law of cooling:

O = KM@ - T(),
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where M (t) represents the surrounding temperature which we’ve assumed to be a constant
16°C. This differential equation is linear and is solved using an integrating factor of e’’.
Rewriting the above equation in standard form, multiplying both sides by e and integrating
gives

dT

dT
-+ KT(t) = K(16) = eKtE + M KT(t) = 16Ke™

= M (t) = 16 + C = T(t) =16+ Ce **.
Let us take ¢ = 0 as the time at which the person died. Then 7'(0) = 37°C (normal body

temperature) and we get

37=16+C =  C=21.

Now we know that at sometime, say X hours after death, the body temperature was measured
to be 34.5°C and that at X + 1 hours after death the body temperature was measured to be
33.7°C. Therefore, we have

34.5 = 16 + 21e KX and 33.7 = 16 + 21 KX+

Solving the first equation for KX we arrive at

34.5 —16

KX =—-In
21

) = 0.12675. (3.8)
Substituting this value into the second equation we, can solve for K as follows:

33.7 =16 4 21e 1278

T7—=1
= K =- {0.12675 +In (%)] = 0.04421.

This results in an equation for the body temperature of
T(t) = 16 + 21 00421

From equation (3.8) we now find the number of hours X before 12 Noon when the person

died.
0.12675  0.12675

K 0.04421
Therefore, the time of death is 2.867 hours (2 hours and 52 min) before Noon or 9 : 08 A.M.

X =

~ 2.867 (hours).
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7. The temperature function 7'(t) changes according to Newton’s law of cooling (1) on page 102
of the text. Similarly to Example 1 we conclude that, with H(t) = U(t) = 0 and the outside

temperature M (t) = 35°C, a general solution formula (4) on page 102 becomes
T(t) =35+ Ce 5t
To find C', we use the initial condition,
T(0) = T'(at noon) = 24°C,
and get
24=T0)=35+Ce®O = C=24-35=-11 =  T(t)=35-1le K,

The time constant for the building 1/K = 4hr; so K = 1/4 and T(t) = 35 — 11e7%/4.

At 2:00P.M. t =2, and t = 6 at 6 : 00 P.M. Substituting this values into the solution, we

obtain that the temperature

at 2:00p.M. will be  T(2) = 35 — 11e"%/* ~ 28.3°C;
at 6: 00P.M. will be  T(6) =35 — 11e~%/* ~ 32.5°C.

Finally, we solve the equation
T(t) =35 —1le /* =27
to find the time when the temperature inside the building reaches 27°C.
—t/4 —t/4 11
35 —1le =27 = 11e =38 = t=4In 5 ~ 1.27.

Thus, the temperature inside the building will be 27°C at 1.27hr after noon, that is, at
1:16:12pP.M.

9. Since we are evaluating the temperature in a warehouse, we can assume that any heat gener-

ated by people or equipment in the warehouse will be negligible. Therefore, we have H(t) = 0.
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Also, we are assuming that there is no heating or air conditioning in the warehouse. There-
fore, we have that U(t). We are also given that the outside temperature has a sinusoidal

fluctuation. Thus, as in Example 2, page 103, we see that
M(t) = My — Bcoswt,

where M, is the average outside temperature, B is a positive constant for the magnitude of
the temperature shift from this average, and w = /2 radians per hour. To find M, and B,
we are given that at 2 : 00 A.M., M(t) reaches a low of 16°C and at 2 : 00 P.M. it reaches a

high of 32°C. This gives
16+ 32

2
By letting ¢ = 0 at 2 : 00 A.M. (so that low for the outside temperature corresponds to the

0 = 24°C.

low for the negative cosine function), we can calculate the constant B. That is
16 =24 — Bcos0 =24 - B = B =8.

Therefore, we see that

M(t) =24 — 8 coswt,

where w = m/12. As in Example 2, using the fact that By = Mo+ Ho/K = My +0/K = M,,
we see that

T(t) =24 — 8F(t) + Ce **,

where
~1/2

cos(wt — a).

Ft) = coswii((iéi))zsinwt B [1 N (%>2]

In the last expression, « is chosen such that tana = w/K. By assuming that the exponential

term dies off, we obtain
~1/2

T(t) = 24 — 8 {1 + (%)2] cos(wt — a).

This function will reach a minimum when cos(wt —a) = 1 and it will reach a maximum when

cos(wt — a) = —1.
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For the case when the time constant for the building is 1, we see that 1/K = 1 which implies
that K = 1. Therefore, the temperature will reach a maximum of K

T:24+8[1+(%)2]

~1/2
~ 31.7°C.

It will reach a minimum of

—~1/2
~ 16.3°C.

_—
T—=24-8|1+ (1)
()]
For the case when the time constant of the building is 5, we have

K 5

Then, the temperature will reach a maximum of

- q1-1/2

57\ 2
1 °or
(%)

T=24+38 ~ 28.9°C,

and a minimum of
- ~-1/2

57\ 2
1 el
(%)

T=24-8 ~ 19.1°C.

As in Example 3, page 105 of the text, this problem involves a thermostat to regulate the

temperature in the van. Hence, we have
Ut) =Ky [Tp —=T(t)],

where T is the desired temperature 16°C and Ky is a proportionality constant. We will
assume that H(¢) = 0 and that the outside temperature M (¢) is a constant 35°C. The time
constant for the van is 1/K = 2 hr, hence K = 0.5. Since the time constant for the van
with its air conditioning system is 1/K; = 1/3 hr, then K1 = K + Ky = 3. Therefore,
Ky =3 —0.5=2.5. The temperature in the van is governed by the equation

é—f = (0.5)(35 = T) + (2.5)(16 — T') = 57.5 — 3T.
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Solving this separable equation yields
T(t) = 19.17 + Ce™™.

When ¢ = 0 we are given 7'(0) = 55. Using this information to solve for C' gives C' = 35.83.

Hence, the van temperature is given by
T(t) = 19.17 + 35.83¢ ™% .

To find out when the temperature in the van will reach 27°C, we let T'(t) = 27 and solve for

t. Thus, we see that

7.83
27 =19.1 83e™ % B T x0.21
7=19.17 + 35.83¢ = o= Sl R 02185
1n(0.2185
=t % ~ 05070 (hr)  or  30.4 min.

Since the time constant is 64, we have K = 1/64. The temperature in the tank increases at
the rate of 2°F for every 1000 Btu. Furthermore, every hour of sunlight provides an input of

2000 Btu to the tank. Thus,
H(t) =2 x 2 =4°F per hr.

We are given that 7(0) = 110, and that the temperature M (t) outside the tank is a constant
80°F. Hence the temperature in the tank is governed by

dT 1 1
— = —RO-TM)]+4=——T()+5.25 T(0) = 110.
dt 64[ (*)] 64 *) ’ (0)

Solving this separable equation gives
T(t) = 336 + Ce™"/%*,
To find C', we use the initial condition to see that

T(0)=110=336+C =  C=—22.

This yields the equation
T(t) = 336 — 226 1/54.
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After 12 hours of sunlight, the temperature will be

T(12) = 336 — 2261/ ~ 148.6°F.

The equation dT'/dt = k (M* — T*) is separable. Separation variables yields

ar aTr
Since T* — M* = (T? — M?) (T* + M?), we have
1 (MP+TH+(M2-T7) 1 1 1
T4 — M*  2M?2 (T2 — M?) (T2 + M?%) — 2M?2 |T?— M2 T2+ M2]’

and the integral in the left-hand side of (3.9) becomes

AT 1 AT AT L[ T=M (T
= — = n — I 1 — .
Tt o0 | TP e RS BV A VA W

Thus a general solution to Stefan’s equation is given implicitly by

11T_M2t T—kt+0
IWE nT—i—M arctan 17 = 1

or

T
T—-M=C(T+ M)exp [2 arctan (M) — 4]\/[3]@5} .

When T is close to M,
MY —T'=(M-T)(M+T)(M*+T?% ~ (M —T)(2M) (2M?) ~ AM*(M —T),

and so
dT 3 3
%zk-élM (M —T)AM® = ky(M —T)

with k; = 4M3k, which constitutes Newton’s law.

EXERCISES 3.4: Newtonian Mechanics, page 115

1.

This problem is a particular case of Example 1 on page 110 of the text. Therefore, we can
use the general formula (6) on page 111 with m = 5, b = 50, and vy = v(0) = 0. But let us

follow the general idea of Section 3.4, find an equation of the motion, and solve it.
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With given data, the force due to gravity is F; = mg = 5g and the air resistance force is

Fy = —50v. Therefore, the velocity v(t) satisfies

dv dv
— =F+ F,=59—50 — =9g—10 0) =0.
moy =R+ Fh=5-50 = —=g-100,  0(0)
Separating variables yields
dv 1
= —dt — In|10v —g| =—-t+C
100 —g = g mlv—gl=—t+G
= v(t) = 9 + Ce 10t

10

Substituting the initial condition, v(0) = 0, we get C' = —¢/10, and so
v(t) = g (1—e).
Integrating this equation yields

_ _ 9 (1 -0t _ 9 i —10t
a:(t)_/v(t)dt_/m(l e )dt_10 (t—l—loe )+C,

and we find C using the initial condition x(0) = 0:

1
0 i(o+—e1°<0>)+c = Cc=-2

10 10 100
= a(t) = 1% t+ % (7% — 1) = (0.981)¢ + (0.0981)e % — 0.0981 (m).

When the object hits the ground, z(¢) = 1000 m. Thus we solve
(0.981)t + (0.0981)e~ % — 0.0981 = 1000,

which gives (¢ is nonnegative!) ¢ ~ 1019.468 ~ 1019 sec.

3. For this problem, m = 500 kg, vy = 0, g = 9.81 m/sec?, and b = 50 kg/sec. We also see that
the object has 1000 m to fall before it hits the ground. Plugging these variables into equation
(6) on page 111 of the text gives the equation

z(t) = %t_i_ % (O . (500)5%9-81)) (1 _ 675015/500)
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=  z(t) = 98.1t + 981e /10 — 981,

To find out when the object will hit the ground, we solve z(t) = 1000 for t. Therefore, we
have

1000 = 98.1¢ + 981 t/10 — 981 = 98.1t + 981e /10 = 1981.

In this equation, if we ignore the term 981e %1% we will find that ¢ ~ 20.2. But this means
that we have ignored the term similar to 981e~2 ~ 132.8 which we see is to large to ignore.

Therefore, we must try to approximate t. We will use Newton’s method on the equation
f(t) = 98.1t + 981e~ /10 — 1981 = 0.

(If we can find a root to this equation, we will have found the ¢ we want.) Newton’s method
generates a sequence of approximations given by the formula

)
=T )

Since f'(t) = 98.1 — 98.1e /10 = 98.1 (1 — e~*/1%), the recursive equation above becomes

t, 4+ 10e~/10 — (1981/98.1)

To start the process, let ¢y = 1981/98.1 ~ 20.19368, which was the approximation we obtained

when we neglected the exponential term. Then, by equation (3.10) above we have

20.19368 + 10e 2019368 _ 2(.19368

t = 20.19368 — [ o215

= 1, ~ 18.663121.

To find t5 we plug this value for ¢; into equation (3.10). This gives t, ~ 18.643753. Continuing
this process, we find that ¢3 ~ 18.643749. Since t, and t3 agree to four decimal places, an

approximation for the time it takes the object to strike the ground is t &~ 18.6437 sec.
5. We proceed similarly to the solution of Problem 1 to get
F1 = 5g, F2 = —]_Og
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d

= 5d—::F1+F2:5g—1Ov
d

d_/ltj =g — 2v, v(0) = 50.

Solving this iniial value problem yields

v(t) = I 4 Ce 2,

2
100 —
50 = v(0) = g + Ce 20 = C=— J
100 —
= U(t):g—FTg@_%.

We now integrate v(t) to obtain the equation of the motion of the object:

100 — 100 —
o= [oae= [ (4420 =gy 208,

2 2 2 4

where C' is such that z(0) = 0. Computing

100 —
— =920, ¢ = C

0=2(0) =5 (0) - — —.

we answer the first question in this problem, that is,

100 — 100 —
o(t) =2t - Jeny 29

5 . ~ 4.905t + 22.5475 — 22.5475 2,

Answering the second question, we solve the equation x(t) = 500 to find time ¢ when the

object passes 500 m, and so strikes the ground.

4.905¢ + 22.5475 — 22.5475¢ % =500 = ¢~ 97.34(sec).

Since the air resistance force has different coefficients of proportionality for closed and for
opened chute, we need two differential equations describing the motion. Let x4(t), z1(0) = 0,
denote the distance the parachutist has fallen in ¢ seconds, and let vy (t) = dx/dt denote her
velocity. With m = 75, b = by = 30 N-sec/m, and vy = 0 the initial value problem (4) on
page 111 of the text becomes

dv dv 2
75d—tl:75g—301)1 = d—;+gv1:g, v1(0) = 0.
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This is a linear equation. Solving yields

o9

d (ezt/%l) =g dt = vi(t) = Y + Che 25,
5 5 5
0=0,(0)= 2+ =2 1¢ = =-2
2 2 2
5
IR J

s=t

2 2

t
N xmwz/hmmm:%ie+ge%ﬁ>
0

To find the time t, when the chute opens, we solve

s=0

3
2

ST R

)

) 8
20 = vy (t,) = 20 = 2 (1 —e2/%) = te=—3 In (1 — —> ~ 4.225 (sec).

g
By this time the parachutist has fallen

d ) 3 ) 3 3
xy (te) = 29 (t* + ST/ —) ~ 2 (4.225 4+ e A/ 5) ~ 53.62 (m),

2 2 2 2 2

and so she is 2000 — 53.62 = 1946.38 m above the ground. Setting the second equation, we for

convenience reset the time ¢. Denoting by x(¢) the distance passed by the parachutist from

the moment when the chute opens, and by wvy(t) := 2 (t) — her velocity, we have

d
75 % = 759 — 9002, v(0) = vy (£) =20, 2(0) = 0.

Solving, we get

5
va(t) = 2 1 Che o5

6
5! 5)
0=w0)=2+C = G=20-=
o9 59\ —6t/5
= t — 20 — —
Uz( ) 6 + ( 6 >
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With the chute open, the parachutist falls 1946.38 m. It takes t* seconds, where t* satisfies
xo (t*) = 1946.38. Solving yields

bg ., b 5 :
S (20 = gg) (1—e /%) =1946.38 = "~ 236.884 (sec).

Therefore, the parachutist will hit the ground after t* + t, ~ 241.1 seconds.

. This problem is similar to Example 1 on page 110 of the text with the addition of a buoyancy

force of magnitude (1/40)mg. If we let x(t) be the distance below the water at time ¢ and
v(t) the velocity, then the total force acting on the object is

1
F — - b - T .
mg — bv 10 mg

We are given m = 100 kg, g = 9.81 m/sec?, and b = 10 kg/sec. Applying Newton’s Second

Law gives

dv 10 dv
100 —- = (100)(9.81) =100 = —(981) = — =9.56 — (0.1)v.

Solving this equation by separation of variables, we have
v(t) = 95.65 + Ce /10,
Since v(0) = 0, we find C' = —95.65 and, hence,
v(t) = 95.65 — 95.65e /10
Integrating yields
z(t) = 95.65t — 956.5¢ /10 + C .

Using the fact that z(0) = 0, we find C; = —956.5. Therefore, the equation of motion of the
object is

z(t) = 95.65t — 956.5¢ /10 — 956.5 .

To determine when the object is traveling at the velocity of 70 m/sec, we solve v(t) = 70.
That is,

70 = 95.65 — 95.65¢ /10 = 95.65 (1 — e~'/1°)

70
=—10ln{1——— ) =~ 13.2 .
= t 0 n( 95.65) 3.2 sec
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11. Let v(t) = V]z(¢)]. Then, using the chain rule, we get
dv dVdx dV
dt ~ dr dt  dr
and so, for V(x), the initial value problem (4) on page 111 of the text becomes

m v V =mg— bV, V(0) = Vi]z(0)] = v(0) = vp.

dx
This differential equation is separable. Solving yields
1% m g ]
———dV =dx = — | —————=—1|dV =dx
g — (b/m)V b[g—wﬁmV
m Y
— | ———=—-1|dV = [ d
>[5l = [
= m[—@lrﬂg—(b/m)W—V]Z:IC-I—C'
b b
b

= mgln|mg—bV|+bV:—E+C'1.

Substituting the initial condition, V(0) = vy, we find that C; = mgln|mg — bvg| + bvy and

hence

b’z
mgln|mg — bV |+ bV = —— + mgIn|mg — buo| + bv
m

= eVimg — bV ™9 = e°|mg — bvo|mge’b2x/m :

13. There are two forces acting on the shell: a constant force due to the downward pull of gravity
and a force due to air resistance that acts in opposition to the motion of the shell. All of the
motion occurs along a vertical axis. On this axis, we choose the origin to be the point where
the shell was shot from and let x(t) denote the position upward of the shell at time t. The

forces acting on the object can be expressed in terms of this axis. The force due to gravity is
Fy = —mg,

where ¢ is the acceleration due to gravity near Earth. Note we have a minus force because our
coordinate system was chosen with up as positive and gravity acts in a downward direction.

The force due to air resistance is

Fy, = —(0.1)v%
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The negative sign is present because air resistance acts in opposition to the motion of the

object. Therefore the net force acting on the shell is
F=F+F=-mg— (0.1)%.

We now apply Newton’s second law to obtain

Because the initial velocity of the shell is 500 m/sec, a model for the velocity of the rising

shell is expressed as the initial-value problem
m— =—[mg+ (0.1)v*],  w(t=0) =500, (3.11)

where g = 9.81. Separating variables, we get

dv ot
10mg +v2  10m
and so
1
/di’”:_/i - b (L) =—' 1¢
10mg + v? 10m 10mg 10myg 10m
Setting m = 3, g = 9.81 and v = 500 when t = 0, we find
1
C=———— tan! __ o0 ~ 0.08956 .

10(3)(9.81) 10(3)(9.81)
Thus the equation of velocity v as a function of time  is
1 v t

tan~! = ——— +0.08956 .
10mg o (VlOmg) 10m *

From physics we know that when the shell reaches its maximum height the shell’s velocity

will be zero; therefore t,,,, will be

tmax = —10(3) [; tan™! (*) — 0.08956]
10(3)(9.81) 10(3)(9.81)
= —(30)(—0.08956) ~ 2.69 (seconds).
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Using equation (3.11) and noting that dv/dt = (dv/dz)(dx/dt) = (dv/dx)v, we can determine
the maximum height attained by the shell. With the above substitution, equation (3.11)

becomes

d
mo == = = (mg +0.16%) . v(0) = 500.
Xz

Using separation of variables and integration, we get

vdv dx 1 x
= - = 5 In(10 HN=—""aC = 10 2= Ke"/tm)
10mg + v? 10m 2 n( mg+fu) 10m+ mg +v €

Setting v = 500 when z = 0, we find
K = ¢” (10(3)(9.81) + (500)%) = 250294.3 .
Thus the equation of velocity as a function of distance is
v? 4 10mg = (250294.3)e /™)

The maximum height will occur when the shell’s velocity is zero, therefore .y is

0+ 10(3)(9.81)
250294.3

Tmax = —H(3) In ( > ~ 101.19 (meters).

The total torque exerted on the flywheel is the sum of the torque exerted by the motor and

the retarding torque due to friction. Thus, by Newton’s second law for rotation, we have

d
Id—btd:T—k:w with w(0) = wp,

where [ is the moment of inertia of the flywheel, w(t) is the angular velocity, dw/dt is the
angular acceleration, T' is the constant torque exerted by the motor, and k is a positive
constant of proportionality for the torque due to friction. Solving this separable equation
gives

T
w(t) = 7+ Ce™.

Using the initial condition w(0) = wy we find C' = (wy — T'/k). Hence,

T T
w(t) = = + (wo _ E) oKt/
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Since the motor is turned off, its torque is 7' = 0, and the only torque acting on the flywheel

is the retarding one, —5y/w. Then Newton’s second law for rotational motion becomes

d
I d_(;) =—5yw  with  w(0) =wy =225 (rad/sec) and I=50 (kg/m’).

The general solution to this separable equation is

5
w(t) = —g7t+C =005t +C.

Using the initial condition, we find
w(0)=-0.05-0+C = C =+/w(0) = V225 = 15.
Thus

t:ﬁ[ﬁ—@]:%[ﬁ-@]

At the moment t = tg,, when the flywheel stops rotating we have w (tsp) = 0 and so

tatop = 20(15 — v/0) = 300 (sec).

There are three forces acting on the object: F}, the force due to gravity, F3, the air resistance

force, and F3, the friction force. Using Figure 3.11 (with 30° replaced by 45°), we obtain

Fy = mgsin45° = mgv/'2/2,
FQ = —3'0,
Fy = —uN = —pmg cos 45° = —pumgv/'2/2

and so the equation describing the motion is

dv  mgvV2 pmgyv?2 dv v
— = — -3 = — =0.475 - —
it~ 2 2 ! dt V2= o5

with the initial condition v(0) = 0. Solving yields

v(t) = 9.5gV2 + Cet/?;
0=0v(0)=950vV2+C =  C=-95¢V2
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= v(t) = 9.5gV2 (1 — e /).

Since x(0) = 0, integrating the above equation, we obtain

t t

x(t) = /U(S)ds = /9.5g\/§ (1 _ 6*3/20) ds = 9-59\/5 (S + 206—3/20) s

s=0

0 0
= 9.5gV2 (t + 20e " — 20) ~ 131.8¢ + 2636¢ "/ — 2636.

The object reaches the end of the inclined plane when

z(t) = 131.8t 4 2636e~/%° — 2636 = 10 = t ~ 1.768 (sec).

In this problem there are two forces acting on a sailboat: A constant horizontal force due to
the wind and a force due to the water resistance that acts in opposition to the motion of the
sailboat. All of the motion occurs along a horizontal axis. On this axis, we choose the origin
to be the point where the hard blowing wind begins and z(t) denotes the distance the sailboat
travels in time ¢. The forces on the sailboat can be expressed in terms of this axis. The force

due to the wind is

F; =600 N.

The force due to water resistance is
F, = —100v N.
Applying Newton’s second law we obtain

m dv = 600 — 100wv.
dt

Since the initial velocity of the sailboat is 1 m/sec, a model for the velocity of the moving

sailboat is expressed as the initial-value problem

d
md—"t’ =600 — 100v,  v(0)=1.

Using separation of variables, we get, with m = 50 kg,

dv
6—v

= 2dt = —61In(6 —v) =2t +C.
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Therefore, the velocity is given by v(t) = 6 — Ke™?. Setting v = 1 when ¢ = 0, we find that
1=6—K = K =5.

Thus the equation for velocity v(t) is v(t) = 6 — 5e~ 2. The limiting velocity of the sailboat
under these conditions is found by letting time approach infinity:

lim v(t) = lim (6 — 5¢™*) =6 (m/sec).

t—o0 t—o0

To determine the equation of motion we will use the equation of velocity obtained previously

and substitute dx/dt for v(t) to obtain

d
d—‘: —6-5¢%  2(0)=0.

Integrating this equation we obtain
5 o

Setting x = 0 when ¢ = 0, we find

5 5
0=0+=-+C = Ci=—-.
+2+ 1 1 5

Thus the equation of motion for the sailboat is given by

In this problem, there are two forces acting on a boat: the wind force F; and the water
resistance force F,. Since the proportionality constant in the water resistance force is different
for the velocities below and above of a certain limit (5 m/sec for the boat A and 6 m/sec for
the boat B), for each boat we have two differential equations. (Compare with Problem 7.)
Let 2™ (t) denote the distance passed by the boat A for the time ¢, oM (t) == dz{™ (t)/dt.
Then the equation describing the motion of the boat A before it reaches the velocity 5 m/sec

is
dv%A)
dt

dv™ 65 4
= F1 + FQ = 650 — bﬂ)EA) = th = E — g UEA). (312)
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Solving this linear equation and using the initial condition, ng)(O) =2, we get
t = — = —

and so
t

65 49 65 147
ng)(t) = / (§ - §e43/3> ds = gt— 39 (674"//3 —-1).

The boat A will have the velocity 5 m/sec at t = t, satisfying

%‘5 . 4_896425*/3 =5 = t* — _w ~ (0.5 (Sec)’

and it will be
B @ 147

t— —
8 32 (
away from the starting point or, equivalently, 500 —1.85 = 498.15 meters away from the finish.

2™ (t,) e*/3 _ 1) ~ 1.85 (m)

Similarly to (3.12), resetting the time, we obtain an equation of the motion of the boat A

starting from the moment when its velocity reaches 5 m/sec. Denoting by :L‘(QA) (t) the distance

passed by the boat A and by véA) (t) its velocity, we get ZL‘(QA)(O) =0, véA)(O) =5, and
dzé:) — 650 — byl
t
= x(QA)(t):/(%—ige—s)ds:%t—l—g—;(e_t—l).

Solving the equation xéA) (t) = 498.15, we find the time (counting from the moment when the
boat A’s velocity has reached 5 m/sec) t* &~ 46.5 sec, which is necessary to come to the end

of the first leg. Therefore, the total time for the boat A is ¢, + t* ~ 0.5 4+ 46.5 = 47 sec.

Similarly, for the boat B, we find that

B 65 49 _ B 65 147 , _ 31n(17/49)
v§ )(t):§—§e5t/3, fE(1 )(t)zgt—f-ﬁ(e 5t/3_1)7 t*:_fz()ﬁ&%;
65 35 65 42
ol (t) = =% e 0 2P(1) = St (75 —1), #* ~ 38.895.

Thus, t, +t* < 40 sec, and so the boat B will be leading at the end of the first leg.
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(b)

(c)

(d)

dv —GMm
m—=—-—.
dt r?
Dividing both sides by m, the mass of the rocket, and letting g = GM/R? we get
dv  —gR?
dt — r?2

where ¢ is the gravitational force of Earth, R is the radius of Earth and r is the distance

between Earth and the projectile.

Using the equation found in part (a), letting dv/dt = (dv/dr)(dr/dt) and knowing that

dr/dt = v, we get
dv gR?
vV— = —>F.
dr r?
The differential equation found in part (b) is separable and can be written in the form

2

vdv = —% dr.
r

If the projectile leaves Earth with a velocity of vy we have the initial value problem
2

vdv:—g—er, v =1 .
r r=R
Integrating we get , ,
R
U_ — g_ + K’
2 r
where K is an arbitrary constant. We can find the constant K by using the initial value
as follows: , ) )
v, gR Uh
K=2-""=2_gR
2 R 2 Y
Substituting this formula for K and solving for the velocity we obtain
29 R?
v? = J +v§—29R.

In order for the velocity of the projectile to always remain positive, (29R?/r) + v3 must

be greater than 2gR as r approaches infinity. This means

r—00

29 R?
hm<f7 +%)>2y% = u2>29R
T

Therefore, v3 — 2gR > 0.
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(e) Using the equation v, = \/2¢R for the escape velocity and converting meters to kilometers

we have

Ve =\/29R = \/2 -9.81 m/sec” - (1 km/1000 m)(6370 km) ~ 11.18 km/sec.

(f) Similarly to (e), we find

ve = /2(g9/6)R = 1/2(9.81/6)(1/1000)(1738) = 2.38 (km/sec).

EXERCISES 3.5: Electrical Circuits, page 122

1. In this problem, R = 5Q, L = 0.05H, and the voltage function is given by E(t) = 5cos 120t V.
Substituting these data into a general solution (3) to the Kirchhoft’s equation (2) yields

I(t) = e BY/L (/ eRt/L@dt-f-K)

e~ 0t/0-05 (/ /005 75 08S01520t dt + K) = 100 (100 / e!%% cos 120t dt + K) )

Using the integral tables, we evaluate the integral in the right-hand side and obtain

+ Ke 1%,

100¢ (1 12 120 sin 12 12 1.2sin12
I(t) = e~ 100t [1006 (100 cos 120t 4 120 sin 120¢) K} _ cos 0t + 1.2sin 120¢

(100)2 + (120)2 2.44
The initial condition, I(0) = 1, implies that

_ 0s(120(0)) +1.25in(12000)) , o voooy _ 1 L g L g, L _ L4
2.44 2.44 244 2.44

144719 4 cos 120¢ + 1.2 sin 120¢

1) 2.44

The subsequent inductor voltage is then determined by

dI d [ 1.44e719% 4 cos 120t + 1.2sin 120t
B =1% = 005 %
=L 0055 ( 2.44 )
—7.2e7100 _ Gsin 120t + 7.2 cos 120t

2.44
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3. In this RC circuit, R = 100Q, C = 1072 F, the initial charge of the capacitor is Q = q(0) =0
coulombs, and the applied constant voltage is V' = 5 volts. Thus we can use a general equation

for the charge ¢(t) of the capacitor derived in Example 2. Substitution of given data yields
q(t) = CV +[Q — CV]e HC = 10712(5) (1 — e’t/(loo'm*m)) —5.10"12 (1 _ 67101%)

and so

Eo(t) = %f) —5 (1 - e—low'f) .

Solving the equation E¢(t) = 3, we get

In0.4 N

5 (1 - e*wwt) =3 = =04 = = 02107 (seo).

Therefore, it will take about 9.2 x 10~ seconds for the voltage to reach 3 volts at the receiving

gate.

5. Let V/(t) denote the voltage across an element, and let I(¢) be the current through this element.
Then for the power, say P = P(t), generated or dissipated by the element we have

P=ItV(1). (3.13)

We use formulas given in (a), (b), and (c) on page 119-120 of the text to find P for a resistor,

an inductor, and a capacitor.

(a) Resistor. In this case,
V(1) = Er(t) = RI(1),

and substitution into (3.13) yields
Pr=1(t)[RI(t)] = I(t)*R.

(b) Inductor. We have
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(c) Capacitor. Here, with ¢(t) denoting the electrical charge on the capacitor,

V(t) = Ec(t) = éq(t) = q(t)=CEc(t) = I{t)= dc(]iit) _ d[CftC(t)]
and so
P = W Eelt) - % {2 Eolt) dECZ(t)} _ % d[Est(t) | _ d[CEZt(t) /2

7. First, we find a formula for the current I(¢). Given that R =3, L = 10H, and the voltage

function E(t) is a constant, say, V, the formula (3) on page 121 (which describes currents in

RL circuits) becomes

The initial condition, /(0) = 0 (there were no current in the electromagnet before the voltage

source was applied), yields

0= K + Ke3(0)/10 = K = _K = I(t) = K (1 . 6—37&/10) .
3 3 3
Next, we find the limiting value I, of I(t), that is,
Vv Vv Vv
Io=lim |= (1= = (1-0)=—.
lim {3 (I=e™) ] =3 (1-0) =<

Therefore, we are looking for the moment ¢ when I(t) = (0.9)I, = (0.9)V/3. Solving yields

101n0.1
= e 310 — (.1 = t=— 0 20 ~ 7.68.

0.9V V.
3~ (=)

Thus it takes approximately 7.68 seconds for the electromagnet to reach 90% of its final value.

EXERCISES 3.6: Improved Euler’s Method, page 132

1. Given the step size h and considering equally spaced points we have

Tpi1 = Tp + nh, n=0,1,2,....
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Euler’s method is defined by equation (4) on page 125 of the text to be

Yn+1 =Yn + hf(Tn, ), n=0,1,2,...,
where f(x,y) = 5y. Starting with the given value of yo = 1, we compute
y1 = Yo + h(5y0) = 1 + 5h.
We can then use this value to compute y, to be
Y2 = y1 + h(5y1) = (1 +5h)ys = (1 + 5h)*.
Proceeding in this manner, we can generalize to y,:
Yn = (1 +5h)".
Referring back to our equation for x,, and using the given values of 2o = 0 and x; = 1 we find
1=nh = n=-—.

h

Substituting this back into the formula for y,, we find the approximation to the initial value

problem
y =5y, y0)=1

at x = 1 to be (1 + 5h)/".

. In this initial value problem, f(x,y) =y, v = 0, and yo = 1. Formula (8) on page 127 of the

text then becomes

h
Yn+1 = Yn + 5 (yn + yn—l—l) .

Solving this equation for y,, 1 yields

h h 1+ h/2
-y = (14+2)y, = (2, —0.1,.... (314
( 2>y+1 (+2>Z/ = Ynt1 (1—h/2)y n (3.14)

If n > 1, we can use (3.14) to express y, in terms of y,_; and substitute this expression into

the right-hand side of (3.14). Continuing this process, we get

o () () () = (1202)
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In order to approximate the solution ¢(z) = e at the point x = 1 with N steps, we take

h=(x —x9)/N =1/N, and so N = 1/h. Then the above formula becomes
C(1+h2\Y (12NN (1 h2\
IWE\T—n2) P \aow2) T \aone

e=¢(l) myn = Gj%;)l/h

Substituting A = 107%, k = 0, 1,2, 3, and 4, we fill in Table 3-A.

and hence

o 1+h/2\""
Table 3—A: Approximations to e &~ 2.718281828 . . ..
1+ h/2
h Approximation Error
1 3 0.281718172
107! 2.720551414 0.002269586
1072 2.718304481 0.000022653
1073 2.718282055 0.000000227
104 2.718281831 0.000000003

These approximations are better then those in Tables 3.4 and 3.5 of the text.

. In this problem, we have f(x,y) = 4y. Thus, we have

f(@n,yn) =4y, and  f(x, + h,yn + hf(Tn,yn)) = 4 yn + h(4y,)] = 4y, + 16hy,, .

By equation (9) on page 128 of the text, we have

h
Yntl = Yn + 5 (4y, + 4yn + 16hy,) = (1 + 4h + 8h%) y,, . (3.15)

Since the initial condition y(0) = 1/3 implies that xy = 0 and yo = 1/3, equation (3.15) above
yields

y1 = (1+4h+8h%) yo = = (1 + 4h + 8h%),

Wl
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(1+4h+8h%) =

Wl =

1
ys = (1 4+ 4h +8h%) y1 = (1 + 4h + 8h?) (g

Continuing this way we see that

Yo == (L+4h +80%)".

Wl =

(This can be proved by induction using equation (3.15) above.) We are looking for an ap-

proximation to our solution at the point x = 1/2. Therefore, we have

1/2 — xg 1/2-0 1 1
=
n n 2n 2h

Substituting this value for n into equation (3.16) yields

Yo = = (1+4h+8h2)Y

W=

For this problem, f(z,y) = x—y?. We need to approximate the solution on the interval [1,1.5]
using a step size of h = 0.1. Thus the number of steps needed is N = 5. The inputs to the
subroutine on page 129 are xqg = 1, yo = 0, ¢ = 1.5, and N = 5. For Step 3 of the subroutine

we have

F=f(z,y)=az—y,

= = — = n=—.

(1+ 4h + 8h%)*,

(1+4h +8h2)°.

(3.16)

G=f@+hy+hF)=(x+h)—(y+hF)?=(x+h)— [y+h(x—y2)}2

Starting with x = 29 = 1 and y = yp = 0 we get h = 0.1 (as specified) and

F=1-0%=1,

G=(1401)—[0+0.1(1-0%]"=1.1-(0.1)> = 1.09.

Hence in Step 4 we compute

r=1+01=11,
y =0+ 0.05(1 + 1.09) = 0.1045.



Exercises 3.6

Thus the approximate value of the solution at 1.1 is 0.1045. Next we repeat Step 3 with

x = 1.1 and y = 0.1045 to obtain

F =1.1+(0.1045)% ~ 1.0891,
G = (1.1+0.1) — [0.1045 + 0.1 (1.1 — (0.1045)%)]” ~ 1.1545.

Hence in Step 4 we compute

z=114+01=12,
y = 0.1045 + 0.05(1.0891 + 1.1545) ~ 0.21668 .

Thus the approximate value of the solution at 1.2 is 0.21668. By continuing in this way, we

fill in Table 3-B. (The reader can also use the software provided free with the text.)

Table 3—B: Improved Euler’s method to approximate the solution of y' = x —y?, y(1) = 0,

with h =0.1.
) T (]
0 1 0
1 1.1 0.10450
2 1.2 0.21668
3 1.3 0.33382
4 14 0.45300
) 1.5 0.57135

9. In this initial value problem, f(z,y) = x + 3 cos(zy), zo = 0, and yo = 0. To approximate the

solution on [0, 2] with a step size h = 0.2, we need N = 10 steps. The functions F' and G in

the improved Euler’s method subroutine are

F = f(z,y) =z + 3cos(zy);
G = f(e+hy+hF)=x+h+3cos[(z+ h)(y+ hF)]
= x+0.24+3cos[(x +0.2)(y + 0.2 {x + 3cos(zy)})].
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Starting with z = x¢p = 0 and y = yg = 0, we compute

F=0+3cos(0-0)=3;
G=0+02+3cos[(0+0.2)(0+0.2{0+3cos(0-0)})] =~ 3.178426.

Using these values, we find on Step 4 that

r=0+02=02,
y=0+40.1(3 + 3.178426) ~ 0.617843.

With these new values of x and y, we repeat the Step 3 and obtain

F =02+ 3cos(0.2-0.617843) ~ 3.177125:
G =0.2+0.2+3cos[(0.2 + 0.2)(0.617843 + 0.2 {0.2 + 3 cos(0.2 - 0.617843) })] ~ 3.030865 .

Step 4 then yields an approximation of the solution at x = 0.4:

2=02+02=04,
y = 0.617843 + 0.1(3.177125 + 3.030865) ~ 1.238642..

By continuing in this way, we obtain Table 3-C.

Table 3—C: Improved Euler’s method approximations to the solution of y' = x+3 cos(xy),
y(0) =0, on [0,2] with h =0.2.

i T Y= ] T S

0 0 0 6 1.2 1.884609
1 0.2 0.617843 7 1.4 1.724472
2 0.4 1.238642 8 1.6 1.561836
3 0.6 1.736531 9 1.8 1.417318
4 0.8 1.981106 10 2.0 1.297794
5 1.0 1.997052
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1.5

0.5+

x

0702 04 06 08 1 12 14 16 18 2

Figure 3—B: Polygonal line approximation to the solution of y' = = + 3 cos(zy), y(0) = 0.

A polygonal line, approximating the graph of the solution to the given initial value problem,

which has vertices at points (x,y) from Table 3-C, is sketched in Figure 3-B.

We want to approximate the solution ¢(z) toy’ =1 —y+ 43, y(0) =0, at x = 1. (In other
words, we want to find an approximate value for ¢(1).) To do this, we will use the algorithm
on page 130 of the text. (We assume that the reader has a programmable calculator or
microcomputer available and can transform the step-by-step outline on page 130 into an
executable program. Alternatively, the reader can use the software provided free with the

text.)

The inputs to the program are o = 0, yo = 0, ¢ = 1, ¢ = 0.003, and, say, M = 100. Notice
that by Step 6 of the improved Euler’s method with tolerance, the computations should
terminate when two successive approximations differ by less that 0.003. The initial value for

h in Step 1 of the improved Euler’s method subroutine is
h=(1-0)2"=1

For the given equation, we have f(z,y) = 1 —y + >, and so the numbers F' and G in Step 3
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of the improved Euler’s method subroutine are

F=flry)=1-y+y’,
G=fx+hy+hF)=1—(y+hF)+ (y+hF)*.

From Step 4 of the improved Euler’s method subroutine with z = 0, y = 0, and h = 1, we get

r=x+h=0+1=1,
h 1
y=y+5(F+G) =0+5[1+01-1+19)] =1

Thus,
o(1) = y(1;1) = 1.
The algorithm (Step 1 of the improved Euler’s method subroutine) next sets h = 271 = 0.5.

The inputs to the subroutine are x = 0, y =0, ¢ = 1, and N = 2. For Step 3 of the subroutine

we have

F=1-0+0=1,
G=1-[0+0.5(1)] 4 [0+0.5(1)]° = 0.625.

Hence in Step 4 we compute

r=0+05=0.5,
y =0+ 0.25(1 4 0.625) = 0.40625 .

Thus the approximate value of the solution at 0.5 is 0.40625. Next we repeat Step 3 with
x = 0.5 and y = 0.40625 to obtain

F =1—0.40625 + (0.40625)® = 0.6607971 ,
G =1 —[0.40625 + 0.5(0.6607971)] + [0.40625 + 0.5(0.6607971)]* ~ 0.6630946 .

In Step 4 we compute

r=05+05=1,
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Table 3—D: Improved Euler’s method approximations to ¢(1), where ¢(x) is the solution
toy =1—y+y° y(0)=0.

h y(1;h) = ¢(1)
1 1.0
2-1 0.7372229
272 0.7194115
2-3 0.7169839

y = 0.40625 + 0.25(0.6607971 + 0.6630946) ~ 0.7372229 .

Thus the approximate value of the solution at z = 1 is 0.7372229. Further outputs of the
algorithm are given in Table 3-D.

Since

ly(1;27%) — y(1;27%)| = |0.7169839 — 0.7194115| < 0.003,

the algorithm stops (see Step 6 of the improved Euler’s method with tolerance) and prints

out that ¢(1) is approximately 0.71698.

For this problem, f(z,y) = (z +y + 2)2. We want to approximate the solution, satisfying
y(0) = —2, on the interval [0, 1.4] to find the point, with two decimal places of accuracy, where
it crosses the x-axis, that is y = 0. Our approach is to use a step size of 0.005 and look for a
change in the sign of y. This requires 280 steps. For this procedure inputs to the improved
Euler’s method subroutine are zop = 0, yo = —2, ¢ = 1.4, and N = 280. We will stop the
subroutine when we see a sign change in the value of y. (The subroutine is implemented on

the software package provided free with the text.)

For Step 3 of the subroutine we have

F=fla,y)=(r+y+2),
G=fx+hy+hF)=(@+h+y+hF+22=[x+y+2+h(l+F).
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Starting with the inputs z = 2o =0, y = yo = —2, and h = 0.005 we obtain

F=(0-2+2)*=0,
G =10 —2+2+0.005(1+0)]* = 0.000025 .

Thus, in Step 4 we compute

z =0+ 0.005 = 0.005,
y = —2 + 0.005(0 4 0.000025)(1/2) ~ —2.

Thus the approximate value of the solution at x = 0.005 is —2. We continue with Steps 3 and 4
of the improved Euler’s method subroutine until we arrive at x = 1.270 and y ~ —0.04658269.
The next iteration, with x = 1.275, yields y ~ 0.006295411. This tells us that y = 0 is occurs
somewhere between x = 1.270 and = = 1.275. Therefore, rounding off to two decimal places

yields z = 1.27.

In this initial value problem, f(x,y) = —20y, o = 0, and yo = 1. By applying formula (4) on

page 125 of the text, we can find a general formula for y,, in terms of h. Indeed,
Yn = Yn—1 + ”(=20y,—1) = (1 = 20h)y,—1 = -~ = (1 = 20h)"yo = (1 — 20R)" = [c(h)]",
where ¢(h) = 1 — 20h. For suggested values of h, we have

h=0.1 = c(0.1) = -1 = r, =01n, y,=(-1)", n=1,...,10;
h=002 =  ¢(0.025)=05 =  a,=0025n, y,= (05", n=1,...,40;
h=02 = c(02)=-3 = r,=02n, y,=(-3)", n=1,...,5.

These values are shown in Table 3-E.

Thus, for h = 0.1 we have alternating y,, = +1; for h = 0.2, y,,’s have an increasing magnitude
and alternating sign; h = 0.025 is a good step size. From this example we conclude that, in
Euler’s method, one should be very careful in choosing a step size. Wrong choice can even

lead to a diverging process.
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Table 3—E: Euler’s method approximations to the solution of ¥’ = —20y, y(0) = 1, on

[0,1] with 2 = 0.1, 0.2, and 0.025.

T Yn Yn Yn
(h=0.2) (h=0.1) (h = 0.025)

0.1 -1 0.062500
0.2 -3 1 0.003906
0.3 -1 0.000244
0.4 9 1 0.000015
0.5 -1 0.000001
0.6 27 1 0.000000
0.7 -1 0.000000
0.8 81 1 0.000000
0.9 -1 0.000000
1.0 —243 1 0.000000

19. In this problem, the variables are t and p. With suggested values of parameters, the initial

value problem (13) becomes

dp

dt

3p—p",

p(0) = 1.

Therefore, f(t,p) = 3p — p" and, with h = 0.25, functions F' and G in improved Euler’s

method subroutine have the form

F
G

f(t,p)=3p—p";

= f(t+025p+025F)=3[p+0.25F] —[p+ 0.25F]"
= 3[p+0253Bp—p")]—[p+0253p—p")]".
The results of computations are shown in Table 3-F.

These results indicate that the limiting populations for r = 1.5, r = 2, and r = 3 are p,, = 9,

Poo = 3, and pa = V/3, respectively.

Since the right-hand side of the given logistic equation, f(¢,p) = 3p — p”, does not depend on

t, we conclude that this equation is autonomous. Therefore, its equilibrium solutions (if any)
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Table 3—F: Improved Euler’s method approximations to the solution of p’ = 3p — p",
p(0) =1, on [0, 5] with h = 0.25 for r = 1.5, 2, and 3.

Yn Yn Yn
(r=1.5) (r=2) (r=3)
0.25 | 1.582860 1.531250 | 1.390625
0.5 2.351441 2.049597 | 1.553472
0.75 | 3.267498 2.440027 | 1.628847
1.0 4.253156 2.686754 | 1.669992
1.25 | 5.216751 2.829199 | 1.694056
1.5 6.083402 2.908038 | 1.708578
1.75 | 6.811626 2.950802 | 1.717479
2.0 7.392146 2.973767 | 1.722980
2.25 | 7.837090 2.986037 | 1.726396
2.5 8.168507 2.992574 | 1.728522
2.75 | 8.410362 2.9960563 | 1.729847
3.0 8.584317 2.997903 | 1.730674
3.25 | 8.708165 2.998886 | 1.731191
3.5 8.795710 2.999408 | 1.731513
3.75 | 8.857285 2.999685 | 1.731715
4.0 8.900443 2.999833 | 1.731841
4.25 | 8.930619 2.999911 | 1.731920
4.5 8.951682 2.999953 | 1.731969
4.75 | 8.966366 2.999975 | 1.732000
5.0 8.976596 2.999987 | 1.732019

In

can be found by solving
fp)=3p-p =0 & pB-p)=0 & p=0 or p=3YC

The condition r > 1 implies that f(p) > 0 on (0,31/(“1)) and f(p) < 0 on (31/(“1),00).
Therefore, p = 3'/~Y is a sink and, regardless of the initial value p(0) = py > 0, there holds

lim p(t) = 301

t—o0

21. We will use the improved Euler’s method with h = 2/3 to approximate the solution of the
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problem

{ {75 — 20 cos (7{—;)} - T(t)} 014 15[10—T()],  T(0) =65,

with K = 0.2. Since h = 2/3, it will take 36 steps to go from ¢ = 0 to t = 24. By simplifying

the above expression, we obtain

dT t
— = (75K 4 105.1) — 20K cos (%) — (K +15)T(t), T(0)=65.

(Note that here t takes the place of = and T' takes the place of y.) Therefore, with K = 0.2
the inputs to the subroutine are ty = 0, Ty = 65, ¢ = 24, and N = 36. For Step 3 of the

subroutine we have

F = f(t,T)= (75K +105.1) — 20K cos (%) — (K +1.5)T, (3.17)

G = f(t+h,T+hF)
w(t+h)
12

— (75K + 105.1) — 20K cos ( ) — (K + 15){T + hF}. (3.18)

For Step 4 in the subroutine we have

t=t+h,

T:T+%@+G)

Now, starting with ¢t =ty =0 and 7" = T, = 65, and h = 2/3 (as specified) we have Step 3 of

the subroutine to be

F = [75(0.2) 4 105.1] — 20(0.2) cos 0 — [(0.2) + 1.5](65) = 5.6,
7(0.6667)

G = [75(0.2) + 105.1]—20(0.2) cos { 12

} —[(0.2) + 1.5][65 + (0.6667)(5.6)] ~ —0.6862.
Hence in Step 4 we compute

t =0+ 0.6667 = 0.6667
T =65+ 0.3333(5.6 — 0.6862) ~ 66.638 .
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Table 3—G: Improved Euler’s method to approximate the temperature in a building over
a 24-hour period (with K = 0.2).

Time tn T,
Midnight 0 65
12:40 A.M. 0.6667 66.63803
1:20 A. M. 1.3333 67.52906
2:00 A.M. 2.0000 68.07270
2:40 A.M. 2.6667 68.46956
3:20 A.M. 3.3333 68.81808
4:00 A.M. 4.0000 69.16392
8:00 A.M. 8.0000 71.48357

Noon 12.000 72.90891
4:00 p.M. 16.000 72.07140
8:00 P.M. 20.000 69.80953
Midnight 24.000 68.38519

Recalling that ¢, is midnight, we see that these results imply that at 0.6667 hours after
midnight (or 12 : 40 A.M.) the temperature is approximately 66.638. Continuing with this
process for n = 1,2, ..., 35 gives us the approximate temperatures in a building with K = 0.2

over a 24 hr period. These results are given in Table 3-G. (This is just a partial table.)

The next step is to redo the above work with K = 0.4. That is, we substitute K = 0.4 and
h =2/3 ~ 0.6667 into equations (3.17) and (3.18) above. This yields

F =135.1 — 8cos (g) —1.97T,

(t + 0.6667)

G =135.1-38
cos l 19

} — 1.9(T + 0.6667F),

and

T =T + (0.3333)(F + G).

Then, using these equations, we go through the process of first finding F', then using this
result to find G, and finally using both results to find 7. (This process must be done for
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n=0,1,2,...,35.) Lastly, we redo this work with K = 0.6 and h = 2/3. By so doing, we
obtain the results given in the table in the answers of the text. (Note that the values for T,

T67 T12, T187 T24, Tgo, and T36 are given in the answers.)

EXERCISES 3.7: Higher Order Numerical Methods: Taylor and Runge-Kutta, page 142

1. In this problem, f(z,y) = cos(z + y). Applying formula (4) on page 135 of the text we

compute
(9f(83; y) _ a% lcos(z + y)] = — sin(z + y)% (v +y) = —sin(z +y);
8fg; y) _ 8% lcos(z + )] = — sin(z + y)a% (z+y) = —sin(z +y);
fa(w,y) = afg; 2 {afé@ y)} J(@,y) = —sin(z +y) + [=sin(z +y)] cos(z + )

= —sin(z + y)[1 + cos(z + y)],
and so, with p = 2, (5) and (6) on page 135 yield

Tpi1 = Tp + h,
h2
Ynt1 = Yn + hcos (z, + yn) — 5 sin (z, + yn) [1 + cos (z, + yn)] -

3. Here we have f(z,y) = x —y and so

ANz —y) n Iz —y)

falwy) = —5- o (z—y)=1+(-Da-y =1-z+y
To obtain f3(x,y) and then fy(z,y), we differentiate the equation y” = fo(z,y) twice. This
yields
y'(z) = [flzy) =Q-z+y) =-1+y =-1+a—y=fa(z,y);
y(@) = [fley)] =(-1+r-y)=1-y =1-z+y= fulz,y).
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Therefore, the recursive formulas of order 4 for the Taylor method are

Tpi1 = Tp+h,
2 h3 h4
h2 B3 o
h: k3 Rt
= h+(1— —h4— - 4
Yo +h+( xn+yn)( +5 % +24>
n? K Rt
- h (2 — ey —y) (Lo 2

5. For the Taylor method of order 2, we need to find (see equation (4) on page 135 of the text)

Of (x,y) | [0f(x,y)
5 +{ By }f(x,y)

fz(l',y) =

for f(z,y) =+ + 1 —y. Thus, we have

folz,y) =1+ (-D)(z+1—y) =y — .

Therefore, by equations (5) and (6) on page 135 of the text, we see that the recursive formulas

with h = 0.25 become

Tpt1 = Tp +0.25,
(0.25)2
2

Ynt1 = Yn +0.25 (xn +1- yn) + (yn - xn) .

By starting with zo = 0 and yo = 1 (the initial values for the problem), we find

0.0625
yi=1+ = ~ 103125,

Plugging this value into the recursive formulas yields

0.0625
yo = 1.03125 + 0.25(0.25 + 1 — 1.03125) + (T) (1.03125 — 0.25) ~ 1.11035 .

By continuing in this way, we can fill in the first three columns in Table 3-H.
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For the Taylor method of order 4, we need to find f3 and f;. Thus, we have

Fly) = 8f2§iay) i {3][2{(923/)] fay) =—1+1-@+1—y)=z—y,
fa(z,y) = af3éz>y) N [afgézvy)} flz,y) =1+ (-1)-(z+1-y)=y—=

Hence, by equation (6) on page 135 of the text, we see that the recursive formula for y,; for
the Taylor method of order 4 with A = 0.25 is given by
(0.25)2 (0.25)3 (0.25)*

By starting with g = 0 and yy = 1, we can fill in the fourth column of Table 3-H.

Yni1 = Yn +0.25 (x, + 1 — y,) +

(Yn — Tn) -

Table 3—H: Taylor approximations of order 2 and 4 for the equation ¢y = x + 1 — y.

n Zn yn (order 2) Yn (order 4)
0 0 1 1

1 0.25 1.03125 1.02881

2 0.50 1.11035 1.10654

3 0.75 1.22684 1.22238

4 1.00 1.37253 1.36789

Thus, the approximation (rounded to 4 decimal places) of the solution by the Taylor method
at the point x = 1 is given by ¢9(1) = 1.3725 if we use order 2 and by ¢4(1) = 1.3679 if we use
order 4. The actual solution is y = x + ¢~* and so has the value y(1) =1 + ¢! &~ 1.3678794

at x = 1. Comparing these results, we see that

y(1) — ¢o(1)| = 0.00462  and  |y(1) — ¢4(1)] = 0.00002.

. We will use the 4th order Runge-Kutta subroutine described on page 138 of the text. Since
o = 0 and h = 0.25, we need N = 4 steps to approximate the solution at x = 1. With
f(z,y) =2y —6, weset v =29 =0, y =y =1 and go to Step 3 to compute k;’s.

ki = hf(z,y)=0.25[2(1) — 6] = —1;
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ko= hf(z+h/2,y+ki/2) = 0.25[2(1 + (—=1)/2) — 6] = —1.25
ks = hf(z+ h/2,y+ kao/2) = 0.25[2(1 + (—1.25)/2) — 6] = —1.3125;
ko = hf(z+ h,y+ ks) = 0.25[2(1 + (—1.3125)) — 6] = —1.65625 .

Step 4 then yields

z=0+025=025,

1 1
y=1++ ¢ (bt 2k + 2k + ky) = 1 (=1 -2+ 1.25 - 2 1.3125 — 1.65625) ~ —0.29688 .

Now we go back to Step 3 and recalculate k;’s for new values of z and y.

ky = 0.25[2(—0.29688) — 6] = —1.64844 ;

ky = 0.25[2(—0.29688 + (—1.64844)/2) — 6] = —2.06055 :

ks = 0.25[2(—0.29688 + (—2.06055)/2) — 6] = —2.16358;

ki = 0.25[2(—0.29688 + (—2.16358)) — 6] = —2.73022;

2 =025+025=05,

y = —0.29688 + é (—1.64844 — 2 - 2.06055 — 2 - 2.16358 — 2.73022) ~ —2.43470 .

We repeat the cycle two more times:

ky = 0.25[2(—2.43470) — 6] = —2.71735 ;

(_

ks = 0.25[2(—2.43470 + (—2.71735)/2) — 6] = —3.39670:
(—2.43470 + (—3.39670)/2) — 6] = —3.56652;
(_

[

[
ks = 0.25[2

[2(—2.43470 + (—3.56652)) — 6] = —4.50060 ;

ky = 0.25[2
r=0.540.25=0.75,

1
y = —2.43470 + 6 (—2.71735 — 2+ 3.39670 — 2 - 3.56652 — 4.50060) ~ —5.95876

and

ky = 0.25[2(—5.95876) — 6] = —4.47938 ;
ky = 0.25[2(—5.95876 + (—4.47938)/2) — 6] = —5.59922 ;
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ks = 0.25[2(—5.95876 + (—5.59922)/2) — 6] = —5.87918:

ks = 0.25[2(—5.95876 + (—5.87918)) — 6] = —7.41895 ;

x=0.75+0.25=1.00,

y = —5.95876 + é (—4.47938 — 2 - 5.59922 — 2 - 5.87918 — 7.41895) ~ —11.7679 .

Thus ¢(1) &~ —11.7679 . The actual solution, ¢(z) = 3 — 2¢**, evaluated at x = 1, gives

P(1) =3 —2e*M =3 — 2> ~ —11.7781..

9. For this problem we will use the 4th order Runge-Kutta subroutine with f(z,y) =z +1—y.
Using the step size of h = 0.25, the number of steps needed is N = 4 to approximate the

solution at x = 1. For Step 3 we have
ky=hf(z,y) =0.25(x +1—y),

ho ok
ko = hf <x+§,y+—1

5 ) = 0.25(0.875z + 1 — 0.875y),

h ko
kg—hf <x+§,y+5

=hf(x+h,y+ks) =0.25(0.77734375x + 1 — 0.77734375y).

) = 0.25(0.890625z + 1 — 0.890625y),

Hence, in Step 4 we have
r=x-+0.25,
y:y—i—é (k1 + 2ko + 2k3 + ky) .
Using the initial conditions g = 0 and yo = 1, ¢ =1, and N = 4 for Step 3 we obtain
k1 =0.250+1-1)=0,
ks = 0.25(0.875(0) + 1 — 0.875(1)) = 0.03125,
ks = 0.25(0.890625(0) + 1 — 0.890625(1)) ~ 0.0273438,
ks = 0.25(0.77734375(0) + 1 — 0.77734375(1)) ~ 0.0556641.
Thus, Step 4 gives
xr=04+0.25=0.25,
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1
y = 1+ ¢ [0+2(0.03125) + 2(0.0273438) + 0.0556641] ~ 1.02881

Thus the approximate value of the solution at 0.25 is 1.02881. By repeating Steps 3 and 4 of
the algorithm we fill in the following Table 3-1.

Table 3—1I: 4th order Runge-Kutta subroutine approximations for ¢’ =z +1—yat z =1
with h = 0.25.

T 0 0.25 0.50 0.75 1.0

Y 1 1.02881 1.10654 1.22238 1.36789

Thus, our approximation at x = 1 is approximately 1.36789. Comparing this with Problem 5,
we see we have obtained accuracy to four decimal places as we did with the Taylor method

of order four, but without having to compute any partial derivatives.

11. In this problem, f(x,y) = 22=* —y% To find the root of the solution within two decimal
places of accuracy, we choose a step size h = 0.005 in 4th order Runge-Kutta subroutine. It
will require (2 — 1)/0.005 = 200 steps to approximate the solution on [1,2]. With the initial
input z =20 =1, y =y = —0.414, we get

= hf(z,y) = 0.005]2(1)"* — (—0.414)%] = 0.009143;
= hf(z+ h/2,y + k1/2) = 0.005[2(1 4 0.005/2)~* — (—0.414 + 0.009143/2)%] = 0.009062;
= hf(x+ h/2,y + ky/2) = 0.005[2(1 4 0.005/2)~* — (—0.414 + 0.009062/2)%] = 0.009062;
= hf(x+ h,y + ks) = 0.005[2(1 + 0.005)"* — (—0.414 + 0.009062)?] = 0.008983;

Y
x=1+0.005 = 1.005,
1
y=—0.414 + 6 (0.009143 + 2 - 0.009062 + 2 - 0.009062 + 0.008983) ~ —0.404937;
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On the 82nd step we get

z = 1.405 + 0.005 = 1.410,
1
y = —0.004425 + < (0.002566 + 2 - 0.002548 + 2 - 0.002548 + 0.002530) ~ —0.001876,

and the next step gives

k; = 0.005[2(1.410)~* — (—0.001876)?] = 0.002530 ;

ky = 0.005[2(1.410 + 0.005/2)~* — (—0.001876 4 0.002530/2)?] = 0.002512;
ks = 0.005[2(1.410 + 0.005/2)* — (—0.001876 + 0.002512/2)?] = 0.002512;
k4 = 0.005[2(1.410 + 0.005)~* — (—0.001876 4 0.002512)?] = 0.002494 ;

4
z =1.410 + 0.005 = 1.415,

1
y =—0.414 + 6 (0.002530 4+ 2 - 0.002512 + 2 - 0.002512 + 0.002494) =~ 0.000636 .

Since y(1.41) < 0 and y(1.415) > 0 we conclude that the root of the solution is on the interval
(1.41,1.415).

As a check, we apply the 4th order Runge-Kutta subroutine to approximate the solution
to the given initial value problem on [1,1.5] with a step size h = 0.001, which requires
N = (1.5 —1)/0.001 = 500 steps. This yields y(1.413) ~ —0.000367, y(1.414) ~ 0.000134,

and so, within two decimal places of accuracy, r ~ 1.41.

For this problem f(z,y) = y*—2e%y+e?® +¢®. We want to find the vertical asymptote located
in the interval [0, 2] within two decimal places of accuracy using the Forth Order Runge-Kutta
subroutine. One approach is to use a step size of 0.005 and look for y to approach infinity.
This would require 400 steps. We will stop the subroutine when the value of y (“blows up”)

becomes very large. For Step 3 we have
ki = hf(z,y) =0.005 (y> — 2e"y + € + €*),

ook k)’ k
ky = hf (x + 5yt —1) = 0.005 (y + 51) — 2¢l@t+h/2) (y + 51) + HEth/D)  path/2) |

2
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2
5 (y+ %) _ 9pl@+h/2) (y+ %) 4 2@ HR/2) | wth/2) |

ko= hf(z + h,y+ ks) = 0.005 [(y + ks)* — 20T (y + k) + 2T 4 )],

ho ok
ks = hf (x+—,y+52) = 0.005

Hence in Step 4 we have

r =2z +0.005,
1
yzy—i-é (/ﬁ+2]€2+2/€3+/€4)

Using the initial conditions zg = 0, yg = 3, ¢ = 2, and N = 400 on Step 3 we obtain

ke = 0.005(3% — )+ €20 4 %)= 0.025,

ko = 0.005[(3 + 0.0125)% — 2e(0T0:0025)(3 1 0.0125) + 2(OT0-0025) 4 p(0+0-0025)] () 02522 ,
ks = 0.005[(3 + 0.01261)% — 2e(0+0002)(3 1 0.01261) + 2(OF0-0025) 1 (OF0.0025)1~ (. 02522 ,
ks = 0.005[(3 + 0.02522)% — 2e0F0-0029)(3 4 0.02522) + 2(0F0-0025) 4 (O0+0.0025)1 (02543 .

Thus, Step 4 yields
x =0+ 0.005 = 0.005

and

1
y & 3+ 2 (0025 +2(0.02522) + 2(0.02522) + 0.02543) ~ 3.02522.

Thus the approximate value at x = 0.005 is 3.02522. By repeating Steps 3 and 4 of the
subroutine we find that, at z = 0.505, y = 2.0201 - 10'3. The next iteration gives a floating

point overflow. This would lead one to think the asymptote occurs at x = 0.51.

As a check lets apply the 4th order Runge-Kutta subroutine with the initial conditions zy = 0,
Yo =3, c=1, and N = 400. This gives a finer step size of h = 0.0025. With these inputs, we
find 5(0.5025) ~ 4.0402 - 10'3.

Repeating the subroutine one more time with a step size of 0.00125, we obtain the value
y(0.50125) ~ 8.0804 - 10'3. Therefore we conclude that the vertical asymptote occurs at
x = 0.50 and not at 0.51 as was earlier thought.
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-11

24

=31

Figure 3—C: Polygonal line approximation to the solution of ¢y’ = cos(5y) — x, y(0) = 0,
on [0, 3].

15. Here f(x,y) = cos(by) — z, o = 0, and yo = 0. With a step size h = 0.1 we take N = 30 in

order to approximate the solution on [0,3]. We set x =z = 0, y = yo = 0 and compute

ki = hf(z,y) =0.1[cos(5-0) — 0] =0.1;

ko = hf(x + h/2,y + k1 /2) = 0.1[cos(5(0 + 0.1/2)) — (0 +0.1/2)] = 0.091891 ;
= hf(z+ h/2,y + ka/2) = 0.1]cos(5(0 + 0.091891/2)) — (0 + 0.1/2)] = 0.092373 ;
= hf(z + h,y + ks) = 0.1[cos(5(0 + 0.092373)) — (0 + 0.1)] = 0.079522;

\

r=04+01=01,

y=0+ é (0.1 +2-0.091891 + 2 - 0.092373 4 0.079522) ~ 0.091342;

The results of computations are shown in Table 3-J.

Using these value, we sketch a polygonal line approximating the graph of the solution on [0, 3].
See Figure 3-C.
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Table 3—J: 4th order Runge-Kutta approximations to the solution of " = cos(by) — z,
y(0) =0, on [0, 3] with h =0.1.

Tn | Yn Zn | Yn
0 0 1.5 | —0.02668
0.1 | 0.09134 1.6 | —0.85748
0.2 | 0.15663 1.7 | —0.17029
0.3 | 0.19458 1.8 | —0.30618
0.4 | 0.21165 1.9 | —0.53517
0.5 | 0.21462 2.0 | —0.81879
0.6 | 0.20844 2.1 | —1.02887
0.7 | 0.19629 2.2 | —1.17307
0.8 | 0.18006 2.3 | —1.30020
0.9 | 0.16079 2.4 | —1.45351
1.0 | 0.13890 2.5 | —1.69491
1.1 | 0.11439 2.6 | —2.03696
1.2 1 0.08686 2.7 | —2.30917
1.3 | 0.05544 2.8 | —2.50088
1.4 | 0.01855 2.9 | —2.69767
3.0 | —2.99510

17. Taylor method of order 2 has recursive formulas given by equations (5) and (6) on page 135

of the text: that is

h2
Tipp=wx;+h and Y Zyj+hf($jayj)+§f2 (z,95) -

With f(x,y) =y, we have

o) =" = L0 4 NI ) —04 1 () =

Therefore, since h = 1/n, the recursive formula for y;1; is given by the equation

1 1 1 1
Y =Yt oyt oy =\ 1t ot 55 U

We are starting the process at xo = 0 and yo = 1, and we are taking steps of size 1/n until we

reach x = 1. This means that we will take n steps. Thus, ¥, will be an approximation for the
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solution to the differential equation at = 1. Since the actual solution is y = e*, this means

that y, ~ e. To find the equation we are looking for, we see that

1 1 1 1
yl:(1+ﬁ+2—n2)y0:<1+ﬁ+2—n?)’
ygz(l—l-l—l—L)yl:(l—l—l—l—i)Q

n  2n? n 2n2/) "’

11 1 1)\°
y32(1+ﬁ+2—n2)y2:<1+5+2—n?) !

1 1 1 1\*
y4=(1+5+2—7ﬂ>y3:<1+5+2—7ﬂ) )

(et (1 LY
Yn = n  2n? Yn—1 = n  2n? )

(This can be proved rigorously by mathematical induction.) As we observed above, y, = e,

iy LY
e~ —4+— .
n  2n?

19. In this initial value problem, the independent variable is u, the dependent variable is v, uy = 2,

and so we have

vo = 0.1, and

u 3 5\ o

f(u,v):u<—+1>'u +lu+ - )v”.

2 2
We will use the classical 4th order Runge-Kutta algorithm with tolerance given on page 139 of
the text but, since the stopping criteria should be based on the relative error, we will replace
the condition |z — v| < e in Step 6 by |(z — v)/v| < € (see Step 6’ on page 138).
We start with m = 0, N = 2™ = 1, and a step size h = (3 —2)/N = 1. Setting u = ug = 2,

v =19 = 0.1, on Step 4 we compute

ki = hf(u,v) = (1) {2 (; + 1) (0.1)* + (2 + g) (0.1)2] = 0.049;
241

ko =hf(u+h/2,v+k/2) = (1) {(2 +1/2) ( 5 /2 + 1) (0.1 +0.049/2)?
+ ((2 +1/2) + g) (0.1 + 0.049/2)2} = 0.088356 ;
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24+1/2
2

ks = hf(u+ h/2,0+ ke /2) = (1) {(2 +1/2) ( + 1) (0.1 + 0.088356/2)°

5
+ ((2 +1/2)+ 5) (0.1 + 0.088356/2)2} =0.120795 ;
2+1 ,
ks =hf(utho+ k)= (1) |(2+1) (=5 +1) (0.1+0.120795)
+ ((2 +1)+ g) (0.1 + 0.120795)2} = 0.348857 .

So,

u=u+h=2+1=3,
1
v=uv+ 6 (0.049 + 2 - 0.088356 + 2 - 0.120795 + 0.348857) ~ 0.236027 .

Because the relative error between two successive approximations, v(3;2%) = 0.236027 and
v =0.11s € = [(0.236027 — 0.1)/0.236027| ~ 0.576320 > 0.0001, we go back to Step 2 and
set m = 1, take N = 2™ = 2 on Step 3, compute h = 1/N = 0.5, and use the 4th order
Runge-Kutta subroutine on page 138 of the text to find v(3;0.5). This takes two steps and
yields

k; = (0.5) [2 (; + 1) (0.1)* + (2 + g) (0.1)2} = 0.0245;
ko = (0.5) [(2 +0.5/2) (%5/2 + 1) (0.1 4 0.0245/2)*

5
+ ((2 +0.5/2) + 5) (0.1 + 0.0245/2)2} = 0.033306 ;

ks = (0.5) [(2 +0.5/2) <2+875/2 + 1) (0.1 + 0.033306/2)°

5
+ ((2 +0.5/2) + 5) 0.1+ 0.033306/2)2} = 0.036114;

2+0.5

ks = (0.5) {(2 +0.5) ( + 1) (0.140.036114)*

5
+ ((2 +0.5) + 5) (0.1 + 0.036114)2] = 0.053410.
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This gives

u=2+05=25,
1
v =01+ ¢ (00245 +2-0.033306 + 2 0.036114 + 0.053410) ~ 0.136125

We compute k;’s again and find an approximate value of v(3).

2.5 5
ky = (0.5) [2.5 (7 + 1) (0.136125)% + (2.5 + 5) (0.136125)2} = 0.053419;

2.5+ 0.5/2
2

ko = (0.5) {(2.5 +0.5/2) ( + 1) (0.136125 + 0.053419/2)?
+ ((2.5 +0.5/2) + g) (0.136125 + 0.053419/2)2} = 0.083702;
ks = (0.5) {(2.5 +0.5/2) (W + 1) (0.136125 + 0.083702/2)*
+ ((2.5 +0.5/2) + g) (0.136125 + 0.083702/2)2} = 0.101558;
ks = (0.5) [(2.5 +0.5) (@ + 1) (0.136125 + 0.101558)°
+ ((2.5 +0.5) + g) (0.136125 + 0.101558)2} = 0.205709 .
Therefore, at u = 2.5+ 0.5 = 3.0,

1
v =0.136125 + G (0.053419 + 2 - 0.083702 + 2 - 0.101558 + 0.205709) ~ 0.241066 .

This time the relative error is

v(3;271) — v(3; 29
v(3;271)

~0.241066 — 0.236027

~ 0.020903 > 0.0001 .
0.241066

E =

Thus we set m =2, N =2" =4, h = 1/N = 0.25, repeat computations with this new step,
and find that v(3;27%) ~ 0.241854 and

(3277 —w(3;271)
v(3;271)

~0.241854 — 0.241066

~ 0.003258 > 0.0001 .
0.241854 -
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We continue increasing m and get

m=3, h=0.125, v(3;27%)=0.241924, ¢ =

m =4, h=0.0625, v(3;27%) = 0.241929, ¢ =

0.241924 — 0.241854

0.241924

0.241929 — 0.241924

0.241929

Therefore, within an accuracy of 0.0001, v(3) ~ 0.24193.
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CHAPTER 4: Linear Second Order Equations

EXERCISES 4.1: Introduction: The Mass-Spring Oscillator, page 159
1. With b = 0 and Fi = 0, equation (3) on page 155 becomes
my” + ky = 0.
Substitution y = sinwt, where w = W, yields

m(sinwt)” + k(sinwt) = —mw?sinwt + ksinwt

= sinwt (—mw® + k) = sinwt (—m(k/m) + k) = 0.
Thus y = sinwt is indeed a solution.
3. Differentiating y(¢), we find

Yy = 2sin 3t + cos 3t
= y' = 6cos 3t — 3sin 3t

= y" = —18sin 3t — 9 cos 3t.
Substituting y, y’, and y” into the given equation, we get

2" +18y = 2(—18sin3t — 9cos3t) + 18(2sin 3t + cos 3t)
= [2(—18) 4 18(2)]sin 3t + [2(—9) + 18(1)] cos 3t = 0.

Next, we check that the initial conditions are satisfied.

y(0) = (2sin 3t + cos 3t) ’t:O: 2s8in0 + cos0 =1,
y'(0) = (6cos 3t — 3sin3t) |,_ = 6cos0 — 3sin0 = 6.
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Writing y(t) in the form

2 . 1 :
y(t) =5 (% sin 3t + 7 Cos 3t) = /5sin(3t 4 7),

where v = arctan(1/2), we conclude that |y(t)| = v/5|sin(3t + v)|, and so max|y(t)] = /5
(since max | sin(3t + )| = 1).

5. We differentiate y(t) twice and obtain
y(t) = e 2sin(v2t)
Y) = e [(~2)sin(vV3H) + Vcos(va)]
y'(t) = e [(—2)2 sin(vV2t) 4+ (—2)V2 cos(V2t) 4+ (—2)v/2 cos(V/2t) — (v/2)?sin(v/2t)
= [2 sin(vV/2t) — 4v/2 COS(\/Qt)] :

Substituting these functions into the differential equation, we get
my' +by +ky = Y +4y +6y=e? [2 sin(v/2t) — 4v/2 cos(\/it)}
+4e72[(—=2) sin(V/2t) + V2 cos(V2t)] + 6e~* sin(V/2t)
= 2 [(2 -84 6)sin(v2t) + (—4V2 + 4V/2) cos(\/ﬁt)} ~0.
Therefore, y = e 2 sin(v/2t) is a solution. As t — 400, e — 0 while sin(v/2t) remains

bounded. Therefore, tliin y(t) =0.

7. For y = Acos bt + Bsin 5t,
y' = —5Asin 5t + 5B cos bt, y" = —25A cos 5t — 25B sin 5t.
Inserting v, 3/, and y” into the given equation and matching coefficients yield
y" + 2y + 4y = 3sin 5t
= (—25A cos bt — 25Bsin 5t) + 2(—5Asin 5t + 5B cos 5t) + 4( A cos 5t + B sin 5t)

= (—21A+ 10B) cos 5t + (—10A — 21B) sin 5t = 3 sin 5t
“921A+10B = 0, N A= —30/541,
—10A —-21B =3 B = —63/541.

Thus, y = —(30/541) cos 5t—(63/541) sin 5t is a synchronous solution to y”+2y'+4y = 3 sin 5t.
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9. We differentiate y = A cos 2t + B sin 2t twice to get
y' = —2Asin 2t + 2B cos 2t and 3" = —4Acos2t — 4B sin 2t,
substitute y, 3/, and y” into the given equation, and compare coefficients. This yields

y"+ 2y + 4y = (—4Acos2t — 4B sin 2t) + 2(—2Asin 2t + 2B cos 2t) + 4(A cos 2t + B sin 2t)

=4Bcos2t — 4Asin 2t = 3 cos 2t + 4sin 2t

4B = 3, A= -1, .
= = = y = —cos 2t + (3/4) sin 2t.
4A=4 B=3/4

EXERCISES 4.2: Homogeneous Linear Equations; The General Solution, page 167

1. The auxiliary equation for this problem is 72 + 5r + 6 = (r + 2)(r + 3) = 0, which has the

2t

roots r = —2 and r = —3. Thus {e %, e 73"} is a set of two linearly independent solutions for

this differential equation. Therefore, a general solution is given by
y(t) = cre® + e,
where c¢; and ¢y are arbitrary constants.

3. The auxiliary equation, 72+ 8r+16 = (r +4)? = 0, has a double root r = —4. Therefore, e~
and te~* are two linearly independent solutions for this differential equation, and a general
solution is given by

y(t) = cre™ + cate ™,

where ¢; and ¢y are arbitrary constants.

5. The auxiliary equation for this problem is r* +7 — 1 = 0. By the quadratic formula, we have

_—1+V1+4  —-14+46
B 2 2

r

Therefore, a general solution is

2(t) = eIV L gye(F1HVEI2,
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7.

11.

13.

15.

170

Solving the auxiliary equation, 2r? + 7r — 4 = 0, yields r = 1/2, —4. Thus a general solution

is given by

t/2 4t

u(t) = cre’* + coe™ ™,

where ¢; and ¢y are arbitrary constants.

. The auxiliary equation for this problem is 72 — r — 11 = 0, which has roots

1+V1+4-11 1+3V5
r= = .
2 2

Thus, a general solution to the given equation is

y(t) = cle(1+3‘/g)t/2 + 026(1_3‘/5)t/2.

Solving the auxiliary equation, 472 4+ 20r + 25 = (2r + 5)* = 0, we conclude that r = —5/2 is

its double root. Therefore, a general solution to the given differential equation is
w(t) = cre 2 4+ cote 2,
The auxiliary equation for this problem is r? + 2r — 8 = 0, which has roots r = —4, 2. Thus,

a general solution is given by

y(t) = cre™ + cpe®

where ¢1, ¢y are arbitrary constants. To satisfy the initial conditions, y(0) = 3, 3/(0) = —12,
we find the derivative y/(t) = —4cie™* + 2¢2€?" and solve the system

y(0) = cre ™0 + %0 = ¢ + ¢p = 3, _ ¢ =3,

y'(0) = —dc1e™0 + 2¢0e?0 = —4c) + 20y = —12 Cy =

Therefore, the solution to the given initial value problem is

y(t) = (3)e " + (0)e* = 3.

The auxiliary equation for this equation is 7> +2r + 1 = (r + 1) = 0. We see that r = —1

is a repeated root. Thus, two linearly independent solutions are y;(t) = e™* and y»(t) = te™".

This means that a general solution is given by y(t) = cie™" + cote™.



17.

19.

Exercises 4.2

To find the constants ¢; and ¢y, we substitute the initial conditions into the general solution

and its derivative, y'(t) = —cie”" + 3 (e7" — te™?), and obtain

y(0)=1=cie® +¢c-0=rcy,
Yy (0)=-3=—1"+ (" —0) = —c; + 3.

So, c; = 1 and ¢y = —2. Therefore, the solution that satisfies the initial conditions is given by

y(t) =e 't —2te™".

The auxiliary equation for this problem, 2 — 2r — 2 = 0, has roots r = 1 + /3. Thus,
a general solution is given by z(t) = eV 4 eIV Differentiating, we find that
Z(t) = e1(1 + V/3)e V3t 4y (1 — /3)el=V3t Substitution of z(¢) and 2/(t) into the initial

conditions yields the system

Z(O):Cl+CQIO, N 01:\/3/2,
2(0) = c1(14+v3) + (1 —V3) = V3(c1 — ) =3 co = —V/3/2.

Thus, the solution satisfying the given initial conditions is

3 3 3
2(t) = g (13 _ g (1-V3)E _ \é_ <€(1+\/§)t B 6(1_\/3),:) .

Here, the auxiliary equation is 72 — 4r — 5 = (r — 5)(r + 1) = 0, which has roots r = 5, —1.

t

Consequently, a general solution to the differential equation is y(t) = c;e™ + cye™, where

c1 and ¢y are arbitrary constants. To find the solution that satisfies the initial conditions,
y(—1) =3 and y'(—1) = 9, we first differentiate the solution found above, then plug in y and

y’ into the initial conditions. This gives

y(—1) =3 =cie”® + cye
y' (1) =9 =5cie™” — cge.

Solving this system yields ¢; = 2¢°, ¢, = e~'. Thus y(t) = 2> 4 ¢+ i the desired

solution.
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21. (a) With y(t) = €™, y/(t) = re’, the equation becomes
are™ 4+ be"™ = (ar + b)e™ = 0.

Since the function €™ is never zero on (—o0, 00), to satisfy the above equation we must
have

ar +b=0.

(b) Solving the characteristic equation, ar+b = 0, obtained in part (a), we get r = —b/a. So

y(t) = e = et/% and a general solution is given by y = ce "/, where c is an arbitrary
constant.
23. We form the characteristic equation, 5r + 4 = 0, and find its root r = —4/5. Therefore,
y(t) = ce™*/% is a general solution to the given equation.

25. The characteristic equation, 6 — 13 = 0, has the root r = 13/6. Therefore, a general solution

is given by w(t) = ce!3/5.

27. Assuming that y;(¢t) = e *cos2t and ys(t) = e 'sin 2t are linearly dependent on (0, 1), we

conclude that, for some constant ¢ and all ¢ € (0,1),
y1(t) = cya(t) = e tcos2t = ce"sin 2t = cos 2t = csin 2t.
Choosing, say, t = /4, we get cos(m/2) = csin(n/2) or ¢ = 0. This implies that
cos2t =0-sin2t =0, t e (0,1),

which is a contradiction. Thus, y;(f) and ys(t) are linearly independent on (0, 1) (and so on

(—00, 00); see Problem 33(a) below).

29. These functions are linearly independent, because the equality y;(t) = cyo(t) would imply

that, for some constant c,

te?t = ce? = t

Il
O

on (0,1).
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31. Using the trigonometric identity 1 + tan®t = sec?t, we conclude that
y1(t) = tan’t — sec’t = —1 = y2(t) =3 = (=3)y1(t),
and so y;(t) and yy(t) are linearly dependent on (0,1) (even on (—o0,00)).

33. (a) True. Since y;(t) and yo(t) are linearly dependent on [a, b], there exists a constant ¢ such
that y1(t) = cya(t) (or yo(t) = cyi(t)) for all ¢ in [a,b]. In particular, this equality is
satisfied on any smaller interval [c,d], and so y;(t) and y»(¢) are linearly dependent on

e, d].

(b) False. As an example, consider y;(t) = t and y»(t) = |t| on [—1,1]. For ¢ in [0, 1],
y2(t) =t = y1(t), and so ya(t) = c1y1(t) with constant ¢; = 1. For ¢ in [—1, 0], we have
yo(t) = —t = —y1(t), and so ya(t) = coy1(t) with constant co = —1. Therefore, these two
functions are linearly dependent on [0, 1] and on [—1,0]. Since ¢; # c¢g, there is no such
a constant ¢ that y;(t) = cya(t) on [—1,1]. So, y1(t) and yo(t) are linearly independent
on [—1,1].

35. (a) No, because, for t > 0, yo(t) = |t3| = 3 =y (1).
(b) No, because, for t <0, yo(t) = |[£3| = —t* = —y; (¢).

(c) Yes, because there is no constant ¢ such that yo(t) = cyi(t) is satisfied for all ¢ (for

positive ¢t we have ¢ = 1, and ¢ = —1 for negative t).

(d) While y;(t) = 3t* on (—o00,00), for the derivative of y,(t) we consider three different
cases: t < 0,t=0,and t > 0. For t <0, y(t) = —1t3, y4(t) = —3t?, and so

t3 —t3

s _ap = t°(=3t%) — 3t*(—t’) = 0.

Wiyr, 2l (t) =

Similarly, for ¢ > 0, yo(t) = 3, y4(t) = 3t*, and

t3 t3 3 2 2 43
Wy, ya(t) = =33t =3t - t° = 0.
i, 92]() 3?32
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Fort =0, y1(0) = 3-0> = 0 and y4(0) = 0. The latter follows from the fact that one-sided
derivatives of yo(t), 3t? and —3t2, are both zero at t = 0. Also, y1(0) = y»(0) = 0. Hence

0 0

Wlyr, y2](0) = 0 0

=0,

and so Wy, ys](t) = 0 on (—o00,00). This result does not contradict part (b) in Prob-
lem 34 because these functions are not a pair of solutions to a homogeneous linear

equation with constant coefficients.

37. If y1(t) and yo(t) are solutions to the equation ay” + by’ + ¢ = 0, then, by Abel’s formula,
Wy, y2)(t) = Ce /% where C is a constant depending on y; and y,. Thus, if C' # 0, then

Wy, y2)(t) # 0 for any ¢ in (—oo, 00), because the exponential function, e

—bt/a s never zero.

For C = 07 W[yla yQ](t) =0 on (_007 OO)

39. (a) A linear combination of y(t) = 1, y2(t) = ¢, and y3(t) = 2,

174

(b)

Ci-14+Cy-t+C5-t2 =0y + Cot + Cst?,

is a polynomial of degree at most two and so can have at most two real roots, unless it is
a zero polynomial, i.e., has all zero coefficients. Therefore, the above linear combination
vanishes on (—oo, 00) if and only if C} = Cy = C3 = 0, and y1(t), y=(t), and y3(t) are

linearly independent on (—o0, 00).
Since
5y1(t) + 3ya(t) + 15ys(t) = —15 + 15sin® ¢ + 15cos* t = 15(—1 + sin*t + cos®t) = 0
on (—oo,00) (the Pythagorean identity), given functions are linearly dependent.
These functions are linearly independent. Indeed, since the function e! does not vanish
on (—o0, 00),
Ciyr + Coyz + Csys = Cre' + Cote’ + Cst’e’ = (C + Cot 4+ Cst*) ' = 0

if and only if C; + Cyt + C3t?> = 0. But functions 1, ¢, and ¢? are linearly independent

on (—o00,00) (see (a)) and so their linear combination is identically zero if and only if

Ci=0,=03=0.
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(d) By the definition of cosht,

ef+et 1 I
y3(t) = cosht = 5 = §et+§€ f= iyl(t)_'__yQ(t)a

and given functions are linearly dependent on (—o0, 00).
41. The auxiliary equation for this problem is 72 + 72 — 6r + 4 = 0. Factoring yields

Pt —6r+4 = (1P =17 + (27 = 2r) + (—4r +4)
= rr—=1)+2r(r—1)—4(r—1) = (r = 1)(r* + 2r — 4).

Thus the roots of the auxiliary equation are

r=1 and r= —2+ \/(_2)22 — 4= =—1++5.

Therefore, the functions ef, e(*lf\/g)t, and eIV are solutions to the given equation, and
they are linearly independent on (—oo,00) (see Problem 40). Hence, a general solution to

y/// + y// _ 6y’ + 4y =01is given by

y(t) = cre’ + O LR e e L

42. The auxiliary equation associated with this differential equation is 73 — 672 — 7 + 6 = 0. We
see, by inspection, that » = 1 is a root. Dividing the cubic polynomial 73 — 612 — r + 6 by

r — 1, we find that
=6 —r+6=(r—1)0*=5r—6)=(—1)(r+1)(r—6).
Hence r = —1, 1, 6 are the roots to the auxiliary equation, and a general solution is

y(t) = cre™t + coet + cze.

43. Factoring the auxiliary polynomial yields

420 —dr —8 = (r*+42r?) — (4r +8)
= P2(r+2)—40r+2)=(r+2) (1 —4) = (r+2)(r +2)(r — 2).
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45.

47.

176

Therefore, the auxiliary equation has a double root —2 and a root 2. The functions e,

te=?, and e* form a linearly independent solution set. Therefore, a general solution in this

problem is

2(t) = cre™? + cote ™ + cge*.

By inspection, we see that r = 2 is a root of the auxiliary equation, r3 4 3r? — 4r — 12 = 0.

Dividing the polynomial 73 + 3r%2 — 4r — 12 by r — 2 yields

P37 —dr —12=(r —2) (r*+5r 4+ 6) = (r — 2)(r + 2)(r + 3).

Hence, two other roots of the auxiliary equation are r = —2 and r = —3. The functions e,

e 2 and e?! are three linearly independent solutions to the given equation, and a general

solution is given by

y(t) = cre™ + cpe™ + cze.

First we find a general solution to the equation y” — ¢y’ = 0. Its characteristic equation,

r® —r =0, has roots r = 0, —1, and 1, and so a general solution is given by

y(t) = 10 + eV egeM = ¢ + cpe™t + cset .
Differentiating y(t) twice yields
Y'(t) = —ce™" + cse’ y'(t) = coe" + c3e’.

Now we substitute y, 3/, and y” into the initial conditions and find ¢;, ¢z, and c3.

y(0)=c1+cat+cg = 2 ¢ =3,
y'(0) = —co+c3 = 3, = Co = —2,
y"(0) = 2 +c3 = -1 c3 = 1.

Therefore, the solution to the given initial value problem is

y(t) =3 —2e " +¢.
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(b)
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To find the roots of the auxiliary equation, p(r) := 3r3 4+ 1872 + 13r — 19 = 0, one can

use Newton’s method or intermediate value theorem. We note that

p(—=5) =-9<0, p(—4) =25 >0,
p(—2)=3>0, p(—1)=—-17 <0,
p(0) = -19 <0, p(l) =15>0.

Therefore, the roots of p(r) belong to the intervals [—5,—4], [-2,—1], and [0, 1], and
we can take r = —5, r = —2, and r = 0 as initial quesses. Approximation yields

r1 ~ —4.832, ro = —1.869, and r3 = 0.701. So, a general solution is given by

y(t) — Clent + 62€r2t 4 Cgergt — 61674.83225 + 62671.86925 + 0360'701t )

The auxiliary equation, r* — 5r2 +5 = 0, is of quadratic type. The substitution s = 2

yields

dE VD
= r=%Vs=+ Vo

s°—5s+5=0 = s = 5

Therefore,

5 —
2

S
ot
S

ry = ~ 1.176, rog = ~ 1902, r3=-ry, and ry= -1y

are the roots of the auxiliary equation, and a general solution to y™) — 5y” + 5y = 0 is
given by y(t) = c1e™" + coe™ ™ + c3€™! + che "2t

We can use numerical tools to find the roots of the auxiliary fifth degree polynomial
equation 75 — 3r% — 573 4+ 1572 + 4r — 12 = 0. Alternatively, one can involve the rational
root theorem and examine the divisors of the free coefficient, —12. These divisors are
+1, £2, £3, £4, £6, and £12. By inspection, r = +1, +2, and 3 satisfy the equation.

Thus, a general solution is y(t) = cie™" + coe! + cze™ 2 + c4e® + c5e3t.

EXERCISES 4.3: Auxiliary Equations with Complex Roots, page 177

1. The auxiliary equation in this problem is 72 + 9 = 0, which has roots r = £3i. We see that

a =0 and # = 3. Thus, a general solution to the differential equation is given by

y(t) = c1 0% cos 3t + cpe D sin 3t = ¢; cos 3t + ¢y sin 3t.
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11.

13.

178

The auxiliary equation, 72 — 6r 4 10 = 0, has roots r = (6 + 62 — 40) /2=3+1i. Soa=3,
6 =1, and

3

2(t) = ci1e® cost + cpe® sint

is a general solution.

. This differential equation has the auxiliary equation 2 +4r-+6 = 0. The roots of this auxiliary

equation are r = (—4 + /16 — 24) /2=-2+ V2i. We see that a = —2 and 6= V2. Thus,

a general solution to the differential equation is given by

w(t) = cre™? cos V2t + cpe? sin V21

The auxiliary equation for this problem is given by

24/4—-104 1
472 —4r +26 =0 = 22 —2r+13=0 = r:Tzﬁi

5.
—1.

Therefore, « = 1/2 and § = 5/2. Thus, a general solution is given by

ot ot
y(t) = c1et’? cos (§> + ¢et?sin (5> .

. The associated auxiliary equation, r*> — 8 4+ 7 = 0, has two real roots, r = 1, 7. Thus the

answer 1s

y(t) = cre’ + ce™.

The auxiliary equation for this problem is r? + 10r + 25 = (r + 5)* = 0. We see that r = —5
is a repeated root. Thus two linearly independent solutions are 21 (t) = e~ and z(t) = te™.

This means that a general solution is given by
2(t) = cre™ + cote™™
where c¢; and ¢y are arbitrary constants.

Solving the auxiliary equation yields complex roots

4+ 2r+5=0 = r= = —1+ 2.
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17.

19.

21.
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So, a = —1, § = 2, and a general solution is given by

y(t) = cre " cos 2t + coe " sin 2t.

First, we find the roots of the auxiliary equation.

—10 £ /102 — 4(1)(41
r24+10r+41=0 = r= \/2 ()():—5i4z’.

These are complex numbers with &« = —5 and 3 = 4. Hence, a general solution to the given
differential equation is

y(t) = cre”® cos 4t + coe " sin 4t.

The auxiliary equation in this problem, r? — r 4+ 7 = 0, has the roots

112 —4()(7) 1i\/——27_1i3\/§,
- 2 - 2 T 272"

2

r

Therefore, a general solution is
3v3 3v3
y(t) = c1e’? cos <T\/_ t) + cpe'/* sin <T\/_ t) .

The auxiliary equation, 3 +172+3r —5 = 0, is a cubic equation. Since any cubic equation has
a real root, first we examine the divisors of the free coefficient, 5, to find integer real roots (if

any). By inspection, r = 1 satisfies the equation. Dividing 7® + r? + 3r — 5 by r — 1 yields
Pt 3r—5=(r—1)(r*+2r+5).

Therefore, the other two roots of the auxiliary equation are the roots of the quadratic equation
r2+2r+5 = 0, which are r = —142i. A general solution to the given equation is then given
by

y(t) = cre’ + coe " cos 2t + cze ' sin 2t.

The auxiliary equation for this problem is r? + 2r + 2 = 0, which has the roots

—2++v4-28 .
T:#:—liz.
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So, a general solution is given by
y(t) = cre " cost + cpe sint

where ¢; and ¢, are arbitrary constants. To find the solution that satisfies the initial conditions,
y(0) = 2 and y'(0) = 1, we first differentiate the solution found above, then plug in given

initial conditions. This yields y'(t) = cie™*(— cost — sint) + cee *(cost — sint) and

y(0) =1 =2,
y/(O) = —C —f-CQ =1.

Thus ¢; = 2, co = 3, and the solution is given by

y(t) = 2e " cost + 3e "sint.

The auxiliary equation for this problem is r* — 4r + 2 = 0. The roots of this equation are

r

_AEVIE-8 L g
== ,

which are real numbers. A general solution is given by w(t) = ¢;e@HV2t 4 eVt where
c1 and ¢y are arbitrary constants. To find the solution that satisfies the initial conditions,
w(0) = 0 and w'(0) = 1, we first differentiate the solution found above, then plug in our

initial conditions. This gives

w(0) =c1 + ¢ =0,
w’(O):<2+\/§>cl+<2—\/§>02:1.

Solving this system of equations yields ¢; = 1/(2v/2) and ¢, = —1/(2v/2). Thus

2v2 2V/2 4

is the desired solution.

w(t) = 1 2tV L 2=Vt _ @ <€(2+\/§)t . e(%ﬁ)t)
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27.
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The auxiliary equation, 72> — 2r + 2 = 0, has the roots r = 1 & 4. Thus, a general solution is
y(t) = cre’ cost + cye' sint

where ¢; and ¢, are arbitrary constants. To find the solution that satisfies the initial conditions,

y(m) = e™ and y'(7) = 0, we find y/(t) = cie’(cost — sint) + coef(sint + cost) and solve the

system
e’ =y(m) = —cre,
0=19'(7) = —cre" — cze™.
This yields ¢; = —1, ¢g = —c; = 1. So, the answer is
y(t) = —e' cost + e’ sint = e'(sint — cost).

To solve the auxiliary equation, r® — 472 + 7r — 6 = 0, which is of the third order, we find its
real root first. Examining the divisors of —6, that is, £1, +2, £3, and £6, we find that r = 2

satisfies the equation. Next, we divide 7 — 4r? + 7r — 6 by r — 2 and obtain
P —Ar? +Tr—6=(r—2) (r* —2r+3).
Therefore, the other two roots of the auxiliary equation are
r

:H— lei\/ﬁi
2 b

and a general solution to the given differential equation is given by
y(t) = c1e? + cye’ cos V2t + cael sin V2t .

Next, we find the derivatives,

Y (t) = 2c1€* + cyet (cos V2t — /2 sin \/§t> + c3€ (sin V2t 4 /2 cos \/§t> :
y'(t) = 4cre® + cye <— cos V2t — 2v/2sin \/515) + cz€’ (— sin V2t 4+ 2v/2 cos \/51%) :
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and substitute y, 3, and y” into the initial conditions. This yields

Cl—|—02:1, 01:1,
201+Cg+\/§03207 = 02:0,
4C1-Cg+2\/§03:0 63:—\/5.

With these values of the constants ¢y, ¢o, and c3, the solution becomes
y(t) = e — V/2e! sin /2t .

29. (a) As it was stated in Section 4.2, third order linear homogeneous differential equations
with constant coefficients can be handled in the same way as second order equations.
Therefore, we look for the roots of the auxiliary equation 7 — 72 +r 4+ 3 = 0. By
the rational root theorem, the only possible rational roots are r = £1 and £+3. By
checking these values, we find that one of the roots of the auxiliary equation is r = —1.
Factorization yields

=+ r+3=(r+1)r*—2r+3).
Using the quadratic formula, we find that the other two roots are
po2tvizlz V24_12 =1+V2i.
A general solution is, therefore,
y(t) = cre™t 4 coet cos V2t + czel sin V2t .
(b) By inspection, r = 2 is a root of the auxiliary equation, r® + 2r% + 5r — 26 = 0. Since

4 2r + 51 — 26 = (r — 2) (r* + 4r +13)

the other two roots are the roots of 2 4+ 4r 4+ 13 = 0, that is, » = —2 4 3i. Therefore, a

general solution to the given equation is
y(t) = cre* + coe * cos 3t + cze ' sin 3t .
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31. (a)

(b)
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The fourth order auxiliary equation r* + 13r% + 36 = 0 can be reduced to a quadratic
equation by making a substitution s = 2. This yields

—134++/169—144 —-13+5
2 - 2

s*+13r +36 =0 = 5 =

Thus, s = (—=13+5)/2 = —4 or s = (=13 —5)/2 = —9, and the solutions to the auxiliary
equation are r = £y/—4 = +2; and r = £v/—9 = £3i. A general solution, therefore,
has the form

y(t) = 1 cos 2t + co8in 2t + c3 cos 3t + ¢4 sin 3t .

Comparing the equation y” + 16y = 0 with the mass-spring model (16) in Example 4,
we conclude that the damping coefficient b = 0 and the stiffness constant k£ = 16 > 0.
Thus, solutions should have an oscillatory behavior.
Indeed, the auxiliary equation, r? 4 16 = 0, has roots r = 44i, and a general solution is
given by

y(t) = ¢y cos 4t + cosindt .

Evaluating y/(¢) and substituting the initial conditions, we get

y0) =a=2 = a=2 = y(t) = 2cos4t.

y'(0) =4c; =0 co=0
Positive damping b = 100 and stiffness £ = 1 imply that the displacement y(t) tends to
zero, as t — oo.
To confirm this prediction, we solve the given initial value problem explicitly. The roots
of the associated equation are

—100 4+ /1002 — 4
= 00 5 0o = —50 £ v2499.

r

Thus the roots r; = —50 — /2499 and ry = —50 + /2499 are both negative. A general

solution is given by
y(t) = cre™ + cpe™ = Y'(t) = crre™t 4 corpe™"
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(d)

Solving the initial value problem yields
y(0)=1=1c; + ¢, cp =ry/(re — 1),
y/(0)20201T1+02T2 CQZTl/(Tl—Tg),

and so the desired solution is

50+ V2499 (s e, 50+ V2A99 (o, iy
C2y2499 21/2499

Since both powers in exponential functions tend to —oo as t — oo, y(t) — 0.

y(t) =

The corresponding mass-spring model has negative damping b = —6 and positive stiffness
k = 8. Thus the magnitude |y(t)| of the displacement y(¢) will increase without bound,
as t — 00. Moreover, because of the positive initial displacement and initial zero velocity,
the mass will move in the negative direction. Thus, our guess is that y(t) — —oo as
t — 00.

Now we find the actual solution. Since the roots of the auxiliary equation are r = 2 and
r = 4, a general solution to the given equation is y(t) = cie* + cpe’. Next, we find ¢;

and ¢y satisfying the initial conditions.

y(0)21:C1+CQ, 01:2’
y'(0) =0 =2¢1 +4e ¢y = —1.

Thus, the desired solution is

y(t) = 2e* — e*
and it approaches —oo as t — oo.

In this problem, the stiffness k& = —3 is negative. In the mass-spring model, this means
that the spring forces the mass to move in the same direction as the sign of the displace-
ment is. Initially, the displacement y(0) = —2 is negative, and the mass has no initial
velocity. Thus the mass, when released, will move in the negative direction, and the

spring will enforce this movement. So, we expect that y(tf) — —oo as t — oo.

To find the actual solution, we solve the auxiliary equation 72 4+ 2r — 3 = 0 and obtain

r = —3, 1. Therefore, a general solution is given by y(t) = cie 3 + cye!. We find ¢; and



Exercises 4.3

¢y from the initial conditions.

y(0)=-2=c1+c, N o =—1/2,
y'(0)=0=—=3c1 + e cy = —3/2.
Thus, the solution to the initial value problem is
s =-S5 -
and, as t — 00, it approaches —oo.
(e) As in the previous problem, we have negative stiffness & = —6. But this time the initial

displacement, y(0) = 1, as well as the initial velocity, 3'(0) = 1, is positive. So, the
mass will start moving in the positive direction, and will continue doing this (due to the
negative stiffness) with increasing velocity. Thus our prediction is that y(¢) — oo when
t — 0.

Indeed, the roots of the characteristic equation in this problem are r = —2 and 3, and
so a general solution has the form y(t) = cje™" + coe3. To satisfy the initial conditions,

we solve the system
y(0)=1=rc; + ¢, N c =2/5,
y'(0) =1=—2¢1 + 3¢z co = 3/5.
Thus, the solution to the initial value problem is

26721‘/ 36325
y(t) =

+ )
5 5
and it approaches oo as t — oo.

33. From Example 3 we see that, in the study of a vibrating spring with damping, we have the

initial value problem
my"(t) + by’ (1) + ky(t) =0;  y(0)=wo,  ¥'(0)=wp,

where m is the mass of the spring system, b is the damping constant, k is the spring constant,
y(0) is the initial displacement, y'(0) is the initial velocity, and y(¢) is the displacement of the

mass from the equilibrium at time ¢.
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(a) We want to determine the equation of motion for a spring system with m = 10 kg,
b = 60 kg/sec, k = 250 kg/sec?, y(0) = 0.3 m, and 3'(0) = —0.1 m/sec. That is, we seek

the solution to the initial value problem
10y" (¢) + 60y’ (t) + 250y(¢t) = 0; y(0) = 0.3, y'(0) = —0.1.
The auxiliary equation for the above differential equation is
10r* +60r +250 =0 =  r’4+6r+25=0,

which has the roots

_ —6+36-100 —6+8i

= -3+ 4.
2 2

r

Hence a = —3 and # = 4, and the displacement y(¢) has the form
y(t) = cre” cos 4t + coe " sin 4.
We find ¢; and ¢, by using the initial conditions. We first differentiate y(t) to get
Y (t) = (—3cy + 4eg)e  cos 4t + (—4ey — 3cp)e ¥ sin 4t.
Substituting y and 3’ into the initial conditions, we obtain the system
y(0) =03 =¢,
y'(0) = =0.1 = —3¢; +4cy .

Solving, we find that ¢; = 0.3 and ¢y = 0.2. Therefore the equation of motion is given
by
y(t) = 0.3e " cos 4t + 0.2¢ 3 sin 4¢ (m).

(b) From Problem 32 we know that the frequency of oscillation is given by £/(27). In part
(a) we found that 8 = 4. Therefore the frequency of oscillation is 4/(27) = 2/m.

(c) We see a decrease in the frequency of oscillation. We also have the introduction of the
factor e=3, which causes the solution to decay to zero. This is a result of energy loss due

to the damping.
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35. The equation of the motion of a swinging door is similar to that for mass-spring model (with
the mass m replaced by the moment of inertia I and the displacement y(t) replaced by the
angle 0 that the door is open). So, from the discussion following Example 3 we conclude that

the door will not continually swing back and forth (that is, the solution 6(¢) will not oscillate)

it b>Valk =2V 1k.

37. (a) The auxiliary equation for this problem is r* + 2r? + 1 = (r? + 1)2> = 0. This equation
has the roots ry = ro = —1, r3 = r4 = 7. Thus, cost and sint are solutions and, since the
roots are repeated, we get two more solutions by multiplying cost and sint by ¢, that is,

tcost and tsint are also solutions. This gives a general solution
y(t) = ¢y cost + cysint + cgt cost + cyt sint.
(b) The auxiliary equation in this problem is
4 +12r° + 167 + 16 = (r* + 2r + 4)* = 0.

The roots of the quadratic equation r? + 2r +4 = 0 are

:—Q:I:\/4—16:_1i\/§l,
5 .

r

Hence the roots of the auxiliary equation are r; = ry = —1— V3iand rg = ry, = —14+/3i.
Thus two linearly independent solutions are e~ cos(v/3t) and e*sin(v/3t), and we get
two more linearly independent by multiplying them by ¢. This gives a general solution
of the form

y(t) = (c1 + cot)e cos(V/3t) + (5 + cat)e sin(V/3t).

39. (a) Comparing given equation with the Cauchy-Euler equation (21) in general form, we
conclude that @ = 3, b = 11, and ¢ = —3. Thus, the substitution z = e’ leads to the

equation (22) in Problem 38 with these values of parameters. That is,

d*y dy Py dy
Ly (b—a)2 -0 322182 3, =0
a0ty = a2 o Y
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43.
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(b) The auxiliary equation to the differential equation obtained in (a) is 3r? + 8r — 3 = 0,

which has the roots

8+ /61—4(3)(=3) -8+10 1
= = = =3, 5.
" 6 6 " '3

This yields a general solution y(t) = c;e'/? + cye™.
(c) Since x = €', we can express y(t) as a function of x by writing

1/3

y=cre? + e = ¢ (&) + ¢ (et)f3 = c,2'? + cor 3.

This equation is a Cauchy-Euler equation. The substitution z = e’ leads to the equation (22)

with a =1, b = 2, and ¢ = —6. Thus we have

d*y dy d*y dy
Y - —0 Sl A A Y
v Tl —a) gty = az T Y

The auxiliary equation, 72 + r — 6 = 0, has the roots 7 = —3 and r = 2. Therefore, a general

solution can be written as

y=ce "+ e =c () T +o (et)2 =z 3 4 1.

The substitution x = €' yields the equation

d*y dy Py dy
—Z 4+ (9-1)=Z4+17y=0 = —Z 4824+ 17y=0.
dt2+( )dt+ Yy dt2+ dt+ Yy

Solving the characteristic equation, r? + 8 + 17 = 0, we get

—8 = /64 — 68 ,
r = 2 :—4:i:/l

Thus, the roots are complex with « = —4, § = 1, and a general solution, as a function of ¢, is

4 4

given by y(t) = cie * cost + coe”*sint. Now we make the back substitution. Since x = €,

we have t = Inx and so

y = (et)f4 (cicost + cysint) = 274 [c; cos(Inx) + ¢y sin(In )] .
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EXERCISES 4.4: Nonhomogeneous Equations: The Method of Undetermined

1.

11.

12.

. Rewriting the right-hand side in the form 3

Coefficients, page 186

We cannot use the method of undetermined coefficients to find a particular solution because

of the ¢t~ term, which is not a polynomial.

= en3)t — et wwhere r = In 3, we conclude that

the method of undetermined coefficients can be applied.

. Since secf = 1/ cosf, we cannot use the method of undetermined coefficients.

Given equation is not an equation with constant coefficients. Thus the method of undeter-

mined coefficients cannot be applied.

. The roots of the auxiliary equation, 72 +3 = 0, are r = ++/3i. Since they are different from

zero, we look for a particular solution of the form y,(t) = A. Substitution into the original

equation yields
(A" +34=-9 = 34A=-9 = A=-3.

Thus, y,(t) = —3 is a particular solution to the given nonhomogeneous equation.

2t is not a

The auxiliary equation in this problem, 2r? +1 = 0, has complex roots. Therefore, e
solution to the corresponding homogeneous equation, and a particular solution to the original
nonhomogeneous equation has the form z,(t) = Ae*. Substituting this expression into the

equation, we find the constant A.

2 (Ae*)" + Ae® = 2 (4Ae*) + Ae® = 94e* =9¢* =  A=1.

Hence, z,(t) = e*.

This equation is a linear first order differential equation with constant coefficients. The
corresponding homogeneous equation, 22’ +x = 0, can be solved by the methods of Chapter 2.

Alternatively, one can use the result of Problem 21 in Section 4.2. Either approach yields
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13.
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x,(t) = Ce /2. So, the homogeneous equation does not have a polynomial solution (other
than z(¢) = 0), and we look for a particular solution to the nonhomogeneous equation of the

form x,(t) = Agt? + Ayt + Ag. Substitution into the original differential equation yields
By equating coefficients we obtain

Ay =3,
4A2 + Al =0 = A1 = —12,
2A1+A0:O = A0:24

Therefore, a particular solution is z,(t) = 3t* — 12t + 24.

The right-hand side of the original nonhomogeneous equation suggest us the form
yp(t) = t*(Acos 3t + Bsin 3t)

for a particular solution. Since the roots of the auxiliary equation, 72 —r +9 = 0, are different
from 3, neither cos 3t nor sin 3t is a solution to the corresponding homogeneous equation.

Therefore, we can choose s = 0, and so

yp(t) = Acos3t + Bsin3t,

Yp(t)
Yy, (t) = —9A cos 3t — 9B sin 3t.

—3Asin 3t + 3B cos 3t,

Substituting these expressions into the original equation and equating the corresponding co-

efficients, we conclude that

(—9Acos3t —9Bsin3t) — (—3Asin3t + 3B cos 3t) + 9 (A cos 3t + Bsin 3t) = 3sin 3t
= —3B cos 3t + 3Asin 3t = 3sin 3t = A=1, B=0.

Hence, the answer is y,(t) = cos 3t.
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15. For this problem, the corresponding homogeneous equation is y” — 5y’ 4+ 6y = 0, which has

16.

the associated auxiliary equation r? — 5r + 6 = 0. The roots of this equation are r = 3 and

r = 2. Therefore, neither y = e* nor y = xe® satisfies the homogeneous equation, and in the

expression y,(z) = x(Ax + B)e” for a particular solution we can take s = 0. So

Yp(x) =

=

=

=

=

and y,(z) =

(Az + B)e”

y,(r) = (Az + B + A)e”

Yy, (z) = (Ax + B + 2A)e”

(Az + B+ 2A)e” — 5(Az + B+ A)e” 4+ 6(Azx + B)e® = ze”®

24 = 1, A=1/2,

(2Az — 3A + 2B)e” = xe” =
“34+2B=0 B=3/4,

(x/2+43/4)e".

The corresponding homogeneous equation has the auxiliary equation 2 — 1 = 0, whose roots

are 7 = £1. Thus, in the expression 6,(t) = (A1t + Ap) cost + (Bit + Bp) sint none of the

terms is a solution to the homogeneous equation. We find

0,(t) = (A1t + Ag) cost + (Bt + By) sint

=

0,(t) = Ay cost — (Ait + Ag)sint + Bysint + (Bit + By) cost
= (Bit+ Ay + By) cost + (—Ajt — Ay + By)sint

0,(t) = Bycost — (Bit 4+ By + A1) sint — Ay sint + (— Ayt — Ag + By) cost
= (—Ajt — Ay + By)cost + (—Byt — By — 24, ) sint.

Substituting these expressions into the original differential equation, we get

0! — 0,

= (—Alt— A0+281)C08t+ <—Blt— BO — 2A1)sint
— (Ayt + Ag) cost — (Bt + By) sint
= —2Ajtcost + (—2Ap +2B;)cost — 2Bytsint + (—2A; — 2By) sint

= tsint.
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17.

19.

192

Equating the coefficients, we see that

—2A4, =0 = A =0,

94, +2B, =0 = B =A,

—2B; =1 = By :—% and so AO:—E,
C9A — 9By =0 =  By=0

Therefore, a particular solution of the nonhomogeneous equation #” — 6 = tsint is given by

tsint + cost

ep (t) = 9

The right-hand side of the original equation suggests that a particular solution should be of
the form y,(t) = At®e’. Since r = 1 is a double root of the corresponding auxiliary equation,

r?—=2r+1=(r—1)>=0, we take s = 2. Hence
y,(t) = At%e! = y(t) =A(t*+2t) = yn(t) =A( +4t+2) e
Substituting these expressions into the original equation, we find the constant A.
AP +4t+2)e =24 +2t) ' + AP’ =8¢ = 24e'=8¢ =  A=4
Thus, y,(t) = 4t%€".

According to the right-hand side of the given equation, a particular solution has the form
yp(t) = t5(Ast + Ag)e . To choose s, we solve the auxiliary equation, 472 + 11r — 3 = 0, and

find that » = —3 is its simple root. Therefore, we take s = 1, and so
yp(t) =t (At + Ag) e = (Ait* + Agt) e ™.
Differentiating yields

y;(t) = [—3A1t2 + (2A1 — 3A0) t+ Ao} 67325,
yn(t) = [9A418% + (940 — 124,) t + 2A; — 64p) e
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Substituting y, ¥, and y” into the original equation, after some algebra we get

—264; = —2, Ay =1/13,

—3t —3t
— 1 — E——

Therefore,
t 8
t)=—=+—)te ™.
4(?) (13+169) ‘

The nonhomogeneous term of the original equation is te?. Therefore, a particular solution
has the form z,(t) = t* (A1t + Ap) €*'. The corresponding homogeneous differential equation
has the auxiliary equation r* —4r + 4 = (r — 2)®> = 0. Since r = 2 is its double root, s is

chosen to be 2. Thus a particular solution to the nonhomogeneous equation has the form
z,(t) = (Art + Ag) € = (Ait® + Apt?) e
We compute
zh = (BA1t* + 2Apt) € + 2 (At + Aot?) €™,
xhy = (6A1t + 240) €* + 4 (3A11? + 2A40t) € + 4 (Ayt® + Agt?) €.
Substituting these expressions into the original differential equation yields

o — Az + 4z, = (6A1t 4 2A0) € +4 (3A18% + 2A0t) €* 4 4 (Art® + Apt?) €
—4 (3A1t2 + 2A0t) €2t -8 (A1t3 + A0t2) €2t + 4 (A1t3 + A0t2) €2t
= (6A1t + 2140) €2t = t€2t.

Equating coefficients yields Ag = 0 and A; = 1/6. Therefore x,(t) = t*¢*' /6 is a particular

solution to the given nonhomogeneous equation.

The right-hand side of this equation suggests that y,(0) = 6°(A26? + A10 + Ap). We choose

s = 1 because r = 0 is a simple root of the auxiliary equation, r? — 7r = 0. Therefore,

yp(e) = (9(14292 + A19 + Ao) = A293 + A1(92 + Aoe
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So,
Yo =Ty = (6420 + 2A1) =7 (3A20° + 2A10 4+ Ag) = —21A20°+(6A3—14A4,)0+2A,—TAy = 6.

Comparing the corresponding coefficients, we find Ay, Ay, and A,.

—21A, =1, Ay =—1/21,
6A; — 14A, =0, = Ay =3A,/7T=—1/49,
24, —TAy; =0 Ay =2A,/7=-2/343.
Hence
1 1 2
yp(e) S 1 G — )

21 49 343

25. We look for a particular solution of the form y,(t) = ¢*(A cos 3t + Bsin 3t)e*. Since r = 2+ 3i

is not a root of the auxiliary equation, which is 2 4 2r +4 = 0, we can take s = 0. Thus,

y,(t) = (Acos 3t + Bsin 3t)e*
= yn(t) = [(2A + 3B) cos 3t + (—3A + 2B) sin 3t)]
= yn(t) = [(—5A + 12B) cos 3t + (—12A — 5B) sin 3t)]e* .

Next, we substitute y,, y,, and y, into the original equation and compare the corresponding

coeflicients.

Yo + 2y, + 4y, = [(3A + 18B) cos 3t + (—18A + 3B) sin 3t]e* = 111e* cos 3t

34+ 18B =111,
—184+3B =0.

This system has the solution A =1, B = 6. So,

y,(t) = (cos 3t + 6sin 3t)e* .

27. The right-hand side of this equation suggests that
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yp(t) = t° (Ast® + Aot® + Ast + Ag) cos 3t + t° (Bst® + Bot® + Byt + By) sin 3t.
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To choose s, we find the roots of the characteristic equation, which is 72 +9 = 0. Since
r = 43¢ are its simple roots, we take s = 1. Thus
yp(t) =t (Ast® + Ast® + Ayt + Ag) cos 3t + t (Bst® + Byt® + Byt + By) sin 3t.
The characteristic equation 72 — 67 + 9 = (r — 3)*> = 0 has a double root r = 3. Therefore, a
particular solution is of the form
yp(t) = 7 (Apt® + Ast® + Agt* + Ast® + Axt® + Ast + Ag) ™.

From the form of the right-hand side, we conclude that a particular solution should be of the

form
yp(t) = t° [(Ast® + Ast® + Ajt + Ag) cost + (Bst® + Bot® + Bit + By) sint] e ™.

Since 7 = —1 4 ¢ are simple roots of the characteristic equation, r? + 2r + 2 = 0, we should

take s = 1. Therefore,
yp(t) =t [(Ast® + Ast® + Ayt + Ap) cost + (Bst® + Byt* + Bit + By) sint] e .
The right-hand side of the equation suggests that y,(t) = t*(Acost + Bsint). By inspection,

we see that r = 7 is not a root of the corresponding auxiliary equation, 3 —r? +1 = 0. Thus,

with s = 0,

yp(t) = Acost + Bsint,
) = —Asint + Bcost,
)

I
|
NN
(@]
O
n
~
|
Sy
@.
=
\.@F

and substitution into the original equation yields

(Asint — Bcost) — (—Acost — Bsint) + (Acost + Bsint) = sint
= (2A — B)cost+ (A4 2B)sint =sint
94— B =0, A=1/5,

1 2
= = = t) = — cost + — sint.
A+2B=1 B=2/5 vl =3 5
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35. We look for a particular solution of the form y,(t) = t¥( A1t + Ap)e’, and choose s = 1 because
the auxiliary equation, r3 + 1% —2 = (r — 1)(r> + 2r + 2) = 0 has r = 1 as a simple root.
Hence,

y(t) = t(Art + Ag)e' = (Art? + Apt)e!

yn(t) = [Art® + (24 + Ag)t + Ag| €'

yn(t) = [Art® + (4A1 + Ag)t + (24; + 2A,)] €'

o' (t) = [Art® + (6A1 + Ag)t 4 (641 + 3A4,)] €'

y" +y" =2y = [10Ast + (8A; + 5A4g)] e’ =te".

I R

Equating the corresponding coefficients, we find that

104, =1, A, =1/10, 1, 4\,
- = ) =5t 5t
8A; + 54, =0 Ay = —8A,/5=—4/25 0 5

EXERCISES 4.5: The Superposition Principle and Undetermined Coefficients
Revisited, page 192

1. Let g1(t) :==sint and ¢5(t) := €?*. Then y,(t) = cost is a solution to
V' =y +y =g
and y(t) = €*/3 is a solution to
V' =y +y=g(0)

(a) The right-hand side of the given equation is 5sint = 5g;(t). Therefore, the function
y(t) = by, (t) = Hcost is a solution to y” —y' +y = 5sint.

(b) We can express sint —3e* = g;(t) —3g2(t). So, by the superposition principle the desired
solution is y(t) = y1(t) — 3ya(t) = cost — e*.

(c) Since 4sint + 18€* = 4g;(t) + 18¢x(¢), the function
y(t) = dy1(t) + 18ys(t) = 4 cost + 6e*
is a solution to the given equation.

196



Exercises 4.5

3. The corresponding homogeneous equation, y” — y = 0, has the associated auxiliary equation
g g y -y y

r?—1=(r—1)(r+1) = 0. This gives r = +1 as the roots of this equation, and a general

t

solution to the homogeneous equation is y,(t) = ci1e’ + ce”'. Combining this solution with

the particular solution, y,(t) = —t, we find that a general solution is given by
y(t) = yp(t) +yn(t) = =t + cre’ + o™

5. The corresponding auxiliary equation, 7> —r — 2 = 0, has the roots = —1, 2. Hence, a
general solution to the corresponding homogeneous equation is 0y, (t) = c;e* + coe™. By the

superposition principle, a general solution to the original nonhomogeneous equation is
0(t) = 0,(t) + 0,(t) =t — 1 + c1e* + coe ™.
7. First, we rewrite the equation in standard form, that is,
y' =2y +y=2e".

The corresponding homogeneous equation, y” — 2y’ + y = 0, has the associated auxiliary
equation 72 —2r +1 = (r —1)2 = 0. Thus r = 1 is its double root, and a general solution
to the homogeneous equation is y,(z) = cixe® + c2e®. Combining this with the particular

solution, y,(x) = z?e*, we find that a general solution is given by
y(2) = y,(2) + yn(x) = 2%e” + crze” + cpe” .
9. We can write the nonhomogeneous term as a difference
t* + 4t — t2e' sint = (1% 4 4t) — (%' sint) = g1 (t) — go(2).

Both, g;(t) and g»(t), have a form suitable for the method of undetermined coefficients. There-
fore, we can apply this method to find particular solutions y,(t) and y,2(t) to

By'+2y +8y=g(t) and  3y"+2y +8y = (1),

respectively. Then, by the superposition principle, y,(t) = y,1(t) — ypo(t) is a particular

solution to the given equation.
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11.

13.

15.

17.

19.
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The answer is “no”, because the method of undetermined coefficients cannot be applied to
1
y' =6y —dy =

In the original form, the function sin?t does not fit any of the cases in the method of unde-

termined coefficients. But it can be written as sin®t = (1 — cos 2t)/2, and so

1-— 2 1
2t+sin2t+3:2t+%t+3: (275—1—;) — (5 coth).

Now, the method of undetermined coefficients can be applied to each term in the above
difference to find a particular solution to the corresponding nonhomogeneous equation, and
the difference of these particular solutions, by the superposition principle, is a particular

solution to the original equation. Thus, the answer is “yes”.
“No”, because the given equation is not an equation with constant coefficients.

The auxiliary equation in this problem is 72 — 1 = 0 with roots r = 1. Hence,

yn(t) = cre’ + cpe™

is a general solution to the corresponding homogeneous equation. Next, we find a particu-
lar solution y,(t) to the original nonhomogeneous equation. The method of undetermined

coefficients yields
yp(t) = At + B = y,(t) = A = y,(t) = 0;
Yy —Yp=0— (At + B) = —At — B = —11t +1 = A=11, B= -1
= y,(t) = 11t — 1.

By the superposition principle, a general solution is given by

y(t) = yp(t) +yn(t) = 11t — 1 + cre’ + coe™".

Solving the auxiliary equation, r? — 3r +2 = 0, we find that » = 1, 2. Therefore, a general

solution to the homogeneous equation, y” — 3y’ + 2y = 0, is

yn(x) = cre” + e .



21.

Exercises 4.5

By the method of undetermined coefficients, a particular solution y,(x) to the original equation
has the form y,(x) = 2°(Acosx + Bsinx)e”. We choose s = 0 because r = 1+ is not a root

of the auxiliary equation. So,

yp(z) = (Acosz + Bsinx)e”

= y,(r) = [(A+ B)cosz + (B — A) sin x]e”

= Y, (x)

(2Bcosx —2Asinz)e” .

Substituting these expressions into the equation, we compare the corresponding coefficients

and find A and B.

{(2Bcosx —2Asinz) — 3[(A+ B)cosz + (B — A)sinz| + 2(Acosx + Bsinz)} e” = e*sinx
A+ B=0, A=1/2,
=

= —(A+B)cosz+ (A— B)sinx =sinz =
A-B=1 B=-1/2.
Therefore,
(cosx — sinx)e”
yp(x) = 2

and
(cosz — sinx)e”
2

is a general solution to the given nonhomogeneous equation.

+ clez + C2€2x

y(r) =

Since the roots of the auxiliary equation, which is 72 +2r 4+ 2 = 0, are r = —1 £ i, we have a

general solution to the corresponding homogeneous equation
yn(0) = cre % cos O+ coe?sinf = (c1cos @ + cysin 0) e’
and look for a particular solution of the form
Yyp(0) = 6°(Acosd + Bsinf)e ™’ with s=1.
Differentiating y,(#), we get
y,(0) = (Acosf+ Bsin )’ + 0 [(Acosf + Bsin 9)6_6}, ,
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23.

25.
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yn(0) = 2[(Acosf+ Bsin 9)6’9}/ +0[(Acosf + Bsinf)e ] "
= 2[(B— A)cos® — (B+ A)sinb] e’ +0 [(Acosd + Bsinf)e™’]".

(Note that we did not evaluate the terms containing the factor 6 because they give zero result

when substituted into the original equation.) Therefore,

Yo+ 2y, +2y, = 2[(B—A)cost — (B+ A)sinb]e’ +2(Acosf + Bsinb)e ™’
— 2(Bcosf — Asinf) e’ =e ¥ cosf.

Hence A =0, B =1/2, y,(0) = (1/2)fe ?sin §, and a general solution is given by

1
y(0) = 5 Oe = sin @ + (cy cosf + cosinf) e’ .

The corresponding homogeneous equation, y' — y = 0, is separable. Solving yields

dy dy
@ _y y

= = dt = Inly|=t+c = y = +ee’ = C¢',
dt Y

where C' # 0 is an arbitrary constant. By inspection, y = 0 is also a solution. Therefore,
yn(t) = Ce', where C is an arbitrary constant, is a general solution to the homogeneous
equation. (Alternatively, one can apply the method of solving first order linear equations in
Section 2.3 or the method discussed in Problem 21, Section 4.2.) A particular solution has

the form y,(t) = A. Substitution into the original equation yields
(A —A=1 = A=-1
Thus y(t) = Ce' — 1 is a general solution. To satisfy the initial condition, y(0) = 0, we find
0=y0)=Ce’-1=C-1 = C=1.
So, the answer is y(t) = e' — 1.

The auxiliary equation, 7> + 1 = 0, has roots r = 4i. Therefore, a general solution to the

corresponding homogeneous equation is zj,(x) = ¢; cosx + cesinx, and a particular solution
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to the original equation has the form z,(z) = Ae™*. Substituting this function into the given

equation, we find the constant A.
2= (Ae*z)” + Ae™* =2Ae " =277 = A=1,
and a general solution to the given nonhomogeneous equation is
z(x) =e "4+ cicosx + casinz.

Next, since z/(x) = —e™® — ¢y sinx + ¢y cosz, from the initial conditions we get a system for

determining constants ¢; and c,.

=2(0)=14c¢, o =-1,
=2(0)=—-1+c ey =1.

Hence, z = (x) = e* — cosx + sin x is the solution to the given initial value problem.

2

27. The roots of the auxiliary equation, r*—r—2 = 0, are r = —1 and r = 2. This gives a general

solution to the corresponding homogeneous equation of the form y,(z) = cje™® + cpe**. We

use the superposition principle to find a particular solution to the nonhomogeneous equation.

(i) For the equation

y' — 1y — 2y = cosz,

a particular solution has the form y, ;(z) = Acosx+ Bsinz. Substitution into the above

equation yields

(—Acosx — Bsinz) — (—Asinz + Bcosx) — 2(Acosz + Bsinz)
= (—3A—B)cosz + (A —3B)sinz = cosx
3A-B=1, N A= —3/10,
A-3B=0 B =-1/10.

So, yp1(z) = —(3/10) cosx — (1/10) sinz.
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(ii) For the equation

y" — vy — 2y = sin 2z,

a particular solution has the form y,s(z) = Acos 2z + Bsin 2x. Substitution yields

(—4Acos2x — 4B sin2x) — (—2Asin 2z + 2B cos 2x) — 2(A cos 2z + B sin 2x)
= (—6A —2B)cos2z + (2A — 6B) sin 2z = sin 2z

—6A —2B =0, N A =1/20,
2A—-6B=1 B = —3/20.
So,
1 .
yp,z(x) = 20 cos 2z — 20 sin 2.

Therefore, a general solution to the original equation is

y(@) = ypa(z) — ypa(z) + yn(w)

3 L 1 20 + S o 20 4 cre” % + c9e*®
= —— COSX — — SINx — — COSZLT — S1N 22X Ci1€é Co€e .
10 10 20 20 ! 2

Next, we find ¢; and ¢, such that the initial conditions are satisfied.

—7/20 = y(0) = —3/10 — 1/20 + ¢1 + c2, . 1+ e =0, L a=
1/5:y/(0):—1/10+2(3/20)—Cl+202 _Cl+202:0 CQZO.

With these constants, the solution becomes

(x) 5 L L 2z + 5 2
= —— — — sinx — — — sin2z.
y(z 10 COS T 108 x 20 cos 2x 205 x

29. The roots of the auxiliary equation, r*> — 1 = 0, are r = 41. Therefore, a general solution to

the corresponding homogeneous equation is

yn(0) = cre? 4+ coe?.

(i) For the equation
y" — 1y =sinb,
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a particular solution has the form y, (x) = Acosf + Bsinf. Substitution into the

equation yields

(—Acosf — Bsinf) — (Acosf + Bsinf) = —2Acosf —2Bsinf =sinf
—214:0, AZO)
=
—2B =1 B=-1/2.

So, yp1(0) = —(1/2) sin 6.

(ii) For the equation

a particular solution has the form y,»(0) = Ae?. Substitution yields
(Ae%')” — (Ae¥) =34e" =¥ = A=1/3,
and y, () = (1/3)e?.

By the superposition principle, a particular solution to the original nonhomogeneous equation

is given by
Yp(0) = Ypa(0) — yp2(0) = —(1/2) sin 6 — (1/3)e*,

and a general solution is
y(0) = y,(0) + yn(0) = —(1/2)sin @ — (1/3)e* + c1e? + cpe™.
Next, we satisfy the initial conditions.

1=y(0) =—-1/3+4c¢1 + ca, N 1+ =4/3, N ¢ = 3/4,
—1=9y(0)=-1/2—-2/34+¢; — ¢ g —cy=1/6 ey =T/12.
Therefore, the solution to the given initial value problem is

1 1 3 7
y(@)z—a sin9—5629+169+ﬁe’9.
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31.

33.

35.

204

For the nonhomogeneous term sint + ¢ cost, a particular solution has the form
Ypa(t) = (Ast + Ap)t® cost + (Bt + By)t’ sint.
For 10t = ™19 3 particular solution should be of the form
Ypo(t) = CtPe!™10 = CP10",

Since the roots of the auxiliary equation, r? +1 = 0, are r = %4, we choose s = 1 and p = 0.

Thus, by the superposition principle,

Yp(t) = yp1(t) + ypa(t) = (Ast + Ag)tcost + (Bit + By)tsint + C - 10"

The roots of the auxiliary equation, which is 7> —r —2 = 0, are r = —1, 2. The right-hand
side of the given equation is a sum of two terms, efcost and —t* + ¢ + 1. Corresponding

particular solutions have the forms
Ypa(t) = (Acost + Bsint)t’e’ and y,o(t) = (Cot® + Cit + Co)t?,

and we can take s = p = 0 since neither r = 1+ nor r = 0 is a root of the auxiliary equation.

By the superposition principle,

yp(t) = (Acost + Bsint)e' + Cot® + Cit + Cy .

Since the roots of the auxiliary equation are

4+V16-20
===

T 2+

which are different from 5 and 3¢, a particular solution has the form
Yp(t) = (A1t + Ap) cos 3t + (Byt + By) sin 3t + Ce™ .

(The last term corresponds to €% in the right-hand side of the original equation, and the first

two come from ¢ sin 3t — cos 3t.)
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37. Clearly, r = 0 is not a root of the auxiliary equation, r3 — 2r? —r +2 = 0. (One can find
the roots, say, using the factorization r® — 2r? —r +2 = (r — 2)(r — 1)(r + 1), but they are
not needed for the form of a particular solution: the only important thing is that they are

different from zero.) Therefore, a particular solution has the form
yp(t) = A2t2 + Alt + AO .

Substitution into the original equation yields
"

yr =2y — 42y, = (0) —2(24;) — (2Ast + A1) + 2(Aot® + Art + Ap)
== 2A2t2 + (A1 - 2A2)t + (AO - A1 - 4142) == 2t2 + 4t - 9

Equating the coefficients, we obtain

24, = 2, Ay =1,
2141 - 2A2 = 4, = Al = 3,
2A0—A1—4A2:—9 Aoz—l

Therefore, y,(t) = t* + 3t — 1.

39. The auxiliary equation in this problem is 7% + 72 — 2 = 0. By inspection, we see that r = 0 is

not a root. Next, we find that » = 1 is a simple root because

=0 and (7"3 4?2 — 2)/

(7“3 + 72— 2) .

= (37“2 + 27")

r=1

£0.

r=1

Therefore, by the superposition principle, a particular solution has the form
y(t) = t(Art + Ag)e' + B = (A1t + Agt)e' + B.
Differentiating, we get

y;,(t) = [A1t2 + (Ao + 241t + AO] e,
yg(t) = [Altz + (AO + 4A1)t + 2A0 + 2A1:| €t s
Yy (1) = [Ast® + (Ao + 6A1)t + 3Ag + 64, ] '
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We substitute y, and its derivatives into the original equation and equate the corresponding

coefficients. This yields
{[A1t* + (Ao + 6A1)t + 3Ag + 6A; ] + [Art® + (Ao + 441t + 240 + 2A,]
-2 [Ath + Aot] } et — QB = t@t + 1
= [].OAlt + 8141 + 5140] et — 2B = tet +1

104; =1, Ay =1/10,
= 8A; +5A) =0, = Ay = —4/25,
—2B =1 B=-1/2.

Hence, a particular solution is

41. The characteristic equation in this problem is 7% + 2r + 5 = 0, which has roots r = —1 & 2i.

Therefore, a general solution to the corresponding homogeneous equation is given by
yn(t) = (c1cos2t + cosin2t) e . (4.1)
(a) For 0 <t <3m/2, g(t) = 10, and so the equation becomes
y" + 2y + 5y = 10.
Hence a particular solution has the form y,(t) = A. Substitution into the equation yields
(A)" +2(A) +5(A) =10 = 5A =10 = A=2
and so, on [0,37/2], a general solution to the original equation is
y1(t) = (c1 cos 2t + cosin2t) e~ + 2.

We find ¢; and ¢y by substituting this function into the initial conditions.

0=15(0)=c +2, N =-2,
0=21(0) = —c1 + 2¢ g =—1

y1(t) = — (2cos2t +sin2t) e + 2.
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(b) Fort > 3m/2, g(t) = 0, and so the given equation becomes homogeneous. Thus, a general

solution, y»(t), is given by (4.1), i.e.,
Yo(t) = yn(t) = (c1cos 2t + cosin2t) e .

(c) We want to satisfy the conditions
n(3r/2) = p3r/2),
nBm/2) = yy(37/2).
Evaluating y1, y2, and their derivatives at t = 37 /2, we solve the system

2e737/2 1 9 = —016*3“/2, =2 (63”/2 + 1) ,
0 = (c; —2cy)e’™? o =— (2 +1).

43. Recall that the motion of a mass-spring system is governed by the equation
my" + by + ky = g(t),

where m is the mass, b is the damping coefficient, k is the spring constant, and g(¢) is the

external force. Thus, we have an initial value problem

1
y" + 4y’ + 3y = 5sint, y(0) = y'(0) = 0.

5 )
The roots of the auxiliary equation, 2 4+ 4r +3 = 0, are r = —3, —1, and a general solution

to the corresponding homogeneous equation is

yn(t) = cre ™ 4+ cpet.

We look for a particular solution to the original equation of the form y,(t) = Acost + Bsint.

Substituting this function into the equation, we get

yg+4y;+3yp = (—Acost — Bsint) +4(—Asint + Bcost) + 3(Acost + Bsint)
= (2A+4B)cost+ (2B —4A)sint = bsint
24 +4B = 0, R A=—1,
9B —4A =5 B=1/2.
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Thus, a general solution to the equation describing the motion is
1 : —3t -t
y(t):—cost—i—é sint 4+ cie”" + coe”".

Differentiating, we find y/'(t) = sint + (1/2) cost — 3c;e™ 3" — cye™!. Initial conditions give

y(0)2—1+01+02:1/2, N 61:—1/2,
y'(0)=1/2-3c; —c, =0 Cy = 2.

Hence, the equation of motion is

1 1
y(t) = —cost + 3 sint — 3 e 3 4 2e7t

45. (a) With m =k =1 and L = 7 given initial value problem becomes

y(t) =0, t<-———

2V’
" , cosVt, —m/(2V) <t <m/(2V),
y'+y =
0, t>7/(2V).

The corresponding homogeneous equation 3” + y = 0 is the simple harmonic equation

whose general solution is

yn(t) = Cycost + Cysint. (4.2)

First, we find the solution to the given problem for —7/(2V) < t < w/(2V). The

nonhomogeneous term, cos Vt, suggests a particular solution of the form
Yp(t) = Acos Vt + Bsin Vt.
Substituting y,(¢) into the equation yields

(AcosVt+ BsinVt)" + (Acos Vt + Bsin Vt) = cos Vi
= (=V2AcosVt—V?BsinVt) + (Acos Vt + Bsin Vt) = cos Vt
= (1—V2)Acoth—|—(1—V2)Bsith:coth.

Equating coefficients, we get
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Thus a general solution on (—7/(2V),n/(2V)) is
1
y1(t) = yn(t) + y,(t) = Cycost + Cysint + 1 T Vt. (4.3)

Since y(t) =0 for t < —7/(2V), the initial conditions for the above solution are

n(5)=u () =0

From (4.3) we obtain

yl( 27{/)201@5( 27{/>+028m( )Z

(T — o s _L> <_l) V. _
Y ( 2V> C sin ( Y + C5 cos Ve + T 0.
Solving the system yields
V . T V s
Cr=ya—gsingy. =gy sy
and
(1) v T cost 4 T gint 4 — Vit
= ——— sin— — sin
Y1 7z 7 St gy cost+ 1 COS 57 8 Ty CO8
_ v (HL)_; v, T e T
— oy U ey Ty 2V 2V

For ¢t > w/(2V') given equation is homogeneous, and its general solution, y,(t), is given
by (4.2). That is,
ya(t) = C3cost + Cysint.

From the initial conditions

() =2 (37)
Y2 o)~ Y1 ov /)’
/ <l> ) (l)
we conclude that
Vv T
C5 cos 2V—|—C4sm oY V2—1 V’
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AV —
15
1,
0.5
0.73
R ‘ ‘ ‘ ‘ , vV
0 0.2 0.4 0.6 0.8 1

Figure 4—A: The graph of the function |A(V)].

Crosin L C ™ V ™ N V 2V g T
—(C58in — — = — = —.
Sy Ty Ty L Y Ty T v o gy
The solution of this system is
2V T
C3=0, C4_V2—1COSW
So,
) 2V m :
= — sin
Py Py
(b) The graph of the function
2V s
A - o
AV ’VQ—l S oy

is given in Figure 4-A. From this graph, we find that the most violent shaking of the
vehicle (the maximum of |A(V')|) happens when the speed V & 0.73.

47. The auxiliary equation in this problem is r2+9 = 0 with roots 7 = £3i. So, a general solution
to the corresponding homogeneous equation is
Yp = ¢1 €08 3t + co sin 3t.
The form of a particular solution, corresponding to the right-hand side, is

yp(t) = Acos 6t + B sin 6t.
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Substitution into the original equation yields
—27(Acos6t + Bsin6t) = 27 cos 6t = A=-1,B=0 = Yp(t) = — cos 6t.
Therefore, a general solution has the form
y(t) = ¢ cos 3t + ¢y sin 3t — cos 6t.
In (a)—(c), we have the same boundary condition at ¢t = 0, that is, y(0) = —1. This yields
—1=y(0)=c—1 = ¢ =0.

Hence, all the solutions satisfying this condition are given by

y(t) = cosin 3t — cos 6t. (4.4)

(a) The second boundary condition gives 3 =y (7/6) = co+1 = ¢y = 2, and the answer
is y = 2sin 3t — cos 6.

(b) This time we have 5 =y (7/3) =c;-0—1 = 5= —1, and so there is no solution of

the form (4.4) satisfying this second boundary condition.

(c) Now we have —1 =y (7/3) =c2-0—1 = —1 = —1, which is a true identity. This

means that any function in (4.4) satisfies both boundary conditions.

EXERCISES 4.6: Variation of Parameters, page 197

1. The auxiliary equation in this problem is r? +4 = 0, which has the roots r = £2i. Therefore,
y1(t) = cos 2t and y5(t) = sin 2t are two linearly independent solutions, and a general solution

to the corresponding homogeneous equation is given by
yn(t) = c1 cos 2t + ¢y sin 2t.

Using the variation of parameters method, we look for a particular solution to the original

nonhomogeneous equation of the form
Yp(t) = v1(t)ya(t) + v2(t)y2(t) = v1(t) cos 2t + v (t) sin 2t.
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The system (9) on page 195 in the text becomes

vy (t) cos 2t + v4(t) sin 2t = 0

4.5
—2v] (t) sin 2¢ + 2v4(t) cos 2t = tan 2¢. (45)

Multiplying the first equation in (4.5) by sin 2¢, the second equation by (1/2) cos 2¢, and adding

the resulting equations together, we get
/ L. L[ 1
vy (t) = 3 sin 2t = vz =g sin 2t dt = ~1 cos 2t + c3.

From the first equation in (4.5) we also obtain

1 sin® 2t 11—cos®2t 1
vy (t) = —vy(t) tan 2t = —= Sl i e —(cos 2t — sec 2t)
2 cos2t 2  cos2t 2

1 1
= v (t) = 3 /(cos 2t —sec2t) dt = Z(sith — In | sec 2t 4 tan 2t|) + c4.

We take c3 = ¢4 = 0 since we need just one particular solution. Thus

1 1
yp(t) = Z(sin 2t — In | sec 2t + tan 2t|) cos 2t — 7 o8 2t sin 2t

1
= —cos 2t In | sec 2t + tan 2t|
and a general solution to the given equation is

1
y(t) = yn(t) + yp(t) = c1cos 2t + cosin 2t — 7 608 2t In | sec 2t + tan 2t|.

. From Example 1 on page 196 in the text, we know that functions y;(t) = cost and y(t) = sint

are two linearly independent solutions to the corresponding homogeneous equation, and so its
general solution is given by

yn(t) = c1cost + cysint.

Now we apply the method of variation of parameters to find a particular solution to the

original equation. By the formula (3) on page 194 in the text, y,(¢) has the form

Yp(t) = vi()ys(t) + v2(t)ya(t).
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Since

y1(t) = (cost) = —sint, yo(t) = (sint) = cost,
the system (9) on page 195 becomes

v (t) cost + vh(t)sint = 0,

—vj(t)sint + vh(t) cost = sect (4.6)
1 2 :

Multiplying the first equation by sint and the second equation by cost yields

v} (t)sint cost + vh(t)sin®t = 0,

—v)(t)sint cost + vy(t) cos*t = 1.
Adding these equations together, we obtain
vh(t) (cos®t +sint) =1 or  wvy(t)=1.

From the first equation in (4.6), we can now find v} (¢):

sint
1(t) = —vy(t) — = —tant.
vy (1) vy(t) cos an
So,
vi(t) = —tant, vy(t) = — [tantdt = In|cost| + c3,
vh(t) =1 va(t) = [dt=t+c4.

Since we are looking for a particular solution, we can take ¢ = ¢4 = 0 and get
Yp(t) = costln|cost| + tsint.
Thus a general solution to the given equation is
y(t) = yp(t) + yn(t) = costIn|cost| + tsint + ¢; cost + cosint.

3. First, we can simplify the equation by dividing both sides by 2. This yields

2 — =2 =€,
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This equation has associated homogeneous equation z” — 2’ — 2x = 0. The roots of the
associated auxiliary equation, 7> —r —2 = 0, are » = 2 and » = —1. Therefore, a general
solution to this equation is

xp(t) = cre® + cpe .

For the variation of parameters method, we let
xp(t) = v1(t)z1(t) + va(t)z2(2), where ri1(t) =e* and my(t) =e .

Thus, 7 (t) = 2¢* and z4(t) = —e~*. This means that we have to solve the system

2t ./ —t 1
e“v; +e vy =0,

2e%M! — e~th = ¥,

Adding these two equations yields

1 1
3t = e = vy = 3 et = v (t) = 3 et

Substututing v} into the first equation, we get

1 1
g €3t _|_ e—tvé — O = fU; — _g e4t = UQ(t) — —E €4t )
Therefore,
1 1 1
:L‘p(t) — g €t62t E 64t6—t — 1 63t7

and a general solution is

z(t) = cre® + e+ —e

. This equation has associated homogeneous equation y” — 2y’ + y = 0. Its auxiliary equation,

r2—2r+1 = 0, has a double root r = 1. Thus a general solution to the homogeneous equation
is
yn(t) = cre’ + eote’.

For the variation of parameters method, we let

yp(t) =iy (t) + va(t)y2(t),  where  yi(t) =¢' and ya(t) =te'.
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Thus, yi(t) = €' and y4(t) = te' + e'. This means that we want to solve the system (see

system (9) on page 195 of text)

e'vy + te'vy = 0,
e'v) + (te' +e') vy =t e,
Subtracting these two equations yields

elvy =t et = vy =t""

So
vy(t) = /t—l dt =In|t| + cs.

Also, we have from the first equation of the system

el = —telvl = —telt ™! = —¢! = vy = —1.

So,
’Ul(t) = —t+ Cyq .

By letting ¢3 and ¢4 equal to zero, and plugging the expressions found above for v;(¢) and

v9(t) into the equation defining y,(¢) , we obtain a particular solution
yp(t) = —te' + te' In [¢].

We obtain a general solution of the nonhomogeneous equation by adding this expression for

yp(t) to the expression for y,(t). Thus, we obtain
y(t) = cre’ + cote’ —te' +te' In|t| = cre’ + (co — 1)te’ +te' Int|.
If we let Cy = ¢y and Cy = ¢5 — 1, we can express this general solution in the form
y(t) = Cre' + Cote' + te' In |t].

215



Chapter 4

7. The auxiliary equation in this problem is 72416 = 0, which has the roots r = 44i. Therefore,

y1(0) = cos 46 and y2(0) = sin 46 are two linearly independent solutions, and a general solution

to the corresponding homogeneous equation is given by
yn(0) = 1 cos 40 + co sin 46.

Using the variation of parameters method, we look for a particular solution to the original

nonhomogeneous equation of the form
Yp(0) = v1(0)y1(0) + v2(0)y2(0) = v1(8) cos 460 + v9(8) sin 46.

The system (9) on page 195 in the text becomes

v1(0) cos 46 + v5(0) sin46 = 0,

(4.7)
—4v](0) sin 460 + 4v}(6) cos 40 = sec 46.

Multiplying the first equation in (4.7) by sin 46 and the second equation by (1/4) cos46, and

adding the resulting equations together, we get

1 1
’Ué(@)zi = ’022194—03.

From the first equation in (4.7) we also obtain

1 1 1
vy (0) = 2 tan 460 = v1(0) = —2 /tan49d9 =1 In|cos40| + ¢4.

Taking c3 = ¢4 = 0, we obtain

46 1
yp(0) = 00156 In|cos46| + 1 6 sin 460

cos 46

0
= y(0) = 1 cos 46 + ¢y sin49+1 sin 46 + In|cos46)|.

9. In this problem, the corresponding homogeneous equation is the same as that in Problem 1.

216

Hence 1 (t) = cos2t and y,(t) = sin 2t are two linearly independent solutions, and a general

solution to the homogeneous equation is given by

yn(t) = 1 cos 2t + ¢9 8in 2t,
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and, in the variation of parameters method, a particular solution has the form
Yp(t) = v1(t) cos 2t + vo(t) sin 2t,
where v} (t), v5(t) satisfy the system

vy (t) cos 2t + vy () sin 2t = 0,

—20](t) sin 2t + 204 (t) cos 2t = csc? 2t.

Multiplying the first equation by sin 2t and the second equation by (1/2) cos2t, and adding

the resulting equations, we get
, 1, 1 , 1
vy (t) = 5 os¢ 2t cos 2t = vz =5 | csc 2t cos 2t dt = —7 o 2t +c3.
From the first equation in the system above we also find
/ / 1 2 1
v1(t) = —v5(t) tan 2t = —5 o8¢ 2t cos 2t tan 2t = —g osc 2t
1 1

= U1(t):—§ cchtdt:Z In | esc 2t 4 cot 2t + ¢4 .

With C3 = C4 = O,
1 1 ) 1
yp(t) = 7 o8 2tIn| csc 2t + cot 2t| — 7 ¢ 2t sin 2t = 2 (cos2t1n| csc 2t 4 cot 2t| — 1)

1
= y(t) = c1 cos 2t + cosin 2t + 1 (cos2tIn |csc2t 4 cot 2t| — 1).
This equation is similar to that in Example 1 on page 196 in the text. Only the nonhomoge-
neous term is different. Thus we will follow steps in Example 1. Two independent solutions

to the corresponding homogeneous equation, y” +y = 0, are y;(t) = cost and y,(t) = sint. A

particular solution to the original equation is of the form
Yp(t) = v1(t) cost + va(t) sint,

where vy (t) and vy(t) satisfy

vy (t) cost + vh(t)sint = 0,
—vf (t) sint + v} () cost = tan?t.
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Multiplying the first equation by sint and the second equation by cost, and adding them
together yield

vh(t) = tan®tcost = (sec’t — 1) cost = sect — cost.

We find v{(t) from the first equation in the system.

sint

1(t) = —vy(t) tant = — t— t)tant =sint — .
vy (t) U5 () tan (sect — cost) tant = sin 21

Integrating, we get

vi(t) = / (sint - CS(iZQtt> dt = — cost — sect,
vo(t) = /(sect —cost)dt = In|sect + tant| — sint,
where we have taken zero integration constants. Therefore,
Yp(t) = —(cost +sect) cost + (In|sect + tant| —sint)sint = sintIn|sect + tant| — 2,

and a general solution is given by

y(t) = c1cost+ cosint + sintIn|sect + tant| — 2.

13. The corresponding homogeneous equation in this problem is the same as that in Problem 1
(with y replaced by v). Similarly to the solution of Problem 1, we conclude that vy (¢) = cos 2t
and vy(t) = sin 2t are two linearly independent solutions of the corresponding homogeneous

equation, and a particular solution to the original equation can be found as
Up(t) = uy(t) cos 2t + uy(t) sin 2t ,
where uq(t) and uq(t) satisfy

uf (t) cos 2t + uh(t) sin 2t = 0,
—2u/) (t) sin 2t + 2ub(t) cos 2t = sec* 2t.
Multiplying the first equation by sin 2t and the second equation by (1/2) cos2t, and adding

the results together, we get
1
uy(t) = 3 sec® 2t.
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From the first equation in the above system we also obtain
1 ! 1 4 :
uy(t) = —uy(t) tan 2t = —g sec 2t sin 2t .
Integrating yields

1 1 1
uy(t) = —3 /8604 2t sin 2t dt = ~3 /COS_4 2t sin 2t dt = BT sec® 2t,

1 1
us(t) = 5 /se03 2t dt = 3 (sec 2t tan 2t + In | sec 2t + tan 2t|).
Thus,
1, 1 .
v(t) = —1g Se¢ 2t cos 2t + 3 (sec 2t tan 2t + In | sec 2t + tan 2t|) sin 2¢
1 1 1
= ———sec’ 2t + = tan® 2t + = sin 2t In | sec 2t + tan 2t|

12 8 8

1

1 1
= ﬂsec2 2t — 3 + 3 sin 2t In | sec 2t + tan 2t|,

and a general solution to the given equation is

1 1 1
v(t) = ¢1 cos 2t + ¢ sin 2t + 2 sec? 2t — 3 + 3 sin 2t In | sec 2t + tan 2¢|.

The corresponding homogeneous equation is y” + y = 0. Its auxiliary equation has the roots

r = +i. Hence, a general solution to the homogeneous problem is given by
yn(t) = c1cost + coysint.

We will find a particular solution to the original equation by first finding a particular solution
for each of two problems, one with the nonhomogeneous term g;(¢) = 3sect and the other one
with the nonhomogeneous term go(t) = —t> + 1. Then we will use the superposition principle
to obtain a particular solution for the original equation. The term 3 sect is not in a form that
allows us to use the method of undetermined coefficients. Therefore, we will use the method of
variation of parameters. To this end, let y;(t) = cost and y(t) = sint (linearly independent
solutions to the corresponding homogeneous problem). Then a particular solution y,; to

y” +y = 3sect has the form
Ypa(t) = v1()y1(t) + va2(t)ya(t) = vi(t) cost + vy(t) sint,
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where v (t) and v,(t) are determined by the system

vicost +vysint = 0,

—vysint + vy cost = 3sect.

Multiplying the first equation by cost and the second equation by sint and subtracting the
results, we get

vy = —3sectsint = —3tant.

Hence

v (t) = —S/tantdt = 3lIn|cost| +C.

To find v4(t), we multiply the first equation of the above system by sint, the second by cost,
and add the results to obtain

vy = 3sectcost =3 = vo(t) = 3t + Cy.

Therefore, for this first equation (with g;(t) = 3sect), by letting C; = Cy = 0, we have a

particular solution given by
Ypa(t) = 3costln|cost| + 3tsint.

The nonhomogeneous term g¢y(t) = —t? + 1 is of a form that allows us to use the method of
undetermined coefficients. Thus, a particular solution to this nonhomogeneous equation will

have the form
Upo(t) = Aot? + At + Ay = y,()=24t+ A = yl,(t)=24,.
Plugging these expressions into the equation y” + vy = —t% + 1 yields
Yoo+ Yp2 = 2As + Ast® + Art + Ag = Aot® + At + (245 + Ag) = > + 1.
By equating coefficients, we obtain

AQZ—]_, A1:O, 2A2+A0:1 = A0:3



17.

Exercises 4.6

Therefore, we have

yp72(t) = —tz + 3.

By the superposition principle, we see that a particular solution to the original problem is
given by
Yp(t) = yp1(t) + ypo(t) = 3costIn|cost| + 3tsint — ¢ + 3.

Combining this solution with the general solution to the homogeneous equation yields a general

solution to the original differential equation,

y(t) = cicost + casint — t* + 3+ 3tsint + 3cost In | cost|.

Multiplying the given equation by 2, we get
y" + 4y = 2tan 2t — ¢’

The nonhomogeneous term, 2 tan 2t — e’ can be written as a linear combination 2g; (t) — g2(¢),

where ¢;(t) = tan 2t and go(t) = e’. A particular solution to the equation
y" + 4y = tan 2t
is found in Problem 1, that is,
1
Ypa(t) = —7 ¢os 2t In|sec 2t + tan 2t|.

A particular solution to
y/l + 4y — et
can be found using the method of undetermined coefficients. We look for y,o of the form

Yp2(t) = Ae'. Substitution yields

(Aet)" +4 (Aet) =¢ = 5Ae" = ¢ = A= é ,

and so y,2 = (1/5)e’. By the superposition principle, a particular solution to the original
equation is

1 1
Yp(t) = 2yp1 — Ypo = — 5 cos 2t In|sec 2t + tan 2t| — R e
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Adding a general solution to the homogeneous equation, we get

1 1
y(t) = c1 cos 2t + o sin 2t — §COSQtln|sec 2t + tan 2t| — 5 e

19. A general solution of the corresponding homogeneous equation is given by

222

yn(t) = cre™ + coe.

We will try to find a particular solution to the original nonhomogeneous equation of the form
yp(t) = v1(t)yr(t) + v2(t)y2(t), where y1(t) = e™* and yo(t) = e'. We apply formulas (10) on
page 195 in the text, but replace indefinite integrals by definite integrals. Note that

yi(Oya(t) — g1 (B)ya(t) = e™7e” — (—e7") e = 2.

With ¢(t) = 1/t and integration from 1 to ¢, formulas (10) yield

t

n(t) = /7_9(292(@ da = —% j?d:ﬁ,

vg(t):/wmc:%/exdx.

T

(Notice that we have chosen the lower limit of integration to be equal to 1 because the initial
conditions are given at 1. We could have chosen any other value for the lower limit, but the

choice of 1 will make the determination of the constants ¢; and ¢y easier.) Thus

t

t
et [e® et [e”
H==5 dr— S [ 4
yp( ) 2 / l' 'Z‘ 2 / l‘ l‘,
1

1

and so a general solution to the original differential equation is

¢ ¢
e [e” et [e”
t)=cie’ b+ — de — — | —dz.
y(t) = cre —1—026+2/ —dr— /x x
1 1

By plugging in the first initial condition (and using the fact that the integral of a function
from a to a is zero which is why we have chosen the lower limit of integration to be the initial
point, ¢ = 1), we find that

y(1) = cre” ! + cpe! = 0.
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Differentiating y(t) yields

t t
t —x t —t —t x —t t
0 — oot ot L (N (e [ (N (e
y'(t) cie +026+2 . T+ 5 ; + 5 . z 5 )
1 1

where we have used the product rule and the fundamental theorem of calculus to differentiate

the last two terms of y(¢). We now plug in the second initial condition into the equation we

just found for y/'(¢) to obtain

_ —e! el el e~ ! B 1 1

Solving the system

-1 1
cre” +ce =0,

—cre et = =2
yields ¢o = —e~! and ¢; = e!'. Therefore, the solution to our problem is given by
t t
et [ [y (4.8)
=e '—e — r—— [ —dx. .
Y 2 T 2 T
1 1

Simpson’s rule is implemented on the software package provided free with the text (see also
the discussion of the solution to Problem 25 in Exercises 2.3). Simpson’s rule requires an even
number of intervals, but we don’t know how many are required to obtain the 2-place accuracy
desired. We will compute the approximate value of y(t) at t = 2 using 2, 4, 6, ... intervals
for Simpson’s rule until the approximate value changes by less than five in the third place.
For n = 2, we divide [1,2] into 4 equal subintervals. Thus each interval will be of length
(2 —1)/4 = 1/4. Therefore the integrals are approximated by

1.25 15 1.75 2

2
e’ 1 [e! e e e
Cdrm— S S 08 14 1| ~3.0502
/xdx 12L+ 125 715 " 1.75+2} 30592,
1

2

e % 1 671 671.25 671.5 671.75 672
de~ — | S 44 2 4 € | ~0.1706.
/x v 12[1 Ty Tt T T 2]
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Substituting these values into equation (4.8) we obtain

-2 2

y(2)R:eLa-—62*1—-25—(30592)%—%?(01706)::——L9271.

Repeating these calculations for n = 3, 4, and 5 yields the approximations in Table 4-A.

Table 4—A: Successive approximations for y(2) using Simpson’s rule.

Intervals y(2) =~
6 —1.9275
8 —1.9275
10 —1.9275

Since these values do not change in the third place, we can expect that the first three places

are accurate and we obtained an approximate solution of y(2) = —1.93.

21. A particular solution to the given equation has the form

Yp(t) = v1(O)y1 (t) 4+ va(t)ya(t) = vi(t)e’ + va(t)(t + 1).
Since y;(t) = €', y5(t) = 1, the system (9), with a = a(t) =t and g(t) = ¢, becomes
v (t)e' +uh(t)(t+1) =0,
t2

vy (t )6 +vy(t) = 7—75-

Subtracting the second equation from the first one, we get
tug(t) = —t = vh(t) = —1 = vo(t) = —t.
Substituting v}(¢) into the first equation yields

vy (t)e' — = vi(t) = (t+1)e”
= :/t+1%ﬁ —(t+ )t+/fwhrﬁ+%€t
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Thus
yp(t) = —(t +2)e el —t(t +1) = —t* — 2t — 2.

(Note that —2t —2 = —2(t + 1) = —2y,(t) is a solution to the corresponding homogeneous
equation. Thus, —t? = y,(t) 4+ 2y2(t) is another particular solution.)

We are seeking for a particular solution to the given equation of the form
yp(t) = vi(O)yi(t) + va(t)ya(t) = vi(8)(5t — 1) + va(t)e ™.
Since y;(t) = 5, y4(t) = —5e ", the system (9), with a = a(t) = ¢ and g(t) = t*¢~"", becomes

v () (5t — 1) + vh(t)e ™ =0,

t2675t
50} (t) — buh(t)e ™ = — = te ot
Dividing the second equation by 5 and adding to the first equation yields
Stuy(t) = lte_‘r’t = vi(t) = 1 e = vy (t) = _ L e
! 5 ! 25 125

Substituting v (¢) into the first equation, we get

5t —1 2 t
25 N

1
% e (5t — 1) +vh(t)e ™ =0 = vy (t) = —

Thus

1 ot ¢
)= ———— *5t5t_1 _ _ 75t: - 75t.
A v ( 0" 25) ‘ 125 10)°
(Since (1/125)e™" = (1/125)ys(t) is a solution to the corresponding homogeneous equation,
the function —(#%/10)e~" is also a particular solution.)
A general solution to the corresponding homogeneous equation is

yn(z) = 11 (@) + caya(z) = 27 V% (i cos o + cysin) .

To find a particular solution to the original equation, we apply the method of variation of
parameters. To form the system (9) on page 195, we need vy} and y). Applying the product
rule, we get

yi(z) = 1 2732 cosx — 7Y ?sin,
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1
yo(x) = ) 23 sina + 272 cos .

Thus, functions v;(x) and vy(x) in a particular solution,

yp() = vi()yn(2) + va(2)y2(),

satisfy the system

Vi~ 2 cos x4 vha T ?sina = 0,
/ 1 —3/2 —-1/2 _: / 1 —-3/2 _: —1/2 2 1/2
vy —éx CoST — sinx | + vy —ax simx + T COST | = —— =o'".
x
From the first equation, we express vj = —v)tanz and substitute this expression into the
second equation. After some algebra, the result simplifies to
Uy = T COST = v] = —vhtanz = —xsin z.
Integrating, we get
vi(x) = —/xsinxdx =wxcosz —sinz + C,
vo(z) = /xcosxdx =zsinx +cosx + Cs.
Wlth Cl = 02 = 0,
-1/ “12ging =22,

Yp(z) = (rcosz —sinz)x™/“cosx + (xsinx + cosx)x
Therefore, a general solution to the given nonhomogeneous Bessel equation is

y(t) = g2 4 g1/ (c1cosz + casinx).

EXERCISES 4.7: Qualitative Considerations for Variable-Coefficient and Nonlinear
Equations, page 208

1. Let Y () := y(—t). Then, using the chain rule, we get

=y =y,
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Therefore, denoting —t = s, we obtain
YI(t) + Y () = y"(=t) + ty(=t) = y"(s) — sy(s) = 0.
2. Comparing the given equation with (13) on page 202 in the text, we conclude that
inertia m = 1, damping b = 0, stiffness “k” = —6y.

For y > 0, the stiffness “k” is negative, and it tends to reinforce the displacement. So, we

should expect that the solutions y(t) grow without bound.

3. As in Problem 2, this equation describes the motion of the mass-spring system with unit
mass, no damping, and stiffness “k” = —6y. The initial displacement y(0) = —1 is negative
as well as the initial velocity y'(0) = —1. So, starting from ¢t = 0, y(¢) will decrease for a
while. This will result increasing positive stiffness, —6y, i.e., “the spring will become stiffer
and stiffer”. Eventually, the spring will become so strong that the mass will stop and then
go in the positive direction. While y(t) is negative, the positive stiffness will force the mass
to approach zero displacement point, y = 0. Thereafter, with y(¢) > 0, the stiffness becomes
negative, which means that the spring itself will push the mass further away from y = 0 in
the positive direction with force, which increases with y. Thus, the curve y(t) will increase

unboundedly. Figure 4.23 confirms our prediction.

5. (a) Comparing the equation y” = 2y* with equation (7) in Lemma 3, we conclude that

F(y) = 2%, and so

2

where C' is a constant. We can choose any particular value for C, say, C' = 0. Thus

1
F(y)=/2y3dy=—y4+0,

F(y) = (1/2)y*. Next, with constant K = 0 and sign “—” in front of the integral,
equation (11) on page 201, becomes
dy / -2 -1
t=— | ———==— dy = +c,
| Jai ==
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or, equivalently,

where c is an arbitrary constant.
(b) A linear combination of y;(t) := 1/(t — ¢1) and ys(t) := 1/(t — ¢a),

01 02 (01 + Cg)t — (0102 + 0201)

Cry(t) + Coya(t) = +— o t-c (t—c1)(t —c2) ’

is identically zero in a neighborhood of ¢t = 0 if and only if (C} +Cy)t — (Cica+Cacy) = 0.

Thus the numerator must be the zero polynomial, i.e., C'; and Cy must satisfy

C1+Cy =0, Cy = —C1,
ClCQ + CQCl =0 Cl (CQ — Cl) =0.

Since ¢; # ¢o, the second equation implies that C; = 0, and then Cy = 0 from the first
equation. Thus, only the trivial linear combination of y;(¢) and y»(¢) vanishes identically

around the origin, and so these functions are linearly independent.

(c) For any function of the form y.(¢) := 1/(t — ¢), the equality

'(t) = — = — [(t)]?
WD) = =5z = = 1)
holds for all ¢t # c. In particular, at t = 0,
5e(0) = = [ye(0))".

(We assume that ¢ # 0; otherwise, ¢ = 0 is not in the domain.) Obviously, this equality
fails for any positive initial velocity ¢'(0), in particular, it is false for given data, y(0) = 1
and y'(0) = 2.

6. Rewriting given equation in the equivalent form y” = (—k/m)y, we see that the function f(y)

in the energy integral lemma is (—k/m)y. So,

F@%=/(—%§»@=—£%f+0-
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With C' =0, F(y) = —[k/(2m)]y?, and the energy

B(t) =

DO | —

WO - Pl = 5 WO — (~50 1) = 5 WO + s
By the energy integral lemma,

k
[y (0] + o y* = const.

| —

Multiplying both sides by 2m, we get the stated equation.

7. (a) Since, for a point moving along a circle of radius ¢, the magnitude v of its linear velocity
¢ and the angular velocity w = df/dt are connected by v = wl = (df/dt)¢, and the vector
U’ is tangent to the circle (and so, perpendicular to the radius), we have

do do
angular momentum = £ -mv = £ -m - — { = ml* — .
dt dt

(b) From Figure 4.18, we see that the component of the gravitational force, mg, which is
perpendicular to the level arm, has the magnitude |mgsinf| and is directed towards
decreasing 6. Thus,

torque = £ - (—mgsinf) = —¢mgsin 6.

(c) According to the Newton’s law of rotational motion,

d d do
torque = pm (angular momentum) = —lmgsinf = pm <m€2 E)
d*0 d*0
= —ﬁmgsinezmﬁzﬁ = er%sine:o.
9. According to Problem 8, with ¢ = g, the function 6(t) satisfies the identity
N2
(92) —cos ) = C = const. (4.9)

Our first purpose is to determine the constant C'. Let ¢, denote the moment when pendulum is
in the apex point, i.e., §(t,) = m. Since it doesn’t cross the apex over, we also have ¢'(t,) = 0.

Substituting these two values into (4.9), we obtain
02
5 —cosm= C = C=1
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11.

13.

15.

230

Thus (4.9) becomes

0
( 2) —cosf = 1.
In particular, at the initial moment, ¢ = 0,
0'(0))?
% —cos[0(0)] = 1.

Since 6(0) = 0, we get

M —cos0=1 = [0/(0))° =4

= '0)=2 or 6(0)=-2.

The “damping coefficient” in the Rayleigh equation is b = (v’ )2 — 1. Thus, for low velocities
y', we have b < 0, and b > 0 for high velocities. Therefore, the low velocities are boosted,

while high velocities are slowed, and so one should expect a limit cycle.

Qualitative features of solutions to Airy, Duffing, and van der Pol equations, are discussed
after Example 3, in Examples 6 and 7, respectively. Comparing curves in Figure 4.26 with
graphs depicted in Figures 4.13, 4.16, and 4.17, we conclude that the answers are

(a) Airy;

(b) Duffing;

(c) van der Pol.

(a) Yes, because the “stiffness” t? is positive and no damping.
(b) No, because of the negative “stiffness” —¢2.

(c) Writing v +3° = 3" + (y*)y, we conclude that the mass-spring model, corresponding to

this equation, has positive “stiffness” y* and no damping. Thus the answer is “yes”.
(d) Here, the “stiffness” is y°, which is negative for y < 0. So, “no”.
(e) Yes, because the “stiffness” 4 + 2cost > 2 > 0 and no damping.

(f) Since both the “damping” ¢ and the stiffness 1 are positive, all solutions are bounded.
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(g) No, because the “stiffness”, —1, is negative.
17. For the radius, (), we have the initial value problem
r(t) = ~GMr—2, r(0) = a, r'(0) = 0.
Thus, in the energy integral lemma, f(r) = —GMr~—2. Since
/f(r)dr = / (-GMr=?)dr = GMR™ + C,

we can take F(r) = GMR™!, and the energy integral lemma yields

(1) — GM_ C} = const.

r(t)

To find the constant C}, we use the initial conditions.

1
2

1/ 2 GM GM 1 N2 GM GM / 2GM a—rTr
T i .

a r

(Remember, r(t) is decreasing, and so 7’(t) < 0.) Separating variables and integrating, we get

/\/:dr:/ <—W> dt = a <arctan\/z— v T(Z_T)> ﬁw(b

We apply the initial condition, r(0) = a, once again to find the constant Cy. But this time

we have to be careful because the argument of “arctan” function becomes infinite at r = a.

So, we take the limit of both sides rather than making simple substitution.

<arctan T(t> Y a — 7" )

a—r(t)

lim a
t——+0

= ( lim arctan r(t) — lim -~ r(®)a - r(t)]) —_— <Z — 0) E

I ) a—r(t) t—+0 a
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and, in the right-hand side,

2GM 2GM
lim <— G t‘l—CQ):— G 'O—I—CQZCQ.

t—+0 a a

Thus Cy = ar/2 and r(t) satisfies

< r(t) Vr(t)a—r(t ) 2GM | am
a | arctan t+

a—r(t) 2

a 2

At the moment ¢ = T, when Earth splashes into the sun, we have r(7p) = 0. Substituting

this condition into the last equation yields

0(a—0 2GM
a arctan\/ 0 _ \/ (e ) = — G T0+a_7r
a—20 a a 2

[2GM
N 0= GM T, + am
a
aT
TH =
~ 0 2\/2G 2\[\/

Then the required ratio is
T T a? /2 a3 1
— = ——A/ == T == —F=.
T 22VGeM GM 42

EXERCISES 4.8: A Closer Look at Free Mechanical Vibrations, page 219

1. In this problem, we have undamped free vibration case governed by equation (2) on page 210

in the text. With m = 3 and k = 48, the equation becomes
3y" + 48y =0 (4.10)

with the initial conditions y(0) = —0.5, 3/(0) = 2.

The angular velocity of the motion is

= m_ 3_
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It follows that

. 2r 27
period = — = — =
w 4

natural frequency =
A general solution to (4.10), given in (4) on page 211 in the text, becomes
y(t) = C coswt + Cy sinwt = C cos 4t + Cy sin 4t.

We find C and C5 from the initial conditions.

y(0) = (Cy cos4t + Cysin 4t) ’t:O: Cy=-1/2, _ Cy = —1/2,
y'(0) = (—4C sin 4t 4 4C5 cos 4t) ’t:O: 4Cy = 2 Cy=1/2.

Thus, the solution to the initial value problem is

1 1 2
y@) = _5 cos 4t + 5 sin 4t = g sin <4t — g) ,

where we have used formulas (6) rewriting the solution in form (5), page 211 in the text. The

amplitude of the motion therefore is v/2/2.

Setting y = 0 in the above solution, we find values of ¢ when the mass passes through the

point of equilibrium.

2
%sin(llt——): = 4t—§:n7r, n=0,1,....

(Time t is nonnegative.) The first moment when this happens, i.e., the smallest value of ¢,
corresponds to n = 0. So,
T T

4 — = = t=— .
;-0 = 16

. The characteristic equation in this problem, r? + br + 16 = 0, has the roots

T
- - ,

(4.11)

Substituting given particular values of b into (4.11), we find roots of the characteristic equation

and solutions to the initial value problems in each case.
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234

b=0.
+v—64
2

A general solution has the form y = C] cos4dt + Cysin4t. Constants C; and Cy can be

= +41.

r =

found from the initial conditions.

y(0) = (Cycosdt + Cysindt) |,_ = Cy =1, C, =1,
y'(0) = (—4C; sin4t + 4C; cos4t) |,_ = 4Cy = 0 Cy=0

and so y(t) = cos 4t.
b=6.

r

6+ /36 — 64
= 5 = 3+ V7.

A general solution has the form y = (C cos VTt 4+ Cy sin ﬁt)e‘3t. For constants C and

Cs, we have the system

y(0) = (01 cos /Tt + Cy sin \/715) e 3t }t:O: cCi=1,

y'(0) = [(\/702 —3CY) cos VTt — (\/7(]1 + 3C5) sin ﬁt] e 3t }t:(): V705, —3C, =0
Ci=1,
02 - 3/\/7a

and so

4
y(t) = |cos VTt + % sin V7| e 3 = W e sin <\/?t + ¢> )

where ¢ = arctan(v/7/3) =~ 0.723.

b=38.
-8+ 64 —64 4
r= = —4.
2
Thus, » = —4 is a double root of the characteristic equation. So, a general solution has

the form y = (Ct + Cy)e~*. For constants C; and Cy, we obtain the system

y(0) = (Crt + Cop) e | _ = Co =1, N Co=1,
y'(0) = (—4Ct —4Co + Cy)e™ | _ = C1 —4C; = 0 Cy =4,

and so y(t) = (4t + 1)e 4,
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b =10.
—10 £+ /100 — 64
r= 5 =—-5+3.
Thus, r = —2, —8, and a general solution is given by y = Cie % + Coe~®. Initial
conditions yield
y(O) = (01€_2t —+ 026_8t> ’t=O: Cl + CQ = 1, Cl = 4/3,

=
y'(0) = (=20 e7 —8Cye™®) |,_ = —2C; — 8C, = 0 Cy = —1/3,

and, therefore, y(t) = (4/3)e 2" — (1/3)e™®" is the solution to the initial value problem.

The graphs of the solutions are depicted in Figures B.19-B.22 in the answers in the text.

5. The auxiliary equation associated with given differential equation is 2 4+ 10r + % = 0, and its

roots are r = —5 + /25 — k.

k =20. In this case, r = —5 + /25 — 20 = —5 & /5. Thus, a general solution is given
by y = Cye=5HV3)t 4 Che(=5-V5)t The initial conditions yield

y(o) — |:Cl€(*5+\/5)t + 026(*57\/5)tj| — Cl + 02 — 17
t=0
y'(0) = [(—5 +V/5)Crel=oHVR 4 (5 — \/5)026<—5—¢5>t}
t=0

= (=5 +V5)C1 + (=5 —V5)Cy =0

Cy = (1+V5) /2,
Cy = (1-+5) /2,

and, therefore, y(t) = [(1++/5) /2e5+VDt 1 [(1 —/5) /2]e(=5-VD" is the solution to

the initial value problem.

=

k=25 Then r = =5+ /25 —25 = —5. Thus, r = —5 is a double root of the
characteristic equation. So, a general solution has the form y = (Cyt + Cp)e . For

constants C and Cs, using the initial conditions, we obtain the system

y(O) = (Clt + CO) 6752& ‘t:OZ C() = 1, CO =1,
y'(0) = (=5Ct —5Co + Cy)e™™ | _ = Cy —5C; = 0 C, =5,

and so y(t) = (5t + 1)e ™.
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k =30. In this case, r = =5 /25 —-30 = -5 £ V5i. A general solution has the form
y = (Cy cos V5t + Cy sin \/St)e_5t. For constants C; and C5, we have the system

y(0) = (01 cos /5t + Cy sin \/gt) e ot }t:O: Ci=1,
y'(0) = [(VBCs — 5Cy) cos v/5t — (V/5Cy + 5C5) sin /bt e~ }t:O: V5Cy —5C, =0

C) =1,
Co= V5.

=

and so

y(t) = |cos V5t + V5sin V5t | e = V6e * sin <\/3?5 + <Z5> )

where ¢ = arctan(1/v/5) ~ 0.421.

Graphs of the solutions for £ = 20, 25, and 30 are shown in Figures B.23-B.25 in the answers
in the text.

7. The motion of this mass-spring system is governed by equation (12) on page 213 in the text.
With m =1/8, b = 2, and k = 16 this equation becomes

1
QU2+ 16y =0, (4.12)
and the initial conditions are y(0) = —3/4, ¢'(0) = —2. Since
b* —4dmk =4 —4(1/8)16 = —4 < 0,

we have a case of underdamped motion. A general solution to (4.12) is given in (16), that is,

with a = —b/(2m) = —8 and § = (1/2m)v4mk — b?> = 8, we have
y = (O cos 8t + Cysin8t) e ™ .

Using the initial conditions, we find the constants C; and Cs.
y(0) = (C} cos 8t + Cysin 8t) e~ ’t:OZ C, = —3/4,
y'(0) = 8[(Cy — C) cos 8t — (Cy + C}) sin 8t] e~ ‘t:(): 8(Cy— () = —2

Cy = —3/4,
02 = _17

=
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and so

3 5
y(t) = —7 cos 8t —sin 8t| e ¥ = 1 e S sin(8t + ¢),

where tan ¢ = (—3/4)/(—1) = 3/4 and cos ¢ = —1 < 0. Thus,
¢ =+ arctan(3/4) ~ 3.785.

The damping factor is (5/4)e™® the quasiperiod is P = 27/8 = /4, and the quasifrequency
is 1/P = 4/.

. Substituting the values m = 2, k = 40, and b = 8/5 into equation (12) on page 213 in the

text and using the initial conditions, we obtain the initial value problem

d2y dy /
2ﬁ+8\/ga+40y:0, y(0) =0.1 (m), %'(0) =2 (m/sec).

The initial conditions are positive to reflect the fact that we have taken down to be positive

in our coordinate system. The auxiliary equation for this system is
27 +8VEr +40=0  or  r?+4v5r +20 =0.

This equation has a double root at » = —2+/5. Therefore, this system is critically damped

and the equation of motion has the form
y(t) = (Cl + Cgt) 6_2\/3t .

To find the constants C; and Cy, we use the initial conditions y(0) = 0.1 and 3/(0) = 2. Thus,

we have

Y (0) =2 =C, —2V5C, =  C,=2+402V5.

From this we obtain

y(t) = [0.1 + (2 + 0.2x/5> t] o253t
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The maximum displacement of the mass is found by determining the first time the velocity

of the mass becomes zero. Therefore, we have
Y(t) = 0 = <2 + 0.2\/S> e=2V5 _2\/5 [0.1 + <2 + 0.2\/5) t} eVt

which gives
2 1

"B 02vE) VB2 102vE)

Thus the maximum displacement is

y[\/5(2+10'2\/5)}:{0.1+<2+0.2\/5) (\/5(2:0_2\/5)

)] ¢~2V3IVEH0.2V3) 942 (1),

11. The equation of the motion of this mass-spring system is
y" + 0.2y + 100y = 0, y(0)=0, ¢'(0)=1.
Clearly, this is an underdamped motion because
b — 4mk = (0.2)* — 4(1)(100) = —399.96 < 0.

So, we use use equation (16) on page 213 in the text for a general solution. With

b 2 1 1
o= =92 00 and B=—V4mk — 12 = = /399.96 = v/99.99
2m 2 2m 2

equation (16) becomes

y(t) = <01 cos v'99.99t + Cy sin v 99.9975) e 01t
From the initial condiions,

y(0) = (C1cos v99.99t + Cysin1/99.99t) e~ | _ = Cy =0,
y'(0) = [(v99.99C; — 0.1C1) cos v/99.99 — (0.1C5 + v/99.99C1 ) sin v/99.99¢] =02 | _
=+/99.99C, — 0.1C; = 1
Cy =0,
Cy =1/v/99.99.
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Therefore, the equation of motion is given by

1
1) = ——— e 9% gin v/99.99¢ .
y(t) 1/99.99

The maximum displacement to the right occurs at the first point of local maximum of y(¢).

The critical points of y(t) are solutions to

e*O.lt
() = <\/99.99 c0sv/99.99¢ — 0.1 sin \/99.99t> —0
Y= 75555

= v/99.99 cos v/99.99¢t — 0.1 sin v/99.99¢ = 0
= tan v/99.99t = 10v//99.99 = v/9999 .

Solving for ¢, we conclude that the first point of local maximum is at

t = (1/v99.99) arctan v/9999 ~ 0.156 sec.

In Example 3, the solution was found to be

y(t) = \/g e~ % sin <2\/§t + qﬁ) , (4.13)

where ¢ = 7 + arctan(v/3/2). Therefore, we have

y'(t) = —\/ge_% sin (2\/§t + (b) +V7e *cos (2\/515 + (b) .

Thus, to find the relative extrema for y(t), we set

y'(t) = _\/Ze_% sin <2\/§t + ¢5> +VTe #cos <2\/§t + qﬁ) =0
sin (2v/3t + ¢ VT
CcoS (2\/§t+¢ 7/3 _\/§

=  tan (2\/§t+¢> =3.

) _
)

Since tan @ = /3 when 6 = (7/3) 4 nn, where n is an integer, we see that the relative extrema

will occur at the points t,,, where

N S S S L b

3 2v/3
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240

By substituting 7 + arctan (\/§ / 2) for ¢ in the last equation above and by requiring that ¢ be

greater than zero, we obtain

. (m/3) 4+ (n — 1)m — arctan (v/3/2) n—12.3... ..

n 2\/§ )
We see that the solution curve given by equation (4.13) above will touch the exponential

curves y(t) = + <\/7/12> e 2" when we have

[T o . [T o
L 2 >:i L
126 sm(\/gt—i-qﬁ 126 ,

where ¢ = 7 + arctan (\/3/2) This will occur when sin (2\/§t + qﬁ) = 41. Since sinf = +1

when 6 = (7/2) + mm for any integer m, we see that the times 7},,, when the solution touches

the exponential curves, satisfy

(7/2) +mm — ¢
2v/3 ’

2Bl +¢=Z+mr = D=

where ¢ = 7 + arctan (\/§ / 2) and m is an integer. Again requiring that ¢ be positive we see

that y(¢) touches the exponential curve when

(7/2) + (m — 1)m — arctan (v/3/2)
2v/3 ’

From these facts it follows that, for y(¢) to be an extremum and, at the same time, touch the

T =

m=1,23,....

curves y(t) = £4/7/12e2"| there must be integers m and n such that

(7/3) + n — arctan (v/3/2) _ (7/2) + mm — arctan (v3/2)

2v/3 2V/3

= Zimm=I4
3 n7T—2 mm
R 111
n—-m=~-—-=-.
2 6

But, since m and n are integers, their difference is an integer and never 1/6. Thus, the extrema

of y(t) do not occur on the exponential curves.
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15. Since the exponential function is never zero, from the equation of motion (16) on page 213 in
the text we conclude that the mass passes the equilibrium position, that is, y(t) = 0, if and
only if

sin(wt + ¢) = 0.

Therefore, the time between two successive crossings of the equilibrium position is 7 /w, which
is a half of the quasiperiod P. So, we can find the quasiperiod P by multiplying the time
between two successive crossings of the equilibrium position by two. Whenever P is computed,
we can measure the displacement y(t) at any moment ¢ (with y(¢) # 0) and then at the moment

t + P. Taking the quotient

y(t + P) Ae—(b/2m)(t+P) sinfw(t + P) + ¢] (bjam)P
= =e

y(t) Ae=(0/2m)t gin(wt + ¢) ’

we can calculate the damping coefficient b as

_2m In[y(t + P)/y(t)] .

b= Iz

EXERCISES 4.9: A Closer Look at Forced Mechanical Vibrations, page 227

1. The frequency response curve (13) on page 223, with m =4, k = 1, and b = 2, becomes

M) = 1 e —

\/(k — mA2)2 + 22 \/(1 — 472)2 4+ 472 '

The graph of this function is shown in Figure B.26 in the answers in the text.

3. The auxiliary equation in this problem is 7249 = 0, which has roots r = £3i. Thus, a general

solution to the corresponding homogeneous equation has the form
yn(t) = C; cos 3t + Cysin 3t.
We look for a particular solution to the original nonhomogeneous equation of the form

yp(t) = t*(Acos3t + Bsin3t),
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where we take s = 1 because r = 37 is a simple root of the auxiliary equation. Computing

the derivatives

y'(t) = Acos 3t + Bsin 3t + t(—3Asin 3t + 3B cos 3t),
y"(t) = 6B cos 3t — 6Asin 3t + t(—9A cos 3t — 9B sin 3t),

and substituting y(¢) and y”(t) into the original equation, we get

6B cos 3t — 6Asin3t + t(—9A cos 3t — 9B sin 3t) + 9t(A cos 3t + Bsin 3t) = 2 cos 3t
A=0,
B=1/3.

= 6B cos3t —6Asin3t = 2cos 3t =

So, yp(t) = (1/3)tsin3t, and y(t) = Cycos3t + Cysin3t + (1/3)tsin3t is a general solution.

To satisfy the initial conditions, we solve

y(O) = Cl = 1, Cl = 1,
y'(0) =3C, =0 Cy =0.

So, the solution to the given initial value problem is
I
y(t) = cos 3t + 3 tsin3t.
The graph of y(t) is depicted in Figure B.27 in the answers section in the text.

5. (a) The corresponding homogeneous equation, my” + ky = 0, is the equation of a simple

harmonic motion, and so its general solution is given by
yn(t) = Cy coswt + Cy sinwt, w=+k/m.
Since v # w, we look for a particular solution of the form

Yp(t) = Acosyt + Bsinyt
= y,(t) = —Aysinyt 4+ By cos 7t

= yn(t) = —Ay* cosyt — By’ sin .
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Substitution into the original equation yields

m (—A72 cos vyt — By?sin vt) + k (Acosvt + Bsinvyt) = Fycosvt
= A (—m”y2 + k) cosyt+ B (—m’y2 + k) sinvyt = Fycos~t

A=Fy/ (k- m’YQ) ) Fy
= ) = ———— Yt.
B=0 up (1) k—mfy2COS

Therefore, a general solution to the original equation is

y(t) = Cy coswt + Cysinwt + cost .
k —m~?
With the initial conditions, y(0) = 3'(0) = 0, we get
y(0) = Cy + Fy/ (k —m~?) =0, _ C,=—-F/(k—my?),
¥'(0) =wC =0 Gy =
Therefore,
(t) {410 t
=— coswt + ————— €os
Y k — m-y? k —m~? e
which can also be written in the form
F F
y(t) = k—iﬁn”yz (cosyt — coswt) = m(TO—’yQ) (cosyt — coswt) .

(b) Here one can apply the “difference-to-product” identity

B+ A B—A
cosA—cosBzQsin(%)sin( 5 )

with A =+t and B = wt to get

2F . w+y . W=7
y(t) = (=) sm( 5 t) sin (T t) .

(c) For Fp =32, m =2, w=29, and v = 7, the solution in part (b) becomes

2(32 947 9-—-7
y(t) = 2(92(_)72) sin ( ;r t) sin (T t) =sin&tsint.

The graph of this function is shown in Figure B.28.
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7. The auxiliary equation to equation (1) on page 220 in the text, mr? + br + k = 0, has roots

244

r

b+ VB —dmk

2m

which are both real (b > 4mk) and negative because vb? — 4mk < b. Let
—b— Vb —4Amk

r =
2m ’

—b+ Vb? — dmk

2m

9 1=
Then a general solution to the homogeneous equation corresponding to (1) has the form
Yn(t) = cre™" + cpe™

A particular solution to (1) is still given by (7) on page 221 in the text. Thus,
Fo
V(k —m2)2 + b242

tan @ = (k — m~?)/(by), is a general solution to the forced overdamped equation.

y(t) = cre™t + coe™t + sin(yt + 6),

. If a mass of m = 8kg stretches the spring by ¢ = 1.96 m, then the spring stiffness must be

mg 8-9.8
=9 _ 2778 40 (N/m).
k== = Tog ~ 10N/m)

Substitution m = 8, b = 3, k = 40, and the external force F'(t) = cos 2t into the equation (23)
on page 226 in the text yields

8y” + 3y’ + 40y = cos 2t.

The steady-state (a particular) solution to this equation is given in (6) and (7), page 221, that
is,

Fy

yp(t) = (k= m?) + 22 {(k — m~?) cosyt + bysinvt}
= 40— (8)(2)21]2 EOIE {(40 — 8(2)) cos 2t + (3)(2) sin 2t }
= Hl() {8cos2t + 6sin2t} = 11—0 sin(2t + 0),

where 6 = arctan(8/6) ~ 0.927.
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11. First, we find the mass

81b 1 |
m=———- = —slug.
32ft/sec? 4 &

Thus the equation (23), describing the motion, with m = 1/4, b = 1, k = 10, and the external

force F'(t) = 2 cos2t becomes

1
1 y" + 1y + 10y = 2 cos 2t, (4.14)

with the initial conditions are y(0) = 3/(0) = 0. A general solution to the corresponding

homogeneous equation is given in Section 4.8, formula (16). That is,
yn(t) = e (O} cos Bt + Cysin fit) .

We compute

o= —% = —ﬁ =2 and 3= ﬁ\ﬂ(l/él)(lo) — 12 =6.

So,
yn(t) = e (C} cos 6t + Oy sin 6t) .

For a particular solution, we use formula (7), page 221 in the text.

Fy .
Yp(t) = \/(k —my2)? + b242 sin(vt + 6)
2 2
= sin(2t + 0) = — sin(2t + 0),

V10— (/427 + (12(2)? V85

where § = arctan[(k —m~?)/(by)] = arctan(9/2) ~ 1.352. A general solution to (4.14) is then

given by
2
y(t) = e (C} cos 6t + Cysin 6t) + —— sin(2t + ).

V85

From the initial conditions, we find
y(0) = Cy + (2/v/85) sinf = 0,
y'(0) = —2C; + 6Cy + (4/+/85) cos = 0

C, = —(2/v/85)sinf = —18/85,

- Cy = [Cy — (2/v/385) cosb] /3 = —22/255.
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18 086t — 22 sin6t| + —— si (2t + 0)
—— COS — —— SIn —= SIn .
85 255 V85

The resonance frequency for the system is

v _ V(k/m)—(8?)/2m?) VA0 -8 _2V2

= yt)=e™

om or o T

where we have used formula (15) on page 223 in the text for .

13. The mass attached to the spring is

32 1b

S ft /sec?

=1 slug.

Thus the equation governing the motion, my” + by’ + ky = Foy, withm =1, b =2, k = 5,
and Fey(t) = 3 cos 4t becomes

y" + 2y' + 5y = 3 cos 4t.

This is an underdamped motion because v* — 4mk = (2)* — 4(1)(5) = —16 < 0. For the
steady-state solution of this equation we use formula (6) on page 221 in the text. Since
Fox(t) = 3cosdt, we have Fy = 3, and 7 = 4. Substituting m, b, k, Fy, and v into (6), we
obtain

3 2
wl) = gomarrrerae P OW]

cos4t + (2)(4) sin4t }

3
= 1= (8sindt — 11 cos4t).

REVIEW PROBLEMS: page 228

1. Solving the auxiliary equation, > + 8 — 9 = 0, we find 7, = —9, v, = 1. Thus a general
solution is given by

y(t) = cre™ + cpe™ = cre” 4 cpet

3. The auxiliary equation, 4r? — 4r + 10 = 0, has roots r; = (1 £ 3i)/2. Therefore a general

y(t) = [cl cos (%) + cpsin (%)] el?

solution is
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5. The roots of the auxiliary equation, 6r* — 11r + 3 = 0, are 71 = 3/2 and ro = 1/3. Thus,
y(t) = el 4 cpett = C1€3t/2 + C2€t/3
is a general solution.

7. Solving the auxiliary equation, 3612 + 24r + 5 = 0, we find

=244 ,/242 - 4(36)(5) 1 Iy
"= 2(36) B

Thus a general solution is given by

y(t) = {01 cos (é) + ¢y sin (%)} e 3.

9. The auxiliary equation, 16r? —56r+49 = (4r —7)? = 0, has a double root r = 7/4. Therefore,

e™/* and te™* are two linearly independent solutions, and a general solution is given by

y(t) = c1e™* 4 cote™* = (¢ + cat) €74

11. This equation is a Cauchy-Euler equation. Using the approach discussed in Problem 38,

Exercises 4.3, we make the substitution ¢ = e® and obtain

de_dvdt _ i
ds dtds dt’

o 0 (0 b
ds2  ds \ds/) ds dt?’

d?x d’x  dx d’x  dx

P 45 =— - = br=—— — — +5x=0.
- az T (ds2 ds)+ PT e T as "

The axiliary equation to this constant coefficient linear equation is r2 — r +5 = 0, which has

1+ /12-4(1)(5)  1£V19
— 5 = :

2

y(s) = e*/? [cl cos (\/?S) + ¢y sin (\/?S)]

roots

r

Thus,
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is a general solution as a function of s. The back substitution, s = Int, yields

y(t) = t'/? [cl Ccos (@ 1nt> + ¢y sin <@ lnt)] :

13. The roots of the auxiliary equation, r* + 16 = 0, are r = £44. Thus a general solution to the

corresponding homogeneous equation is given by
yn(t) = c1 cosdt + cysindt .

The method of undetermined coefficients suggests the form y,,(t) = (A;t+Ag)e’ for a particular

solution to the original equation. We compute
Y, (t) = (Art + Ag + Ay)e’, Yy (t) = (Ast + Ag + 2A;)e’
and substitute y, (t) and y,(t) into the given equation. This yields

Y+ 16y, = [(Ait + Ao+ 241)e'] + 16 [(Art + Ag)e!] = te!

1 2
= 17A;t +17Ay) + 2A;) e’ = te! = A= — Ag= ——.
( 1t + 0o+ 2A1)e e 1= 170 4o 539
Therefore,
t 2
w(t) = (1—7 - @) ¢
= () (t) + y,(2) 4t + cpsindt + [ 2 ) o
= = in — - — )
Y Yn Yp 1 COS Co 8 7 " 589 ) ©

15. This is a third order homogeneous linear differential equation with constant coefficients. Its

auxiliary equation is 3r® + 10r? + 9r + 2 = 0. Factoring yields
3r® 410 +9r +2 = (3 +3r?) + (Tr2 +7r) + (2r +2) = 32 + 7r +2)(r +1).

Thus the roots of the auxiliary equation are

TP A3, 1
: _

7_57

r=-—1 and 7r=
and a general solution is given by

y(t) = cre™ + et 4 cze /3.
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To solve the auxiliary equation, 72 4 107 — 11 = 0, we note that 7 = 1 is a root. Dividing the

polynomial 73 4+ 10r — 11 by r — 1 we get
P+ 10r — 11 = (r — 1)(r* +r + 11),

and so the other two roots are

23 = = 5

—1+1—41)(11) -1 N V43
2 o~ 2 "

A general solution is then given by
V43t V43t
y(t) = cre! + e 2 [02 Cos <?> + c3sin <?>] .

By inspection, we find that 7 = —3 as a root of the auxiliary equation, 4r3+8r? —11r+3 = 0.

Using, say, the long division, we get
4r 48 —11r +3 = (r+3)(4r* —4r +1) = (r +3)(2r — 1).

Thus, in addition, r = 1/2 is a double root of the auxiliary equation. A general solution then
has the form

y(t) = cre73 + cpet’? + cqtel/?
First, we solve the corresponding homogeneous equation,
y" — 3y + 7y = 0.

Since the roots of the auxiliary equation, 2 — 3r + 7 = 0, are

C3£V9-28 3+ V19
N 2 2

r

a general solution to the homogeneous equation is

yn(t) = [01 cos (@) 1 ¢ysin (@)] o2
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23.

250

We use the superposition principle to find a particular solution to the original nonhomogeneous

equation.

A particular solution, y,1(¢) to y” — 3y’ + 7y = 7t* has the form
Ypi(t) = Aot® + Ast + Ap .

Substitution yields

y;;l — 3y1,)71 + 7yp,1 = 2142 — 3(2A2t + Al) + 7(A2t2 + Alt + AQ) = 7t2
= (TA)? + (TA] — 6A5)t + (TAg — 3A; + 24,) = Tt?

7142 - 7, A2 - 1,
= 7A1—6A2:0, = Al :6/7,
7A0 - 3A1 + 2A2 == O AO - 4/49,

and so

6 4
=14 t+ —.
ypyl( ) + 7 + 49
The other term in the right-hand side of the original equation is e!. A particular solution to
y" — 3y’ + Ty = €' has the form y, »(t) = Ae’. Substitution yields

1 1
y;;,,2 - 3%,)72 + 7yp,2 = 5Aet — et = A= 5 = yp,Q(t) — 5 et )

By the superposition principle, a general solution to the original equation is

yt) = wynlt) — yp,2(t) + yp,l(t)

V19t V19t 3¢ 1 6 4
—~ AR in | Y—— PP St —
[cmos( 5 + ¢381n 5 e 5e+ —|—7 —1—49
The corresponding homogeneous equation in this problem is similar to that in Problem 13.
Thus, y;(t) = cos4f and y,(t) = sin4f are its two linearly independent solutions, and a

general solution is given by

yn(0) = ¢y cos 40 + cosin 46 .

For a particular solution to the original equation, we use the variation of parameters method.
Letting
Yp(0) = v1(0) cos 46 + v(8) sin 46,
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we get the following system for v} and v} (see (9) on page 195 in the text):

v1(0) cos 40 + v (0) sin 46 = 0
—4v1(0) sin 46 + 4vy(0) cos 40 = tan 46.

Multiplying the first equation by sin 46 and the second equation by (1/4) cos46, and adding

the resulting equations together, we get

1 1
v (0) = 1 sin 46 = v = —1e cos 46 + cs.

From the first equation in the above system we also obtain

1 sin” 46 1
1(0) = —v)(0) tan 40 = —= =—- 460 — cos 40
v1(0) U5(0) tan 1 cos 40 1 (sec cos 46)

1 1 1
= v1(0) = 1 /(sec49 — cos40) df = ~T6 In | sec 46 + tan 46| + Esin49+c4.

Taking c3 = ¢4 = 0, we obtain
(0) L 0 sec 40 + tan 40| + — sin 46 ) cos 40 + ( ——= cos 0 ) sin 46
= [ —— In|sec an — sin cos —— cosf | sin
U 16 16 16
1
= —T5 (cos40) In | sec 46 + tan 46,

and a general solution to the original equation is

1
y(0) = 1 cos 40 + cosin 46 — 16 (cos40) In | sec 40 + tan 40| .

Since the auxiliary equation, 4r? — 12r + 9 = (2r — 3)? = 0, has a double root r = 3/2, a

general solution to the corresponding homogeneous equation is
yn(t) = c 632 4 ot
By the superposition principle, a particular solution to the original equation has the form
y,(t) = Ae” + Be .
Substituting this expression into the given nonhomogeneous equation, we get
Ayr — 12y, + 9y, = 4(254¢” +9Be™) — 12 (54€” + 3Be™) + 9 (Ae™ + Be™)
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= 494" +9Be™ = €™ + ¥ = A=1/49, B=1/9.
Therefore, y,(t) = (1/49)e* + (1/9)e* and a general solution to the original equation is
1 1
£ = ¢t peB/2 L 5t T st
y(t) = 1€’ + cote +496 —|—9€

27. This is a Cauchy-Euler equation. Thus we make the substitution z = ¢! and get

d’y  dy
2 P
x ﬁ—l—Qx%—Qy_Gx + 3z
d’y dy dy
= v _ < 277 _ 92y =6 t\—2 3t
(dt2 ar ) T2~y =6le) T )
d’y | dy
= — + — — 2y =6e " + 3¢ . 4.15
e + o 2y =Ge + 3e (4.15)
The auxiliary equation, r? +r — 2 = 0, has the roots r = —2, 1. Therefore, a general solution

to the corresponding homogeneous equation is

yn(t) = cre’ + cpe™ .
A particular solution to (4.15) has the form

y,(t) = Ate™ + Bte'.

(The factor ¢ appeared in both terms because €' and e~ are both solutions to the homogeneous

equation.) Differentiating, we find

y,(t) = Ate* + Bte'

= yo(t) = A(1 = 2t)e™ + B(t + 1)¢'

= yn(t) = A(4t — 4)e * + B(t + 2)e".

Substitution into (4.15) yields
—3A4e7? 4+ 3Be! = 6e7?" + 3¢t = A=-2 B=1.
Thus a general solution to (4.15) is given by
y(t) = yn(t) + y,(t) = cre’ + coe ™ — 2te " + te' .
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The back substitution e = z (or ¢t = Inx) results

y(z) = ez + cor?

The roots of the auxiliary equation in this problem are

4+ /AT

r= = 24+ 3.

2

Therefore, a general solution is given by
y(t) = <01 cos V3t + ¢y sin \/§t> e 2.
Substituting the initial conditions, we obtain

y(O) = (01 cos \/§t + c9sin \/gt) e~ 2 ’t:O: c =1,

y'(0) = [(—2¢1 + V/3ca) cos /3t — (vV3ey + 2¢5) sin V/3t] e |,

— 22 %Inx+zlnz.

Review Problems

261 + \/gCQ = —2.

Solving this system yields ¢; = 1, co = 0. The solution to the given initial value problem is

y(t) = e 2 cos V/3t .

We solve the corresponding homogeneous equation. Its auxiliary equation, 72 — 2r + 10 = 0,

has the roots r = 1 4+ 3¢. Thus
yn(t) = (¢ cos 3t + cysin 3t) €

is a general solution.

Now, we apply the method of undetermined coefficients and look for a particular solution to

the original nonhomogeneous equation of the form y,(t) = Acos3t + Bsin3t. Differentiating

yp(t) twice, we obtain y,(t) = —3Asin 3t+3B cos 3t, y, = —9A cos 3t —9B sin 3t and substitute

these expressions into the original equation. Thus we get

(—9A cos 3t — 9Bsin 3t) — 2(—3Asin 3t + 3B cos 3t) + 10(A cos 3t + B sin 3t)

= 6cos3t —sin 3t
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33.

35.

254

= (A—6B)cos3t+ (6A+ B)sin3t = 6cos3t —sin 3t

A—-6B= 6, A= 07
= =
6A+ B =—-1 B =-1.
So, y,(t) = —sin3t, and y(t) = (¢ cos3t + casin3t) e’ — sin 3t is a general solution to the

given equation.
Next, we satisfy the initial conditions.
y(0) =c1 =2, ¢ =2,
y'(0) =c1 +3c; —3=—8 cy = —17/3.
Hence, the answer is

7
y(t) = (2 cos 3t — 3 sin 3t> e’ — sin 3t.

The associated characteristic equation in this problem is r* — 12r? + 27r 4+ 40 = 0, which is
a third order equation. Using the rational root theorem, we look for its integer roots among
the divisors of 40, which are +1, 2, +4, £8, +10, £20, and +40. By inspection, r = —1 is
a root. Dividing r3 — 1212 4+ 27r 4+ 40 by r + 1, we get

r® — 122 4 27r 4 40 = (2 — 13 + 40)(r + 1),

and so the other two roots of the auxiliary equation are the roots of 7> —13r+40 = 0, which are
r =5 and 8. Therefore, a general solution to the given equation is y(t) = cie™! + coe®* + c3e®.

We find the values of ¢;, ¢, and c3 from the initial conditions.

y(O) = (cle’t + 0265t + 0368t) ’t:OZ C1 + Co + C3 = —3, C1 = —]_,

y'(0) = (—cre™ + beged + 8czedt) }t:(): —c1 + beg + 8¢ = —6, = cy = —3,

y"(0) = (cre™ + 25¢0e™ + 64csed) |, = ¢1 + 25¢5 + 64cg = —12 cz =1
Therefore, y(t) = —e™* — 3¢ + €® is the solution to the given initial value problem.

Since the roots of the auxiliary equation, r* + 1 = 0, are r = +4, the functions y;(0) = cosf
and y2(0) = sin@ are two linearly independent solutions to the corresponding homogeneous

equation, and its general solution is given by

yn(0) = c1cos 0 + cysinf .
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We apply the method of variation of parameters to find a particular solution to the original

equation. We look for a particular solution of the form
Yp(6) = v1(0) cos O + v9(8) sin b,
where v1(0) and v9(6) satisfy the system (9), Section 4.6. That is,

vicosf +vhsinf = 0,

—vysinf + vhcosf = sech.

Multiplying the first equation by sin #, the second equation by cos #, and adding them together
yield

vhsin® @ + vh cos® § = sec f cos f = vy =1 = v9(0) = 6.
From the first equation in the above system we also get
vy = —vytanf = — tand = 01(0):—/tan6’d0:ln|0050|,
where we have taken the zero integration constant. So,
Yp(0) = cosfln|cosb| + fsinb,

and

y(0) = c1co80 4 casin 6 + cos O In | cos O] + O sin 6

is a general solution to the original equation. Differentiating we find that
y'(0) = —cysinf + ¢y cos 0 — sinfIn | cos 6| + 6 cos 6.

Substitution of y(#) and y'(€) into the initial conditions yields

y(0)=c =1, c =1,
y'(0)=co =2 Co = 2,

and so the answer is y(0) = cos + 2sin + cos @ In | cos | + 0 sin 6.
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37. Comparing the given homogeneous equations with mass-spring oscillator equation (13) in
Section 4.7,
[inertia] y” + [damping] y’ + [stiffness]y = 0,
we see that in equations (a) through (d) the damping coefficient is 0. So, the behavior, of

solutions, as t — 400, depends on the sign of the stiffness coefficient “k”.

(a) “k”=t*> 0. This implies that all the solutions remain bounded as ¢ — +oc.

b) “k”= —t* < 0. The stiffness of the system is negative and increases unboundedly as
Yy g y
t — +oo. It reinforces the displacement, y(¢), with magnitude increasing with time.

Hence some solutions grow rapidly with time.
(c) “k”=y% > 0. Similarly to (a), we conclude that all the solutions are bounded.

(d) “k”= y". The function f(y) = y” is positive for positive y and negative if y is negative.
Hence, we can expect that some of the solutions (say, ones satisfying negative initial

conditions) are unbounded.

(e) “k"=3+sint. Since |sint| < 1 for any ¢, we conclude that
7 >34 (~1) =2 >0,

and all the solutions are bounded as ¢t — +o0.

(f) Here there is positive damping “b” = t* increasing with time, which results an increasing
drain of energy from the system, and positive constant stiffness & = 1. Thus all the

solutions are bounded.

(g) Negative damping “b”= —t? increases (in absolute value) with time, which imparts energy
to the system instead of draining it. Note that the stiffness k = —1 is also negative. Thus

we should expect that some of the solutions increase unboundedly as ¢t — 4o00.

39. If a weight of w = 321b stretches the spring by ¢ = 61in = 0.5 ft, then the spring stiffness must

be

32
2 = 64 (Ib/ft).
G (Ib/ft)

w
k==
]
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Also, the mass m of the weight is

32
m:%:?)—zzl(slug),

and the damping constant b = 21b-sec/ft. The external force is given to be F(t) = Fycos~t
with Fy =4 and v = 8.

Clearly, we have an underdamped motion because v> — 4mk = 4 — 256 < 0. So, we can use

formula (6) in Section 4.9 for the steady-state solution. This yields

F .
yp(t) = = m72§2 e {(k: — m~?) cosyt + bysin yt}
4 2 . 1 .
= Gi_wr o {(64 — 8%) cos 8t + (2)(8) sin8t} = 7 sin 8t.

The resonant frequency for the system is ~,./(27), where ~, is given in (15), Section 4.9.
Applying this formula, we get

1 k b2 1 64 22 1/62
resonant frequency = % E — 2—7712 = o T — 2(12> = ? .
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CHAPTER 5: Introduction to Systems and Phase
Plane Analysis

EXERCISES 5.2: Elimination Method for Systems, page 250

1. Subtracting the second equation in the system from the first one, we eliminate y and obtain

o+ = —2y,
y/ Y = = —x.

y = r—=2
This equation is separable (also, it is linear). Separation yields

dr _

T

—dt = Injz|=-t+C = z(t) = coe™".

Substituting this solution into the second equation, we obtain an equation for y:
/ —t
Y+ 2y =2 =coe ".

This equation is a first order linear equation. Solving we obtain

) =exo ( fyar) =

= thy = / (026_t) 2dt = ¢y / eldt = coe! + ¢4

= y(t) = cre™* + coe .

Therefore, a general solution is

z(t) = cpe, y(t) = cre™® + coe .

3. We eliminate x by subtracting the second equation from the first equation. This yields

d
Yy +2y=0 = A = Inly| = —-2t+c¢ = y(t) = coe™
)

2t
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From the second equation we get
-y =0 = (x—y)' =0 = z(t)—y(t) = = 2(t) = ¢+ e,
and a general solution is given by

x(t) = ¢ + e, y(t) = coe™ .

. Writing this system in operator notation yields the system

(D = 1Dfz] + Dly]

5,
Dlz]+(D+1)[y] = 1.

(5.1)

We will first eliminate the function x(¢), although we could proceed just as easily by eliminat-
ing the function y(¢). Thus, we apply the operator D to the first equation and the operator
—(D — 1) to the second equation to obtain

D(D = 1)[a] + D*[y] = D5 = 0,
~(D - 1)D[a] ~ (D~ DD+ Dy] = —(D - ){i] = 1.

Adding these two equations yields

[D(D—1) — (D - 1)D} [a] + {D* — (D*~ 1)} [y] = 1
= 0O-z+1-y=1 = y(t) = 1.

To find the function z(t), we will eliminate y from the system given in (5.1). Therefore, we

multiply the first equation in (5.1) by (D + 1) and the second by —D to obtain the system

(D+1)(D—-1)[z]+(D+1)Dly] = (D +1)[5] = 5,
—D?z] — D(D + 1)[y] = D[1] = 0.

By adding these two equations we obtain
{(D*-1)-D*}[z] =5 = —z =5 = x(t) = 5.
Therefore, this system of linear differential equation is solved by the functions

x(t) = =5 and  y(t) =1
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7. In order to eliminate u, we multiply the first equation by (D — 1), the second equation — by
(D + 1), and subtract the results.

(D= 1){(D+1)[u] = (D+1)[v]} = (D =1)[e'] = (') — €' =0,
(D+1D){(D—-Dul+ 2D+ D)} =(D+1)[5]=(5B)+5=5
N (D* = 1) [u] = (D* = 1) [v] =0,

(D* = 1) [u] +{(D+1)2D + 1)} [v] = 5

+1
= {D+)EDE)H (D -} =5 = (DD+}]=2. (52

The corresponding homogeneous equation, { D(D + 1)} [v] = 0, has the characteristic equation
r(r+1)=0 = r=0,-1,

and so its general solution is

Uh(t) =C + Cgeit

Applying the method of undetermined coefficients, we look for a particular solution to (5.2) of
the form v,(t) = ct®, where we choose s = 1 (because the homogeneous equation has constant

solutions and does not have solutions of the form ct). Substitution v = ¢t into (5.2) yields

(DD + 1)} [et] = (D+ D] = ¢ = S () = gt.

w| ot

Therefore, a general solution to (5.2) is

5)
v(t) = vp(t) +vp(t) = c1 + coe™" + 3t

We now go back to the original system and subtract the second equation from the first one.

2u— (3D +2)[v] =" =5

3 1, 5
= U:(§D+1)[U]+§€t—§
= S e+t + 2 /+ bty D) 4 Lo 2
Uu=—11¢6 Coe - & Co€ - —€ — =
A 3 e 3 27 2
1 1, 5
= u(t):cl—icge*t+§et+§t.
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Thus, a general solution to the given system is
1 1 5

t)=c1—~coe "+ e+ -t
u(t) = ¢ 5 C2€ —|—2€+3,

)
v(t) =ci + et + 3 t.

9. Expressed in operator notation, this system becomes
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(D +2)[e] + Dly] = 0,
(D —1[z]+(D—-1)[y] = sint.

In order to eliminate the function y(t), we will apply the operator (D —1) to the first equation

above and the operator —D to the second one. Thus, we have

(D =1)(D +2)[z] + (D = 1)D[y] = (D = 1)[0] = 0,
—D(D —1)[z] = D(D — 1)[y] = —Di[sint] = — cost.
Adding these two equations yields the differential equation involving the single function x(t)
given by
{(D*+ D —-2)— (D*- D)} [z] = —cost
= 2(D —1)[z] = — cost. (5.3)
This is a linear first order differential equation with constant coefficients and so can be solved
by the methods of Chapter 2. (See Section 2.3.) However, we will use the methods of
Chapter 4. We see that the auxiliary equation associated with the corresponding homogeneous

equation is given by 2(r — 1) = 0, which has the root » = 1. Thus, a general solution to the

corresponding homogeneous equation is
zy(t) = Che’.

We will use the method of undetermined coefficients to find a particular solution to the
nonhomogeneous equation. To this end, we note that a particular solution to this differential

equation will have the form

xp(t) = Acost + Bsint = x,(t) = —Asint + Bcost.
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Substituting these expressions into the nonhomogeneous equation given in (5.3) yields

2x, —2x, = 2(—Asint+ Bcost) —2(Acost + Bsint)
= (2B —2A)cost + (—2A — 2B)sint = — cost.

By equating coefficients we obtain
2B —2A=-1 and —2A-2B=0.

By solving these two equations simultaneously for A and B, we see that

1 1
A:Z and B:—Z.

Thus, a particular solution to the nonhomogeneous equation given in (5.3) will be

1
xp(t) = 2 cost — 2 sin t

and a general solution to the nonhomogeneous equation (5.3) will be

1 1
x(t) = xp(t) + xp(t) = Cyet + 1 cost — 1 sin t.

We now must find a function y(t). To do this, we subtract the second of the two differential

equations in the system from the first to obtain
3r +y = —sint = y = —3z —sint.
Therefore, we see that

1 1
y(t) = =3 |Cie’ + ) cost — ) sint| — sint

3 1
= y(t) = —=3Ce" — 1 cost — 1 sint.

Hence this system of differential equations has the general solution

1 1 3 1
x(t) = Cre' + 1 cost — 2 sin ¢ and  y(t) = —3C.e" — 1 cost — 1 sint.
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11. From the second equation, we obtain v = — (D? + 2) [v]/2. Substitution into the first equation

eliminates u and gives

(D - 1) {_% (D% +2) [U]} foy=e

= [(0*=1) (D" +2) — 10] o) = —2¢'
= (D*+ D* —12) [v] = —2¢". (5.4)

Solving the characteristic equation, r* + 72 — 12 = 0,
4’ —12=0 =  (FP+4)(?-3)=0 =  r==£2+V3,

we conclude that a general solution to the corresponding homogeneous equation is

V3t V3t .

vp(t) = 1 cos 2t + cosin 2t + c3eV>' + cpe”
A particular solution to (5.4) has the form v,(t) = ce’. Substitution yields

(D4 + D* —12) [cet] = ce! 4+ ce! — 12¢e’ = —10ce! = —2¢! = c=

(S

Therefore, v = vy, + v, = ¢; cos 2t + ¢ sin 2t + czeV3t 4 e V3 4 e'/5 and
1 2 1 : V3t v, Loy !
u = -3 (D —1—2) [v]:—§ €1 cos 2t + cosin 2t + c3eV>' + cue +5e

1
— (01 cos 2t + co sin 2t + cge‘/gt + 046—‘/5'5 + S et)

V3t 5 —V/3t 3

— —cye — — ¢,

5)
= c¢1c082t+ cysin 2t — B cse 5 10

By replacing (—5/2)cs by ¢3 and (—=5/2)cy by ¢4 we obtain the same answer as given in the

text.

13. Expressing z from the second equation and substituting the result into the first equation, we

obtain

d(y —
=y -y = %:(y’—y)—ély = Y -2/ +5y=0.
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This homogeneous linear equation with constant coefficients has the characteristic equation

r? —2r +5 = 0 with roots r = 1 & 2i. Thus a general solution is
Yy = cre! cos 2t + cpe’ sin 2t .
Therefore,

T = (clet cos 2t + e’ sin 2t)/ — (clet cos 2t + e sin 2t)
= (clet cos 2t — 2¢qet sin 2t + e sin 2t + 2¢q€! cos 2t) — (01 el cos 2t + coel sin Qt)

= 2c9e! cos 2t — 2¢y et sin 2t.

In operator form, the system becomes
—2z+4+ (D —5)[w] = bt
(D—4)[z] —3w = 1Tt

We multiply the first equation by 3, the second equation by (D — 5), and add the resulting

equations.

{=6+ (D —5)(D—4)}[2] = 3(5t) + (D — 5)[17t] = =70t + 17
= (D* = 9D + 14) [2] = =70t 4 17.

Solving the characteristic equation, 7?2 — 9r + 14 = 0, we obtain r = 2,7. Hence, a general
solution to the corresponding homogeneous equation is z;,(t) = c1e? + ce™. A particular

solution has the form z,(t) = At + B. Substitution yields

(D* = 9D + 14) [At + B] = (At + B)" — 9(At + B)' + 14(At + B)

= 14At —9A 4+ 14B = —70t + 17
—70 17 +9A
A:—:— 827:
= 14 5 14

= 2(t) = zi(t) + 2,(t) = cre® + coe™ — 5t — 2.

We use now the second equation from the original system to find w.

1 2
w = g(z’—élz— 17t) = -3 cre® 4+ coe™ +t 4 1.
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17. Expressed in operator notation, this system becomes
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(D?+5) [a] —4fy] = 0,
—[]+(D*+2)[y] =

In order to eliminate the function z(¢), we apply the operator (D?+5) to the second equation.

Thus, we have
(D*+5) [z] —4[y] = 0,
— (D*+5) [z] + (D*+5) (D*+2) [y] = 0.
Adding these two equations together yields the differential equation involving the single func-
tion y(t) given by
{(D*+5)(D*+2)—4}[y=0 = (D*+7D*+6) [y] = 0.

The auxiliary equation for this homogeneous equation, r* + 7r* +6 = (1?2 + 1)(r?> + 6) = 0,
has roots r = =+, +i/6. Thus, a general solution is

y(t) = Cysint + Cycost + Cssin V6t + C, cos V6.

We must now find a function x(¢) that satisfies the system of differential equations given in
the problem. To do this we solve the second equation of the system of differential equations
for z(t) to obtain

z(t) = (D* +2) [y.

Substituting the expression we found for y(t), we see that
z(t) = —Cysint — Cycost — 6C5 sin V6t — 6C, cos V6t
+2 <C’1 sint + Cy cost + (5 sin V6t + Cy cos \/ét)
= x(t) = Cysint + Cycost — 4C5 sin V6t — 4C, cos V/6t.

Hence this system of differential equations has the general solution

z(t) = Cysint + Cy cost — 4C5 sin /6t — 4C cos v/ 6t
y(t) = Cysint + Cy cost + Cssin V6t + O, cos V6t.
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19. From the first equation, we conclude that y = 2’ — 4. Substitution into the second equation

21.

yields
(2 —4a) = 22 + (2/ — 4z) = " — 52’ + 6z = 0.

The characteristic equation, r? — 5r 4+ 6 = 0, has roots r = 2,3, and so a general solution is
z(t) = cr® + cpe®
= y(t) = (cleZt + CQ@gt)/ —4 (01€2t + 0263t) = —2¢1e% — cyedt .

We find constants ¢; and ¢y from the initial condition.

1=2(0) = 162 4 30 = ¢] + ¢y, o =—1,

0 =y(0) = —2¢1620) — 230 = —2¢; — ¢, Cy =

Therefore, the answer to this problem is

2(t) = —e? + 2™ y(t) = 2e* — 2.

To apply the elimination method, we write the system using operator notation:

DQ[‘I]_y:Oa

—z + D?*[y] = 0. (5:5)

Eliminating v by applying D? to the first equation and adding to the second equation gives
(D*D* —1) [z] =0,

which reduces to

(D*—1)[z] =0. (5.6)

The corresponding auxiliary equation, 74 —1 = 0, has roots &1, 4. Thus, the general solution
to (5.6) is given by
x(t) = Cre' + Cye ™" + Cscost + Cysint. (5.7)

Substituting z(¢) into the first equation in (5.5) yields
y(t) = 2"(t) = Cre' + Coe™" — C3cost — Cysint. (5.8)
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We use initial conditions to determine constants C;, Cy, C3, and Cy. Differentiating (5.7) and

(5.8), we get

3=x(0) = C1e® + Coe™ 4+ C3c080 + Cysin0 = Cy + Cy + C3,
1= 2/(0) = C1€® — Coe™® — C3sin0 + Cycos 0 = Cy — Cy + Cy,

= y(0) = C1e + Coe™® — C3c080 — Cysin0 = Cy + Cy — Cs,
—1=19'(0) = C1e® — Coe™® + C3sin0 — Cycos 0 = C; — Cy — Cy

Cy+Cy+Cy =3,
Ch—Cy+Cy=1,
CL+Cy—Cy=1,
Ch—Cy—Cy = —1.

Solving we obtain C'} = Cy = C3 = Cy = 1. So, the desired solution is

z(t) =e" +e " +cost +sint,

y(t) =e" +e " —cost —sint.

23. We will attempt to solve this system by first eliminating the function y(¢). Thus, we multiply
the first equation by (D + 2) and the second by —(D — 1). Therefore, we obtain

(D+2)(D—1)[z] + (D +2)(D—1)Dly] = (D +2) [-3e *] = 6e > — 6e* =0,
—(D - 1)(D+2)[z] — (D —=1)(D+2)[y] = —(D — 1) [3¢'] = —3¢"+ 3¢ =0.
Adding these two equations yields
O-z+0-y=0,

which will be true for any two functions x(¢) and y(¢). (But not every pair of functions
will satisfy this system of differential equations.) Thus, this is a degenerate system, and has
infinitely many linearly independent solutions. To see if we can find these solutions, we will

examine the system more closely. Notice that we could write this system as

(D-Dz+y = —3e*,
(D+2)z+y] = 3e.

268



Exercises 5.2

Therefore, let’s try the substitution z(t) = x(t) + y(t). We want a function z(t) that satisfies

the two equations
2(t) — 2(t) = —3e™* and 2 (t) + 2z(t) = 3¢, (5.9)

simultaneously. We start by solving the first equation given in (5.9). This is a linear differential
equation with constant coefficients which has the associated auxiliary equation r — 1 = 0.

Hence, the solution to the corresponding homogeneous equation is
2(t) = Ce.

By the method of undetermined coefficients, we see that a particular solution will have the
form

z

(1) = Ae™® = 2 = —24e7*.

P

Substituting these expressions into the first differential equation given in (5.9) yields
2 (1) — z(t) = —2Ae™* — Ae™? = =347 = =3¢~ = A=1.
Thus, the first equation given in (5.9) has the general solution
2(t) = Ce' + e 2.
Now, substituting z(¢) into the second equation in (5.9) gives
Ce' —2e7 +2(Ce' +e7) =3¢ = 3Ce" = 3¢".

Hence, C' must be 1. Therefore, z(t) = €' + e is the only solution that satisfies both
differential equations given in (5.9) simultaneously. Thus, any two differentiable functions

that satisfy the equation x(t) + y(t) = e' + ¢! will satisfy the original system.

25. Writing the system in operator form yields

(D—-1)[x] —2y+2 = 0,
—x+ Dly]—2z = 0,
—dx +4y+ (D —DH)[z] =
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We use the second equation to express z in terms of x and y.
z=—x + Dly|. (5.10)

Substituting this expression into the other two equations, we obtain
(D =1z] =2y + (—z + D[y]) = 0,
—4dx +4y+ (D = 5)[—x+ D[y]] =0

(D = 2)[z] + (D =2)[y]) = 0,
= 0.

(5.11)
—(D — 1)[z] + (D* — 5D + 4) [y]

Now we eliminate = by multiplying the first equation by (D — 1), the second equation — by
(D — 2), and adding the results. This yields

{(D-1)(D—-2)+ (D—-2)(D*-5D+4)}[y] =0

= {(D-2)(D*-4D+3)}[y] =0 = {(D-2)(D—-1)(D-3)}[y]=0.

The roots of the characteristic equation, (r — 2)(r — 1)(r — 3) = 0, are r = 1,2, and 3. Thus,

a general solution for y is

y = cre’ 4 coe® + cge® .

With h := x 4 y, the first equation in (5.11) can be written in the form
(D—-2)[h]=0 or K —2h=0,
which has a general solution h = Ke?. Therefore,
r=h—y=—ce + (K —cy)e* — cze™.

To find K, we substitute the above solutions z(¢) and y(t), with ¢; = ¢3 = 0, into the second
equation in (5.11). Thus we get

—(D =1) [(K = ¢2)e] + (D* = 5D + 4) [c2e®] =0

= —(K — co)e* + (4(ca) — 5(2¢o) +4(co)) e* =0

= —K—CQZO = K:—CQ.
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Hence,
_ t 2t 3t
T = —cie’ — 2cee™ — c3e’’ .
Finally, we find z using (5.10).
z=— (—clet — 2¢9e?t — C3€3t) + (clet + et + C3€3t), = 2¢16t 4 dege® + Aese® .
We eliminate z by expressing
1 , 1
z= Z(—x +4z) = —Z(D—Zl)[x] (5.12)

from the first equation and substituting (5.12) into the second and third equations. We obtain

2{—3 <D—4>[:c1} (D -4y =0,

2% + 4y + D l—i (D —4)[95]} —4{—2 (D —4)[3;]} 0.

After some algebra, the above system simplifies to

—(D =4[] +2(D = 4)[y] = 0,
(D* — 8D +8) [2] — 16y = 0.

We use the second equation to find that

y = 1_16 (D* — 8D +38) [z]. (5.13)

Then the first equation becomes

—(D —4)[z] +2(D — 4) L—l6 (D* - 8D +8) [;c]] =0

1
= (D-4){—1+g (D2—8D+8)}[x] =0 = (D —4)D(D — 8)[z] = 0.
Solving the characteristic equation, we get r = 0,4, and 8; so

x =18 + et + 5.
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Substitution of this solution into (5.12) and (5.13) yield

z=" (=2 +4z) = —c1e¥ + c3,

L]

1
y:1_6( "—Sx/—l-S.T):§(Cle8t—cge4t—|—c3),

29. We begin by expressing the system in operator notation
(D= N[z] +y =0,
-3z + (D —1)[y] =0.

We eliminate y by applying (D — 1) to the first equation and subtracting the second equation

from it. This gives

{(D-=D(D—-A) = (=3)}[z] =0
= {D* - (A+1)D+ (A+3)} [z] =0. (5.14)

Note that since the given system is homogeneous, y(t) also satisfies this equation (compare
(7) and (8) on page 247 of the text). So, we can investigate solutions x(t) only. The auxiliary
equation, 72 — (A + 1)r + (X + 3) = 0, has roots

L _ (D) -VA D +VA
T T T

where the discriminant A := (A + 1) — 4(\ + 3). We consider two cases:

i) fA+3<0,ie A< =3, then A > (\+ 1) and the root

A+ +A+1]

0.
2

)

Therefore, the solution x(t) = €' is unbounded as t — +oo.

i) If A +3>0,ie A> -3 then A < (A+1)% If A <0, then a fundamental solution set
to (5.14) is
{e()‘“)t/2 Cos (%At) , MDY 2 g (_TN) } : (5.15)
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If A >0, then VA < |\ + 1] and a fundamental solution set is

{emt e} if A >0,

(5.16)
{emt te"t} | if A =0,

where both roots 7y, ry are non-positive if and only if A < —1. For A = —1 we have
A= (-1+1)>—4(-1+3) < 0, and we have a particular case of the fundamental
solution set (5.15) (without exponential term) consisting of bounded functions. Finally,

if A < —1, then r; < 0, ro < 0, and all the functions listed in (5.15), (5.16) are bounded.

Any solution z(t) is a linear combination of fundamental solutions and, therefore, all solutions

x(t) are bounded if and only if —3 < X < —1.

Solving this problem, we follow the arguments described in Section 5.1, page 242 of the text,
i.e., z(t), the mass of salt in the tank A, and y(t), the mass of salt in the tank B, satisfy the

system
dv .
T Input, — outputy ,
(5.17)
dy _ .
i Inputg — outputg,

with initial conditions z(0) = 0, y(0) = 20. It is important to notice that the volume of each
tank stays at 100 L because the net flow rate into each tank is the same as the net outflow.

2

Next we observe that “input,” consists of the salt coming from outside, which is
0.2kg/L - 6 L/min = 1.2 kg/min,

and the salt coming from the tank B, which is given by

t t
% kg/L - 1L/min = % kg /min.
Thus,
t
input, = {1.2 + %} kg/min.
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“output,” consists of two flows: one is going out of the system and the other one is going to
the tank B. So,
t Tx(t
output, = % kg/L - (4+ 3)L/min = % kg /min,

and the first equation in (5.17) becomes

v _ 1o, b T2

a2 100 100°
Similarly, the second equation in (5.17) can be written as

dy 3z 3y

dt 100 100"

Rewriting this system in the operator form, we obtain

(D +0.07)[z] —0.01y = 1.2,

(5.18)
—0.03z + (D 4+ 0.03)[y] = 0.
Eliminating y yields
{(D +0.07)(D 4+ 0.03) — (—0.01)(—0.03) } [x] = (D + 0.03)[1.2] = 0.036,
which simplifies to
(D*+0.1D + 0.0018) [z] = 0.036.. (5.19)

The auxiliary equation, 72 + 0.1r 4+ 0.0018 = 0, has roots

1 1 18 1 V7 =57

= e = e - S = & —(0.0765
"7 720 V100 T 10000 ~ 20 100 100 ’
—5+7
= Y~ 0.0235.
r o0 0.0235

Therefore, the general solution the corresponding homogeneous equation is
zp(t) = Cre™t + Cye™".

Since the nonhomogeneous term in (5.19) is a constant (0.036), we are looking for a particular

solution of the form x,(t) = A =const. Substituting into (5.19) yields

0.00184 = 0.036 = A =20,
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and the general solution, z(t), is
z(t) = xp(t) + 2,(t) = Cre™ + Che™" + 20.
From the first equation in (5.18) we find
d
y(t) = 100 {(D+0.07)[z] — 1.2} = 100 d—f 4 72(t) — 120

= 100 {Tlclerlt + TQCQ@TQt} +7 {Cle“t -+ C’ge”t -+ 20} — 120

= (2-V7) i+ (24 VT) Coe™ + 20,
The initial conditions imply

021'(0):01+02+20,
20 =y(0) = (2—V7) C1 + (2+V7) Co + 20

Cy + Cy = —20,
(2 V7) it (24+V7) Ca =0

= 01:—(10+%), 02:—(10—%).

Thus the solution to the problem is

20 20
x(t)=— 10+ — e”t—(lo——)e”t—FZO kg),
0 =-(10+22) = (k)
30 30
1) = — et — — et 4 20 (ke).
y(t) 7 7 (kg)

33. Since no solution flows in or out of the system from the tank B, we conclude that the solution
flows from the tank B to the tank A with the same rate as it does from A to B, that is, 1 L /min.
Furthermore, the solution flows in and out of the tank A with the same rate, 4 L /min, and so
the volume of the solution in the tank A (as well as in the tank B) remains constant, 100 L.
Thus, with x(¢) and y(t) denoting the amount of salt in the tanks A and B, respectively, the

law “rate of change = input rate — output rate” becomes

Tank A:

T

100 kg/L - (1L/min + 4 L/min);

= <4L/min -0.2kg/L + 1 L/min - 11% kg/L)
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Tank B:
"= 1L/min - r -1 in. -2 )
Y /min 100 kg/L LL/min 100 kg/L

Hence, we obtain the system

r oy
r—08— L4 Y
v 50 T 100"
JoE U

100 100"

From the second equation, we find that z = 100y’ 4+ y. Substitution into the first equation

yields
100y’ + vy Y
100y 08— —2 24 I
(100y" + y) 20 100
1
= 100y" + 6y’ + 5 V= 0.8 = y" +0.06y" + 0.0004y = 0.008. (5.20)

The characteristic equation 724-0.06r4-0.0004 = 0 of the corresponding homogeneous equation

has roots

—0.06 £ 1/(0.06)2 — 4(1)(0.0004) -3 ++/5
r= =
2 100

and so

yh(t) _ 616(73—\/5)1‘//100 + 626(—3+\/5)t/100

is a general solution to the homogeneous equation. We now look for a particular solution of

the form y,(t) = c. Substitution into (5.20) gives

0.008
0.0004c = 0.008 = = 20.
‘ = T 00004
Thus
Y(t) = yp(t) + yn(t) = 20 + 13V L ¢ e(=3 V)00 (5.21)
is a general solution to (5.20). Then
z(t) =y +100y = 20+ (1-3— \/5)016(*3*\/5)"//100 +(1-3+ \/5)626(—3+\/5)t/100

= 20— (2+ V5)er eTFVII0 L (o 4 (/B3R (5 99)
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Next, we use the initial condition, z(0) = 0, y(0) = 20, to find values of ¢; and cs.
20 — (2 +V5)ey + (=24 V5)ey = 0, N e =10/V5,
20 +¢; + ¢ =20 cy = —10/+/5.
With these values, the solution given in (5.21), (5.22) becomes

x(t) — 90 — 20 + 10\/5 6(737\/5)25/100 + 20 — 10\/5 e(—3+\/5)t/100
e e ’

10 10
t) =204+ — e(=3=V5)t/100 _ (_> o(=3+V5)t/100
y(t) ( \/g) 7

Let z(t) and y(t) denote the temperatures at time ¢ in zones A and B, respectively. Therefore,
the rate of change of temperature in zone A will be 2/(¢) and in zone B will be y'(t). We
can apply Newton’s law of cooling to help us express these rates of change in an alternate
manner. Thus, we observe that the rate of change of the temperature in zone A due to the
outside temperature is k1[100 — z(¢)] and due to the temperature in zone B is ka[y(t) — z(t)].
Since the time constant for heat transfer between zone A and the outside is 2 hrs (= 1/ky),
we see that ky = 1/2. Similarly, we see that 1/ky = 4 which implies that ko = 1/4. Therefore,
since there is no heating or cooling source in zone A, we can write the equation for the rate

of change of the temperature in the attic as

#(8) = 5 [100 — 2(6)] + § [y(#) — (1))

In the same way, we see that the rate of change of the temperature in zone B due to the
temperature of the attic is kslx(t) — y(¢)], where 1/k; = 4; and the rate of change of the
temperature in this zone due to the outside temperature is k4[100 — y(¢)], where 1/ky = 4.
In this zone, however, we must consider the cooling due to the air conditioner. Since the
heat capacity of zone B is (1/2)°F per thousand Btu and the air conditioner has the cooling
capacity of 24 thousand Btu per hr, we see that the air conditioner removes heat from this
zone at the rate of (1/2) x 24° = 12° F/hr. (Since heat is removed from the house, this rate
will be negative.) By combining these observations, we see that the rate of change of the

temperature in zone B is given by
1

(1) = =124 5 [2(6) — y(0)] + 3 100 — y(0)]
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By simplifying these equations, we observe that this cooling problem satisfies the system

42 (t) + 3x(t) —y(t) = 200,
—2'(t) + 4y'(t) + 2y(t) = 52.

In operator notation, this system becomes

(4D + 3)[z] — [y] = 200,
—[z] + (4D +2)[y] = 52.

Since we are interested in the temperature in the attic, z(¢), we will eliminate the function
y(t) from the system above by applying (4D +2) to the first equation and adding the resulting

equations to obtain

{(4D +2)(4D + 3) — 1} [x] = (4D + 2)[200] + 52 = 452
= (16D* 4+ 20D + 5) [z] = 452. (5.23)

This last equation is a linear equation with constant coefficients whose corresponding homo-
geneous equation has the associated auxiliary equation 16r? + 207 + 5 = 0. By the quadratic

formula, the roots to this auxiliary equation are

545 —5-+/5
= %\f ~ 0345 and 1y = Tf ~ —0.905 .

1

Therefore, the homogeneous equation associated with this equation has a general solution
given by

zp(t) = cre™ + coe™,

where 7y and 79 are given above. By the method of undetermined coefficients, we observe that

a particular solution to equation (5.23) will have the form

z,(t) = A = z(t) =0 = ) (t) = 0.

Substituting these expressions into equation (5.23) yields

162 + 202!, + 52, = 5A =452 = A =90.4.
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Thus, a particular solution to the differential equation given in (5.23) is x,(t) = 90.4 and the

general solution to this equation will be
2(t) = c1e™ + e + 904,

where 71 = (=54 1/5)/8 and ry = (=5 — v/5)/8. To determine the maximum temperature of
the attic, we will assume that zones A and B have sufficiently cool initial temperatures. (So
that, for example, ¢; and ¢y are negative.) Since r; and 7o are negative, as ¢t goes to infinity,
cre™t and cye™t each go to zero. Therefore, the maximum temperature that can be attained
in the attic will be

lim z(t) = 90.4°F.

t—o0

In this problem, we combine the idea exploded in interconnected tanks problems,
rate of change = rate in — rate out, (5.24)

with the Newton’s law of cooling

dr

— = K(T—M). (5.25)

Let z(t) and y(t) denote temperatures in rooms A and B, respectively.

Room A. Tt gets temperature only from the heater with a rate

e 20° /h.

rate in = 80,000 Btu/h - =
1000 Btu

Temperature goes out of the room A into the room B and outside with different coeffi-

cients of proportionality in (5.25): K; = 1/2 and K, = 1/4, respectively. Therefore,

rate out = rate into B + rate outside
1 1 3 1
S@—y)+pe-0)=Tr—cy

Thus, (5.24) implies that

3 1 3 1
/:2 [ N — =920 — — .
T 0 (43: 2y> 0 4x+2y
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Room B. Similarly, we obtain

10002 1ty m oy —op ta o T
y= 1000 2TV T yW TV E e

Hence, the system governing the temperature exchange is
¥ =20 (3/4)z + (1/2)y,
y =2+ (1/2)x — (7/10)y.
We find the critical points of this system by solving
20 — (3/4)x + (1/2)y = 0, 3r—2 = 80, x = 600/11
24+ (1/2)x — (7/10)y = 0 e 4Ty = 20 y = 460/11.
Therefore, (600/11,460/11) is the only critical point of the system. Analyzing the direction
field, we conclude that (600/11,460/11) is an asymptotically stable node. Hence,

460
lim y(t) = T~ 41.8°F.

t—o0

(One can also find an explicit solution y(t) = 460/11 4 c1e™" + cpe™*, where 1 < 0, 75 < 0,
to conclude that y(t) — 460/11 as t — 00.)

39. Let y be an arbitrary function differentiable as many times as necessary. Note that, for a
differential operator, say, A, Aly] is a function, and so we can use commutative, associative,

and distributive laws operating such functions.
(a) It is straightforward that
(A+ B)ly] := Alyl + Bly] = Blyl + Aly] = (B + A)[y].

To prove commutativity of the multiplication, we will use the linearity of the differential
operator D, that is, D[ax+ By] = aD[z]+3Dly] and the fact that D*D? = D = DI D",
For the latter,

(D'DY) [y] := D [Dfy]] = (y) ) = 49 = (@) = DI [Dy]] =: (DID) [y)
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Thus we have

— (i) ajDJ> [io sz’[y]] = io {a]D] [io szZ[y]] }
- gg (a; D76, DY) [y] = Zi; jio (b:D'a; D7) [y]

-5 S} (500) [5ee]
_ pr> [(Z D) yl| = BLAW]= (BA)Y)

(b) We have

{(A+B)+C}y] == (A+ B)[yl + Cly] := (Aly] + Bly]) + C[y]

and

{(AB)C} ] := (AB) [Cly]]:= A B[Clyl]|= A [ (BC)ly] |= {A(BO)} ]
(c) Using the linearity of differential operators, we obtain

{A(B+ )}yl

A[(B+O)y]]:=A[B] [y] ]
A[Blyl] +A[C] }I B)lyl + (AC)[y] =: {(AB) + (AC)} [y].

41. As it was noticed in Example 2, we can treat a “polynomial” in D, that is, an expression
of the form p(D) = Y7 ja; D', as a regular polynomial, i.e., p(r) = DI a;r", while per-
forming arithmetic operations. Hence, the factorization problem for p(D) is equivalent to the

factorization problem for p(r), which is the same as finding its roots.

—3+./3%2—-4(-4 —3+5
(a) r = (=4) _ Z2- 41 = D'3D—4=(D+4)(D-1).
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—14 /12 —-4(—-6 -1+
() = EVEZACOD _ZES Ly o priDos=(D+3(D-2).

—944/92-4(-5)2 -9+11
(c) r= 7 (=5)2 _ = —5,1/2 2D*4+9D -5 = (D+5)(2D —1).

=
4

(d) r=+vV2 = D>-2=(D+V2)(D—-2).

EXERCISES 5.3: Solving Systems and Higher—Order Equations Numerically, page 261

1. We isolate y”(t) first and obtain an equivalent equation

y"(t) = 3y(t) —ty'(t) + 1*.

Denoting x; := y, x2 := ¢’ we conclude that

with initial conditions z1(0) = y(0) = 3, 22(0) = ¢/(0) = —6. Therefore, given initial value

problem is equivalent to

3. Isolating y™¥(t), we get
y () = yB(t) — Ty(t) + cost.

In this problem, we need four new variables — for y(t), 3/(t), y"(t), and 4 (¢). Thus we denote
=y, w=y, a3=y", and z4=y?.
The initial conditions then become
21(0) = y(0) = 1, 22(0) = y/(0) = 1, w3(0) = y"(0) = 0, 24(0) =y (0) = 2.

We have
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€Ty = T2,
Ty = T3,
I

T3 = T4,

x) = x4 — Txy + cost,

1'1(0) == 1'2(0) == ]_, ZL‘3(0)

5. First we express the given system as

=2 —y+2t,

y'=x—y—1.

Setting x1 = x, x5 = 2’, x3 = y, x4 = 3y’ we obtain

xl ==
I
1'2 —

A
1'3_

7' =1y,

2 = 1wy — w3+ 2t

/
Y = Ty,

!
Ty=y =x1—23—1

0, ZL‘4(0):2

Ty =xg,

xh =19 — 13+ 21,
Trh =1y,

Ty =z —x3—1

with initial conditions z1(3) = 5, x2(3) = 2, z3(3) = 1, and z4(3) = —1.

7. In an equivalent form, we have a system

Setting

/,

l'//:y—f—t,

Ts =Y,

Exercises 5.3
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we obtain a system in normal form

1'1:.1'2,

Th =13,

Ty = Tg + 1,

Ty, =15,

, 1
x5:5(2x4—2x3—|—1)

with initial conditions

1'1(0) = ZL‘Q(O) = 1'3(0) = 4, 1'4(0) = ZL‘5(0) =1.

. To see how the improved Euler’s method can be extended let’s recall, from Section 3.6, the

improved Euler’s method (pages 127-128 of the text). For the initial value problem

¥ = f(t,x), z(to) = xo,
the recursive formulas for the improved Euler’s method are
tnt1 = tn + N,
Bt =+ [l ) + Tt + B2+ B 1, 2)]

where h is the step size. Now suppose we want to approximate the solution x(t), x2(t) to the

system
) = fi(t, z1, 29) and xhy = fo(t, xq, x9),
that satisfies the initial conditions
.I'l(to) = ay, l’z(to) = das.

Let x1,, and x9, denote approximations to x;(t,) and zs(t,), respectively, where t,, = o+ nh
forn = 0,1,2,.... The recursive formulas for the improved Euler’s method are obtained by

forming the vector analogue of the scalar formula. We obtain

tn—i—l =1, + h>
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h
Tin+1 = Tin + 5 [fl (tny L1m, :L‘Z;n)
+f1(tn + ha Tin + hfl (tna T1m, xQ;n)a To.pn + hf2(tna T1:n, x2;n))]7
h

Lon+1 = Ton + = [fQ(tny L1m, :L‘Z;n)

2
+f2(tn + h, xl;n + hfl(tna xl;na xQ;n)a .%'2;” + hfZ(tna xl;na .%'2;”>)].

The approach can be used more generally for systems of m equations in normal form.

Suppose we want to approximate the solution xy(t), z2(t), ..., £, (t) to the system
oy = fi(t, v, 20, 1),
33',2 = fg (t,.fll'l,l'g, .. .,l’m),
= fu (t, 21,29, ..., Tm)

with the initial conditions

$1(t0) = a1, l’z(to) =az, ..., xm(tO) Ay -

We adapt the recursive formulas above to obtain

tos1 =ta+h, n=012..;
xl;TLJrl = xl;n + 5 [fl(tna xl;na xQ;na ey xm;n) + fl(tn + ha xl;n + hfl(tna xl;na xQ;na ey xm;n)a
$2;n + hf2(tna xl;na xQ;na s 717m;n)7 .. axm;n + hfm(tna xl;na x2;n7 .. axm;n))] )

h
x2;n+1 = xQ;n + 5 [fQ(tna xl;na xQ;na ey xm;n) + f2(tn + ha xl;n + hfl(tna xl;na xQ;na ey xm;n)a

$2;n + hf2(tna xl;na xQ;na s 717m;n)7 .. axm;n + hfm(tna xl;na x2;n7 .. axm;n))] )

h
xm;n-{—l - xm;n + 5 [fm(tna xl;ny 1'2;7’“ ceey xm;n) + fm(tn + h, :L‘l;n + hfl(tTH xl;na :L‘2;n7 .. 7$m;n)a
xQ;n + hf2(tn7 xl;na xQ;na s 7xm;n)7 s 7xm;n + hfm(tna xl;na .%'2;”, cee 7xm;n))] .

11. See the answer in the text.
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13. See the answer in the text.
15. See the answer in the text.

17. Let x; := w and x5 := v, and denote the independent variable by ¢ (in order to be consistent

with formulas in Section 5.3). In new notation, we have an initial value problem

x) = 3xy — 4ag,
xh = 2xy — 39,

for a system in normal form. Here
fi(t, @1, 29) = 321 — 4, fot, @1, 29) = 221 — 3.
Thus formulas for k; ;’s in vectorized Runge-Kutta algorithm become

kl,l - h(?)xl;n - 41’2;71),
kQ 1= h(2l‘1n — 333'2n

)

|

k ka1 )]

k?l’g:h 3(1‘1”4—%) —4(1‘2;”"‘%)_ 5
k ka1

Fan = z(x 7) 3(+7)
k Koo\

kngh 3 (l’ %) 4(1’2;”4‘%)_ 5
2 3)

k
kog =N |2 21, + 12) 3($2;n+

ki4=h|3 [ (2150 + K13) — 4 (o0 + Fa3)]
k274 = h [2 (33'1 n + ]{71 3) 3 (l’z;n + k2,3)] .

With the inputs ¢y = 0, 21,0 = 29,0 = 1, and step size h = 1 we compute

ki1 = h(3z1,0 — 4x90) = 3(1) — 4(1)
k271 = h(Q.I'l;O — 333'2;0) = 2(1) — 3(1)

_ kia ko \ | -1 -1\ 1
k1,2—h|:3 (1'1;04‘7) —14 $2;0—|—T):| —3(14—7) —4(1—1—7) _—5,
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kQ,Q:h:2(xlo+%)_3( %) _
k:l,gzh:3(x1;o+%)—4( %) _
klgzh:Q(mlo—l—%)—?)(xzo %) =
ks = h[3 (10 + krs) (x20+k23)]:3<1

koa = h[2(z10 4+ k13) — 3 (22,0 + k23)]

Il
(o)
VR

1+ —

Exercises 5.3
(1+3)-o(+3)
PRSI
2)-+(r+2) -4
43)_3(1 %3):_%.

+
+

Using the recursive formulas, we find t; =g+ h=0+1=1 and

(=D +

2(—1/2) 4 2(—=3/4) +

T11 = T10 + % (k11+2k12+2]€13+k14)—1+

6

(=D +

(~1/4) _
(~1/4) _

6
2(—1/2)+2(-3/4) +

1U21—9520+6(l€21+27€22+2]€23+k24)—1+

| W ool w

6

as approximations to x;(1) and xo(1) with step h = 1.

We repeat the algorithm with A =27, m =1,2,....

listed in Table 5-A.

The results of these computations are

Table 5—A: Approximations of the solution to Problem 17.
m h=2"m z1(1; h) z2(1; h)
1.0 0.375 0.375
1 0.5 0.36817 0.36817
2 0.25 0.36789 0.36789

We stopped at m = 2, since
|21(1;271) — 21(1;27%)] = |a2(1;271) — 2a(1;272

Hence u(1) = v(1) ~ 0.36789.

’ = 0.36817 — 0.36789 = 0.00028 < 0.001 .
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18. For starting values we take ty = 0, o3 = 10, and zp2 = 15, which are determined by the

initial conditions. Here A = 0.1, and

fl(t7 L1, :L‘Q) - _(O].)l'l[L'Q ,

fQ(ta x17x2) = —T1.

Now, using the definitions of ¢, @;.n, ki1, ki2, ki3, and k; 4 on page 258 of the text, we have

kl,l = hfl (tnyxl;na :L‘2;n) = _h(o'l)xl;nl?;na
k2,1 = hfs (tnaxl n,9€2 n) = —hwy, n
k k k
le—hfl(n 50 T1m + 5 Lo + % = (xl;n—l—%) (l'g;n‘i‘%),
k k
k22—hf2(t 27~’U1n — Tom T %) (xln—i_%)a
h k k k
kig=hfi (t 2,$1n —, Ty t+ %): (xl;n—i—%) (xgn—l—%),
h k k
k2,3:hf2 l'ln xZn ﬁ l'ln—i—ﬂ )
2 2
kia=hfi(tn +h $1n+k313,9€2n+k23) = —h(0.1) (w1, + k13) (2 + k23)
koy = hfs(ty + h, 21, + k13, To + ko 3) = —h (1., + k1 3) .

Using these values, we find
toi1 =tn+h=1t,+0.1,
1
Tintl = T + 6 (k11 + 2k12 + 2k13 + k1.4)
1
Loyl = Togp + 6 (koq + 2koo + 2ko 5+ ko 4) .

In Table 5-B we give approximate values for ¢,, x1,,, and z,, .

From Table 5-B we see that the strength of the guerrilla troops, x1, approaches zero, therefore
with the combat effectiveness coefficients of 0.1 for guerrilla troops and 1 for conventional

troops the conventional troops win.
19. See the answer in the text.
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Table 5—B: Approximations of the solutions to Problem 18.

tn Tin = T =
0 10 15

0.1 3.124 9.353

0.2 1.381 7.254

0.3 0.707 6.256

0.4 0.389 5.726

0.5 0.223 5.428

21. First, we convert given initial value problem to an initial value problem for a normal system.

Let z,(t) = H(t), za(t) = H'(t). Then H"(t) = 2(t), 21(0) = H(0) = 0, 25(0) = H'(0) = 0,

and we get
Ty =xg, Ty =xg,
60 — zy = (77.7)xh + (19.42)23 = rh = [60 — z; — (19.42)23] /77.7,

Thus fi(t,71,22) = @2, fo(t,x1,22) = [60 — 2y — (19.42)23] /77.7, to = 0, x1,0 = 0, and
Zoo = 0. With h = 0.5, we need (5 — 0)/0.5 = 10 steps to approximate the solution over the
interval [0,5]. Taking n = 0 in the vectorized Runge-Kutta algorithm, we approximate the

solution at ¢ = 0.5.

]{?171 = hl’g;o = 05(0) = 0,
ka1 = h [60 — 21,0 — (19.42)x3,] /77.7 = 0.5 [60 — (0) — (19.42)(0)?] /77.7 = 0.38610,

k 0.38610
kia=h <$2;0 + %) =05 ((0) + == ) = 0.09653,
B i,y ko) B
]{7272 =h |60 — Z1:0 + T — (1942) Z2:0 + T /777 = 038144,

k 0.38144
kiz=nh (372;0 + %) =0.5 ((0) +— ) = 0.09536,
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k Koo\’
kos = h [60 - (901;0 + %) — (19.42) (m + %) ] JT7.7=0.38124
k’174 =h (l‘g;o + k?g’g) =0.5 ((0) + 038124) = 019062,
ko = h [60 — (21,0 + K13) — (19.42) (220 + ko 3)*] /T7.7 = 0.36732.
Using the recursive formulas, we find
1
171(05) ~ T1,1 = ZL‘1;0 + 6 (kl,l + 2]{3172 + 2]{3173 + k1’4) == 009573,

1
33'2(05) N T2, = T20 + 6 (k271 + 2]{7272 + 2]{7273 + k274) = 0.37980.

Next, we repeat the procedure with n = 1,2,...,9. The results of these computations (the

values of ., only) are presented in Table 5-C.

Table 5—C: Approximations of the solution to Problem 21.

n tn, Ziyn~ H(t,) n tp, Zin~ H(tp)
0 0 0 6 3.0 2.75497

1 0.5 0.09573 7 3.5 3.52322

2 1.0 0.37389 8 4.0 4.31970

3 1.5 0.81045 9 45 5.13307

4 2.0 1.37361 10 5.0 5.95554

5 2.5 2.03111

23. Let x; = y and x5 = ¢ to give the initial value problem

oy = fi(t, 1, 22) = 29, z1(0) = a,
zh = folt, w1, 29) = —xy (14 raf), 72(0) = 0.

Now, using the definitions of ¢,, @;.n, ki1, ki2, ki3, and k; 4 on page 258 of the text, we have
kl,l = hfl (tna Ti:n, 172;71) = th;n )
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kQ,l = hf2 (tna Lim, xQ;n) = _hxl;" (1 + Txin)’

h k
k1o =hfi (tn + 5 Tin + %,l’z;n + —

h
koo = hfo (tn + = Tin + ——

2

)
h k k K
k173 N hfl (tn + 5 Tn + ﬁa Tom + ﬂ) =h (xz'" + ﬁ),

2

’ 2
kia=nhfi (t, + h, x5 + k13, Tog + ko 3) = h (xon + ka3),

2
h k k i
ko = hfs <tn T 5 T 2 g+ 22 ) = —h <x1-n + ﬂ)

kf 2
1+(+7)]

)
koa = hfy (ty + h, 21 + k13, Do + ko3) = —h (210 + k1 3) [1 + 7 (T10 + k1,3)2] .
Using these values, we find

toi1 =tn+h=1t,+0.1,
1
Tint1 = L1 + 6 (k1 + 2k 4+ 2k1 3+ k14),

1
Loyl = Togp + 6 (koq + 2koo + 2ko 5+ ko 4) .

In Table 5-D we give the approximate period for r = 1 and 2 with a = 1, 2 and 3, from this

we see that the period varies as r is varied or as a is varied.

Table 5—D: Approximate period of the solution to Problem 23.

r a=1 a=2 a= 3
1 4.8 3.3 2.3
2 4.0 24 1.7

25. With x1 =y, x5 = 3/, and x3 = ", the initial value problem can be expressed as the system

Ty =9, z1(0) =1,
Th =3, x2(0) =1,
rh=1t—1x3— a7, z3(0) = 1.
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Here

fl(taxlaxZwr?)) = T,
fa(t, @1, 0, 23) = 23,

fa(t, 21, 00, 13) =t — 23 — 27 .

Since we are computing the approximations for ¢ = 1, the initial value for h in Step 1 of the

algorithm in Appendix E of the text is h = (1 — 0)27% = 1. The equations in Step 3 are

ki =nhf

t, 21, %9, x3) = hy,

A/_\/_\

k2,1:hf2 t,l’l,l‘g,xg) hl'g,
k31 = hfs ,$1>$2>$3) =h(t—a3—2f),
k k k k
k12:hf1(t 117 T+ ;1 3+%)=h<$2+%)7
h k k k k
kzg—hfz (t+2, 11,1‘24—%,1‘34—%):]1(333—'—%),
ku ka o Ko _ h k3,1 1)’
kgg—hfg(t—i—Q, , Lo+ —— 5 —FT)—h t+§—$3—7—(l’1+7> s
- h k?12 k?22 ksa\ ka2
kl,B—hfl(t+27 9 2"_ 9 3"_ 2)—]1(33'2—'— 2)7
h k‘ k k k
b= e (14 B By B2 B2 (4 222,
h k k h k k
s (14 B B2y B2 B +§_@~3_%_(1+§)],
kia=hfi(t+h, o1+ ks, 2o + kog, 3+ kss) = h(z2 + ko),
koa = hfs(t+h,x1 + kig, 2o + kog, x5+ ks3) = h (x5 + ks3) ,
ksa4 = hfs(t+h, $1+k313,$2+k?23,$3+k333):h[t+h—$3—k3,3—($1+k31,3)2}.

Using the starting values tg = 0, a; = 1, a5 = 0, and a3 = 1, we obtain the first approximations

21(1;1) = 1.29167,
25(1;1) = 0.28125
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23(1;1) = 0.03125.

Repeating the algorithm with & = 271, 272 273 we obtain the approximations in Table 5-E.

Table 5—E: Approximations of the Solution to Problem 25.

n h y(1) = z;(1;27") z9(1;27™) z3(1;27™)
0 1.0 1.29167 0.28125 0.03125

1 0.5 1.26039 0.34509 —0.06642
2 0.25 1.25960 0.34696 —0.06957
3 0.125 1.25958 0.34704 —0.06971

We stopped at n = 3 since

71(1;273) — 21(1;272) 1.25958 — 1.25960
= = 0.00002 < 0.01
21(1;23) 1.25958 ’
T2(1;273) — 15(1;272) 0.34704 — 0.34696
= = 0.00023 < 0.01 d
2(1;273) 0.34704 o
23(1;273) — a3(1:272) | |—0.06971 + 0.06957
= = 0.00201 < 0.01.
x3(1;273) —0.06971

Hence

y(1) ~ 2 (1;27%) = 1.25958,
with tolerance 0.01.

27. See the answer in the text.

29. See the answer in the text.

EXERCISES 5.4: Introduction to the Phase Plane, page 274

1. Substitution of z(t) = ¥, y(t) = €' into the system yields

% = % (eBt) =3e* =3 (et)B =3y°,
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dy d 4 t

— = — | e = e = .

i~ @) Y

Thus, given pair of functions is a solution. To sketch the trajectory of this solution, we express
x as a function of y.

r=et= (et)3:y3 for y=e > 0.

Since y = €' is an increasing function, the flow arrows are directed away from the origin. See

Figure B.29 in the answers of the text.

. In this problem, f(x,y) =z —y, g(z,y) = 2? + y*> — 1. To find the critical point set, we solve

the system
rx—y = 0, r=1Y,
2?4+ -1 = 0 2?2 +9? =1
Eliminating y yields

9 1
20 =1 = r=+——.

V2

Substituting x into the first equation, we find the corresponding value for y. Thus the critical
points of the given system are (1/v/2,1/v/2) and (—=1/v/2, —1/1/2).

. In this problem,

flz,y) =2* =22y,  g(,y) = 32y — v,

and so we find critical points by solving the system

0, x(zr —2y) = 0,
Bry —y® = 0 yBr—y) =

% — 2xy
From the first equation we conclude that either x = 0 or z = 2y. Substituting these values
into the second equation, we get

x=0 = y[3(0) —y] =0 = —2=0 = y =0;
T =2y = y[3(2y) —y] =0 = 5y° =0 = y=0,z=2(0)=0.

Therefore, (0,0) is the only critical point.
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6. We see by Definition 1 on page 266 of the text that we must solve the system of equations
given by
v —3y+2=0,
(z = 1)(y—2) = 0.

By factoring the first equation above, we find that this system becomes

(y =1y —-2)=0,

(r—1)(y—2)=0.
Thus, we observe that if y = 2 and x is any constant, then the system of differential equations
given in this problem will be satisfied. Therefore, one family of critical points is given by the
line y = 2. If y # 2, then the system of equations above simplifies to y —1 =0, and x —1 = 0.

Hence, another critical point is the point (1,1).

7. Here f(z,y) =y — 1, g(x,y) = e**¥. Thus the phase plane equation becomes

dy — e*tv e*ey

dr  y—1 y—1

Separating variables yields

(y — e Ydy = e®dx = /(y — e Ydy = /exdx

= —ye !+ C=¢€" or e +ye¥=C.

9. The phase plane equation for this system is

dy _glwy) ety
dr f(z,y) 2y—=

We rewrite this equation in symmetric form,

—(e"+y)dr+ 2y — x) dy = 0,

and check it for exactness.
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11.

ON 0

Therefore, the equation is exact. We have

Flz,y) = /N(x,w dy = /<2y—x> dy =y — 2y + g(a);
0

M(zy) = 2 Flay) = 2 (7 — oy +gl@) =~y +9(2) = — (& +)
= g@=— > )= [

Hence, a general solution to the phase plane equation is given implicitly by
F(:E,y):y2—xy—em:(] or 695—}-:py—y2:—0:c7
where ¢ is an arbitrary constant.

In this problem, f(z,y) = 2y and g(z,y) = 2z. Therefore, the phase plane equation for given

system is
dy 2x «x
de 2y y’

Separation variables and integration yield

ydy = zdx = /ydy:/xdx
y? — 2

1 2 1 2
= —y =z C =
2y 2x+

= C.

Thus, the trajectories are hyperbolas if ¢ # 0 and, for ¢ = 0, the lines y = +x.

In the upper half-plane, y > 0, we have 2’ = 2y > 0 and, therefore, x(t) increases. In the
lower half-plane, 2’ < 0 and so x(t) decreases. This implies that solutions flow from the left
to the right in the upper half-plane and from the right to the left in the lower half-plane. See
Figure B.30 in the text.

13. First, we will find the critical points of this system. Therefore, we solve the system

296

(y—z)(y—1)

0,
(x—y)(x—1)=0.
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Notice that both of these equations will be satisfied if y = . Thus, x = C' and y = C, for
any fixed constant C', will be a solution to the given system of differential equations and one
family of critical points is the line y = x. We also see that we have a critical point at the
point (1,1). (This critical point is, of course, also on the line y = z.)

Next we will find the integral curves. Therefore, we must solve the first order differential
equation given by

@:dy/dt:(x—y)(x—l) N dy 1—=z
de dx/dt  (y—2x)(y—1) de  y—1°

We can solve this last differential equation by the method of separation of variables. Thus,

Jw-vis= [0

v
2
2

we have

T
—y=r—""x9C
Y= 2+

= r? =2 +1y® — 2y = 2C.

=

By completing the square, we obtain
(z—1°+(y—-1)7=c¢

where ¢ = 2C'+2. Therefore, the integral curves are concentric circles with centers at the point
(1,1), including the critical point for the system of differential equations. The trajectories
associated with the constants ¢ = 1, 4, and 9, are sketched in Figure B.31 in the answers of

the text.

Finally we will determine the flow along the trajectories. Notice that the variable ¢t imparts a
flow to the trajectories of a solution to a system of differential equations in the same manner
as the parameter ¢ imparts a direction to a curve written in parametric form. We will find this
flow by determining the regions in the zy-plane where x(t) is increasing (moving from left to
right on each trajectory) and the regions where z(t) is decreasing (moving from right to left on
each trajectory). Therefore, we will use four cases to study the equation dz/dt = (y—x)(y—1),

the first equation in our system.
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15.
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Case 1:y >z and y < 1. (This region is above the line y = = but below the line y = 1.)
In this case, y —x > 0 but y — 1 < 0. Thus, dz/dt = (y — x)(y — 1) < 0. Hence, z(t)

will be decreasing here. Therefore, the flow along the trajectories will be from right to

left and so the movement is clockwise.

Case 2 :y > x and y > 1. (This region is above the lines y = x and y = 1.) In this case,
we see that y —x > 0 and y — 1 > 0. Hence, dz/dt = (y —x)(y — 1) > 0. Thus, x(t) will

be increasing and the flow along the trajectories in this region will still be clockwise.

Case 3:y <z and y < 1. (This region is below the lines y = x and y = 1.) In this case,

y—x <0and y—1 < 0. Thus, dz/dt > 0 and so x(t) is increasing. Thus, the movement

is from left to right and so the flow along the trajectories will be counterclockwise.

Case 4 : y < x and y > 1. (This region is below the line y = x but above the line y = 1.)

In this case, y — 2 < 0 and y — 1 > 0. Thus, dz/dt < 0 and so x(t) will be decreasing

here. Therefore, the flow is from right to left and, thus, counterclockwise here also.

Therefore, above the line y = x the flow is clockwise and below that line the flow is counter-
clockwise. See Figure B.31 in the answers of the text.
From Definition 1 on page 266 of the text, we must solve the system of equations given by

20 +y+3=0,
—3r —2y—4=0.

By eliminating y in the first equation we obtain
r+2=0
and by eliminating z in the first equation we obtain
—-y+1=0.

Thus, we observe that x = —2 and y = 1 will satisfy both equations. Therefore (—2,1) is a

critical point.

From Figure B.32 in the answers of the text we see that all solutions passing near the point

(—2,1) do not stay close to it therefore the critical point (—2, 1) is unstable.
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For critical points, we solve the system

, = 0, 2v+ 13y = 0, 2(-2y)+ 13y = 0, =0,

fz,y) L =413y L =)+ 1y Y
g(z,y) = 0 —r—2y = 0 r = 2y x=0

Therefore, the system has just one critical point, (0,0). The direction field is shown in

Figure B.33 in the text. From this picture we conclude that (0,0) is a center (stable).

We set v =%/. Then 3" = (') = v’ and so given equation is equivalent to the system
y/ =, y/ =,
/ = /
v—y=0 v =1.

In this system, f(y,v) = v and g(y,v) = y. For critical points we solve

”U =V = O’ - O,
fy,v) N y
g(y,v) =y=0 v=20
and conclude that, in yv-plane, the system has only one critical point, (0,0). In the upper
half-plane, ¥y’ = v > 0 and, therefore, y increases and solutions flow to the right; similarly,

solutions flow to the left in the lower half-plane. See Figure B.34 in the answers of the text.

The phase plane equation for the system is

dv  dv/dr vy
dy " dydr = vdv =ydy = v -y =c

Thus, the integral curves are hyperbolas for ¢ # 0 and lines v = £y for ¢ = 0. On the line

v = —y, the solutions flow into the critical point (0, 0), whereas solutions flow away from (0, 0)

on v =y. So, (0,0) is a saddle point (unstable).

First we convert the given equation into a system of first order equations involving the func-

tions y(¢) and v(t) by using the substitution

vty =y'(t) = )=y

V=—y—y’=—-y(1l+y").
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23.
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To find the critical points, we solve the system of equations given by v = 0 and —y (1 + y*) = 0.
This system is satisfied only when v = 0 and y = 0. Thus, the only critical point is the point

(0,0). To find the integral curves, we solve the first order equation given by

dv dv/dt  —y—1y°

dy dy/dt v
This is a separable equation and can be written as
02 y? oy
d - \—Yy — 5 d —_— = —— — — C
vdv ( y—vy ) Y = 5 5 6 +

= 3P+ 32+ =c (c=60C),

where we have integrated to obtain the second equation above. Therefore, the integral curves

for this system are given by the equations 3v? 4 3y? + % = ¢ for each positive constant c.

To determine the flow along the trajectories, we will examine the equation dy/dt = v. Thus,
we see that
dy

d
— >0 when v >0, and _y<0 when v < 0.
dt dt

Therefore, y will be increasing when v > 0 and decreasing when v < 0. Hence, above the
y-axis the flow will be from left to right and below the z-axis the flow will be from right to
left. Thus, the flow on these trajectories will be clockwise (Figure B.35 in the answers of the

text). Thus (0,0) is a center (stable).
With v = ¢/, v" = ", the equation transforms to the system

/ — U, / — U,
Y = Y (5.26)

v +y—yt=0 v =yt —y.
Therefore, f(y,v) = v and g(y,v) = y* —y = y(y*> — 1). We find critical points by solving

v =0, v =0,
y(y*—1)=0 y=0 or y=1.
Hence, system (5.26) has two critical points, (0,0) and (1,0).

In the upper half plane, ¥’ = v > 0 and so solutions flow to the right; similarly, solutions flow

to the left in the lower half-plane. See Figure B.36 in the text for the direction field. This
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figure indicates that (0,0) is a stable critical point (center) whereas (1,0) is a saddle point

(unstable).
This system has two critical points, (0,0) and (1,0), which are solutions to the system

y=0,
—z+2*=0.

The direction field for this system is depicted in Figure B.37. From this figure we conclude
that

(a) the solution passing through the point (0.25, 0.25) flows around (0, 0) and thus is periodic;

(b) for the solution (z(t), y(t)) passing through the point (2,2), y(t) — oo as t — oo, and so

this solution is not periodic;

(c) the solution passing through the critical point (1,0) is a constant (equilibrium) solution

and so is periodic.

The direction field for given system is shown in Figure B.38 in the answers of the text. From
the starting point, (1, 1), following the direction arrows the solution flows down and to the left,
crosses the z-axis, has a turning point in the fourth quadrant, and then does to the left and
up toward the critical point (0,0). Thus we predict that, as t — oo, the solution (z(t),y(t))
approaches (0, 0).

(a) The phase plane equation for this system is

dy _ 3y

de  x°
It is separable. Separating variables and integrating, we get

dy _ 3dr

= In|y| =3Injz|+C = Yy =cx.
Yy x

So, integral curves are cubic curves. Since in the right half-plane 2’ = x > 0, in the left

half-plane 2’/ < 0, the solutions flow to the right in the right half-plane and to the left
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(b)

(c)

(d)

(e)

in the left half-plane. Solutions starting on the y-axis stay on it (2' = 0); they flow up
if the initial point is in the upper half-plane (because ¥’ = y > 0) and flow down if the

initial point in the lower half-plane. This matches the figure for unstable node.
Solving the phase plane equation for this system, we get

d —4
@ _ T = ydy = —4x dx = y2+4x2=0
dx Y
Thus the integral curves are ellipses. (Also, notice that the solutions flow along these
ellipses in clockwise direction because z increases in the upper half-plane and decreases

in the lower half-plane.) Therefore, here we have a center (stable).

Solving —bx + 2y > 0 and = — 4y > 0 we find that = increases in the half-plane y > 5x

and decreases in the half-plane y < 5z, and y increases in the half-plane y < x/4 and
decreases in the half-plane y > /4. This leads to the scheme N for the solution’s

flows. Thus all solutions approach the critical point (0,0), as t — oo, which corresponds

to a stable node.

An analysis, similar to that in (c), shows that all the solutions flow away from (0,0).
Among pictures shown in Figure 5.7, only the unstable node and the unstable spiral have
this feature. Since the unstable node is the answer to (a), we have the unstable spiral in

this case.

The phase plane equation
@ ~dx—3y

de 5z —3y’
has two linear solutions, y = 2z and y = 2z/3. (One can find them by substituting

y = ax into the above phase plane equation and solving for a.) Solutions starting from
a point on y = 2z in the first quadrant, have 2’ = 5z — 3(22) = —x < 0 and so flow
toward (0, 0); similarly, solutions, starting from a point on this line in the third quadrant,
have ' = —x > 0 and, again, flow to (0,0). On the other line, y = 2x/3, the picture
is opposite: in the first quadrant, 2’ = bz — 3(22/3) = 3z > 0, and 2’ < 0 in the third

quadrant. Therefore, there are two lines, passing through the critical point (0,0), such
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that solutions to the system flow into (0,0) on one of them and flow away from (0,0) on

the other. This is the case of a saddle (unstable) point.

(f) The only remaining picture is the asymptotically stable spiral. (One can also get a

diagram for solution’s flows with just one matching picture in Figure 5.7.)

31. (a) Setting y' = v and so y” = v’, we transform given equation to a first order system

de
dv
%—f(y)-

(b) By the chain rule,

dv dv dr dv [dy f(y) dv  f(y)
_ _ 27 _ I\ = — =
dx v dy v

dy  de dy  dx
This equation is separable. Separation variables and integration yield
viv=fwidy = [edo= [ f)dy

1
= §U2:F(y)+K,

where F'(y) is an antiderivative of f(y). Substituting back v =y’ gives the required.

33. Since S(t) and I(t) represent population and we cannot have a negative population, we are

only interested in the first quadrant of the S/-plane.

(a) In order to find the trajectory corresponding to the initial conditions 7(0) = 1 and
S(0) = 700, we must solve the first order equation
dI  dI/dt aSI—bl  aS—b

dS — dS/dt ~ —aSI —  aS
dI b1

By integrating both sides of equation (5.27) with respect to S, we obtain the integral

curves given by
b
I(S)=-5+ alnSJrC.
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A sketch of this curve for a = 0.003 and b = 0.5 is shown in Figure B.39 in the answers
of the text.

(b) From the sketch in Figure B.39 in the answers of the text we see that the peak number
of infected people is 295.

(c) The peak number of infected people occurs when dI/dS = 0. From equation (5.27) we

have
dl b1
—=0=—-14+-=.
ds * a S
Solving for S we obtain
b 0.5
=—-—=——=x1 le.
o~ 0.003 107 people

35. (a) We denote v(t) = 2/(t) to transform the equation

A’z 1
= —X —'—

dt? A—zx

to an equivalent system of two first order differential equations, that is

dr _
dt
dv 1

dat x—i_}\—x'

v,

(b) The phase plane equation in zv-plane for the system in (a) is

@_—x+1/()\—x).

dx v

This equation is separable. Separating variables and integrating, we obtain

1 1
vdv= | —x+ dx = /vdv:/ —z + dx
AN—x AN—x
. 2

1 1
S =g -z +C = P =02 -2 g

= v==4C—22—-2In(\—2x).

(The absolute value sign is not necessary because = < \.)
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To find critical points for the system in (a), we solve

U:O) UZO, UIO,
1 = = 24
)\_x:o 22— r+1=0 xzw.

—r +

For 0 < A < 2, A2 — 4 < 0 and so both roots are complex numbers. However, for A > 2
there are two distinct real solutions,

A VA1 Vv
= — and Ty = ———,

o 2 2

and the critical points are

A—VA2—4
#,O and

A+VA2—4 0
2 )
The phase plane diagrams for A = 1 and A = 3 are shown in Figures B.40 and B.41 in

the answers section of the text.

From Figures B.40 we conclude that, for A = 1, all solution curves approach the vertical
line x = 1(= A). This means that the bar is attracted to the magnet. The case A = 3
is more complicated. The behavior of the bar depends on the initial displacement z(0)
and the initial velocity v(0) = 2/(0). From Figure B.41 we see that (with v(0) = 0) if
x(0) is small enough, then the bar will oscillate about the position z = xy; if 2(0) is
close enough to A, then the bar will be attracted to the magnet. It is also possible that,
with an appropriate combination of 2(0) and v(0), the bar will come to rest at the saddle

point (x2,0).

Denoting y' = v, we have 3" = ¢/, and (with m = p = k = 1) (16) can be written as a
system
Yy =v,
Y, if [yl <1,v=0, 0, if |yl <1,v=0,
v =—y+ ¢ sign(y), ifly|>1,v=0 = —y +sign(y), if |[y| >1,v=0,
—sign(v), if v#0 —y —sign(v), if v #0.
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(b) The condition v # 0 corresponds to the third case in (5.28), i.e., the system has the form
Yy =0,
v = —y — sign(v).

The phase plane equation for this system is

dv _ dv/dt  —y —sign(v)
dy  dy/dt v '

We consider two cases.
1) v > 0. In this case sign(v) = 1 and we have

dv —y—1
— = dv=—(y+1)d
dy " vav (y + 1)dy

= /vdv:—/(y+1)dy

1 1
= Sr=—s@++C = SrE+)=c
where ¢ = 2C.
2) v < 0. In this case sign(v) = —1 and we have
dv —y+1
i = dv=—(y—1)d
a0 ” vdv = —(y —1)dy

= /vdv:—/(y—l)dy

1 1

SP= - 1P+C = P -1P=c

(c) The equation v*+ (y + 1) = ¢ defines a circle in the yv-plane centered at (—1,0) and of
the radius /c if ¢ > 0, and it is the empty set if ¢ < 0. The condition v > 0 means that
we have to take only the half of these circles lying in the upper half plane. Moreover, the
first equation, ¢y’ = v, implies that trajectories flow from left to right. Similarly, in the

lower half plane, v < 0, we have concentric semicircles v? + (y — 1)? = ¢, ¢ > 0, centered

at (1,0) and flowing from right to left.
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(d) For the system found in (a),

f(y,v) = v,
0, if ly| <1,v=0,
g(y,v) = —y +sign(y), if [y| >1,v=0,
—y —sign(v), if v #0.
Since f(y,v) =0 < v =0 and
9(y,0) = {O’ . Tl
—y +sign(y), if [y| =1,
we consider two cases. If y < 1, then ¢g(y,0) = 0. This means that any point of the
interval —1 <y < 1 is a critical point. If |y| > 1, then ¢g(y,0) = —y + sign(y) which is 0
if y = +1. Thus the critical point set is the segment v =0, -1 <y < 1.

(e) According to (c), the mass released at (7.5,0) goes in the lower half plane from right to
left along a semicircle centered at (1,0). The radius of this semicircle is 7.5 — 1 = 6.5,
and its other end is (1 — 6.5,0) = (—5.5,0). From this point, the mass goes from left to
right in the upper half plane along the semicircle centered at (—1,0) and of the radius
—1 — (=5.5) = 4.5, and comes to the point (—1 + 4.5,0) = (3.5,0). Then the mass
again goes from right to left in the lower half plane along the semicircle centered at
(1,0) and of the radius 3.5 — 1 = 2.5, and comes to the point (1 — 2.5,0) = (—1.5,0).
From this point, the mass goes in the upper half plane from left to right along the
semicircle centered at (—1,0) and of the radius —1 — (—1.5) = 0.5, and comes to the
point (=1 + 0.5,0) = (—0.5,0). Here it comes to rest because | — 0.5| < 1, and there is
not a lower semicircle starting at this point. See the colored curve in Figure B.42 of the

text.

EXERCISES 5.5: Coupled Mass-Spring Systems, page 284

1. For the mass m; there is only one force acting on it; that is the force due to the spring with

constant k;. This equals —k;(x — y). Hence, we get

miz” = —ki(x —y).
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For the mass msy there are two forces acting on it: the force due to the spring with constant

ko is —koy; and the force due to the spring with constant k; is k1 (y — ). So we get
may" = ki(z —y) — kay.
So the system is

miz” =k (y — x),

m2y" = —k?l(y - 90) — kay,
or, in operator form,

(m1D2 + k?l) [fL’] — k:ly = O,

With my =1, mg = 2, ky = 4, and kg = 10/3, we get

(D*+4) 2] —4y =0,

(5.28)
—4x + (2D* +22/3) [y] = 0,

with initial conditions:

Multiplying the second equation of the system given in (5.28) by 4, applying (2D? + 22/3) to

the first equation of this system, and adding the results, we get
5 5 22
(D*+4) (2D +5 ) [e] - 160 =0

3 3
= (3D*+23D*+20) [2] = 0.

46 40
= (2D4+—D2+—)[x]:0

The characteristic equation is

3rt 4+ 23r2 +20 = 0,
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which is a quadratic in 2. So

22 —23 £ /529 — 240 _ —23 & 17'
6 6

Since —20/3 and —1 are negative, the roots of the characteristic equation are i3, and +ifs,

51:\/2337 52:1

x(t) = ¢1 cos Bit + ¢y sin [it + 3 cos [at + ¢4 sin fot.

where

Hence

Solving the first equation of the system given in (5.28) for y, we get

[(—ﬁf + 4) c1 cos Byt + (—ﬁf + 4) Co sin G1t
+ (=035 +4) cscos Bot + (=05 +4) casin Bat] .

o |

y(t) = 5 (D> +4) o] =

Next we substitute into the initial conditions. Setting x(0) = —1, 2/(0) = 0 yields

-1 = 1+ cs3,

0 = &bi+cab.
From the initial conditions y(0) = 0, ¢'(0) = 0, we get
0=_[(=0+4) er+ (=05 +4) es]

0= [ﬁl (—ﬁ% + 4) C2 + o (—53 + 4) 04] .

Nl S

The solution to the above system is

0 9 8
= = = —_—— Cq —= ——
Co Cy ) (&1 17 ) 3 17 )
which yields the solutions
) 9 20 ; 8 ;
= -7 —t— — cos
x 17 0S4/ 3 17 cost,
6 20
y(t) = 7 s\ 3 t— 17 cost
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3. We define the displacements of masses from equilibrium, x, y, and z, as in Example 2. For

each mass, there are two forces acting on it due to Hook’s law.

For the mass on the left,

= —kzx and Fio = k(y — x);

for the mass in the middle,

Fyy = —k(y — x) and Py = k(2 —y);

finally, for the mass on the right,

F31=—k(z—y) and  Fi = —kz.

Applying Newton’s second law for each mass, we obtain the following system

ma" = —kx + k(y — x),
my" = —k(y — ) + k(z = y),
mz" = —k(z —y) — kz,

or, in operator form,
(mD? + 2k) [z] — ky = 0,
—kx + (mD” + 2k) [y] — kz =0,
—ky + (mD* + 2k) [2] = 0.

From the first equation, we express
y = 1 (mD? + 2k) []
k

and substitute this expression into the other two equations to get

—kz 4+ (mD? + 2k) % (mD? + 2k) [z]| — kz =0,

— (mD? + 2k) [z] + (mD?* + 2k) [2] = 0.
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The first equation yields

i=—at {% (mD? + 2k)}2 (o] = {]32 (mD? + 2k)* } 2], (5.30)

and so
— (mD? + 2k) [z] + (mD* + 2k) H ;2 (mD? + 2k)* — } [x]]

= (mD? + 2k) { !

12 (mD? + Zk) } [z] = 0.

The characteristic equation for this homogeneous linear equation with constant coefficients is
9 1
(mr + Qk) = (mr + 2]{:) =0,

which splits onto two equations,

2k
mr? + 2k = 0 = r =iy — (5.31)
m

and
o (mr? +2k:) —2=0 = (mr?4+2%)"-2%2=0
mT + 2k — \/_k‘> mr +2k:-|—\/_k‘ =0

= r_im (2-v2 \/ 2+‘f (5.32)

Solutions (5.31) and (5.32) give normal frequences

1 2k 2 — (2 + \/_
Wy = 3 Wy =
2tV m o 27T

Thus, a general solution z(¢) has the form z(t ) + x2(t) + x3(t), where functions
z;(t) = c15 cos(2mw;t) + ¢y sin(2ww;t).
Note that x;’s satisfy the following differential equations:
(mD? + 2k) [z1] = 0,
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(mD2 + ok — \/§k> 5] = 0, (5.33)
(mD2 ok + \/§k> 3] = 0.

For normal modes, we find solutions y;(¢) and z;(t), corresponding to z;, j = 1,2, and 3 by

using (5.29), (5.30), and identities (5.33).

1. Y = %(mDQ%—Ql{:)[ 1] =0,
21:{%(mD2+2k3)2—1}[x1]——x1,
2. vo = 7 (mD* + 2k) [, {% mD2+2k \fk)+\f}[ o] = V2s,
29 = {2(mD2+2k 1} {[ (mD? + 2k)* — }—1—1}[952]::1:2;
3' ys = ;(sz—l—Zk {% mD2+2k+\/_k> f} 23] = —v/273,

23 = {% (mD? + 2k)* — 1} (23] = {E (mD? + 2k)* —2} + 1} (23] = 23;

5. This spring system is similar to the system in Example 2 on page 282 of the text, except the
middle spring has been replaced by a dashpot. We proceed as in Example 1. Let = and y
represent the displacement of masses m; and my to the right of their respective equilibrium
positions. The mass m; has a force F} acting on its left side due to the left spring and a force

F5 acting on its right side due to the dashpot. Applying Hooke’s law, we see that
F1 = —k’lfL'.

Assuming as we did in Section 4.1 that the damping force due to the dashpot is proportional

to the magnitude of the velocity, but opposite in direction, we have
=0y —12),
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where b is the damping constant. Notice that velocity of the arm of the dashpot is the
difference between the velocities of mass mo and mass m;. The mass my has a force F3 acting
on its left side due to the dashpot and a force Fj acting on its right side due to the right

spring. Using similar arguments, we find
F3=-b(y —2) and  Fy = —koy.
Applying Newton’s second law to each mass gives

miz"(t) = Fy + Fy = —kx(t) + b [y'(t) — 2'(t)],
moy” (t) = Fs + Fy = —b[y'(t) — 2'(t)] — kay.

Plugging in the constants m; = my =1, k; = ks = 1, and b = 1, and simplifying yields

a"(t) +2'(t) + 2(t) —y'(1) = 0,

() 4y + ¥(0) + (1) = O, >34

The initial conditions for the system will be y(0) = 0 (my is held in its equilibrium position),
x(0) = —2 (my is pushed to the left 2 ft), and 2/(0) = 3'(0) = 0 (the masses are simply

released at time ¢ = 0 with no additional velocity). In operator notation this system becomes
(D*+ D +1)[2] = Dly] =0,
—Dlz] +y"(t) + (D*+ D +1)[y] =0.

By multiplying the first equation above by D and the second by (D? + D + 1) and adding the

resulting equations, we can eliminate the function y(¢). Thus, we have
{(D*+D+1)" - D} [s] =0
= {[(D*+D+1)-D]-[(D*+D+1)+D]}[z] =0
= {(D*+1)(D+1)*}[z] =0.

This last equation is a fourth order linear differential equation with constant coefficients whose
associated auxiliary equation has roots r = —1, —1, 7, and —i. Therefore, the solution to this

differential equation is
x(t) = cre”" + cote™" + c3cost + ¢y sint
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= 2'(t) = (—c; + ca)e ™ — cate™ — czsint + cq cost

= 2" (t) = (¢ — 2c9)e™" + cate™ — c3cost — cysint.
To find y(t), note that by the first equation of the system given in (5.34), we have
y'(t) = 2" (t) + 2'(t) + x(t).
Substituting z(t), 2/(t), and x”(¢) into this equation yields

y'(t) = (c1 — 2ca)e " + cote ™" — c3cost — cysint
+(—c1 + o)t —eote ™ — ezsint + cycost + cret + cotet + cgcost + ey sint

t

= Y (t) = (c1 — co)e " + cote™ — c3sint + ¢y cost.

By integrating both sides of this equation with respect to t, we obtain

t

y(t) = —(Cl — 62)64 — cote” " — czeft 4+ cgcost + ¢y sint + cs

where we have integrated cote* by parts. Simplifying yields
y(t) = —cre™t — cate ™" + c3cost + ¢y sint + cs.

To determine the five constants, we will use the four initial conditions and the second equation
in system (5.34). (We used the first equation to determine y). Substituting into the second
equation in (5.34) gives

— [(—01 +co)e " — epte™" — e3sint + ¢4 cos t}
+ [(—01 +2¢y)e " — eote™ — cycost — ¢y sin t}
+ [(01 —cy)e '+ epte™ — c3sint + ¢4 cos t}

+ [—Cle_t — cote "+ cycost 4+ cysint + 05] =0,

which reduces to c¢5 = 0. Using the initial conditions and the fact that c¢; = 0, we see that

y(0) = —c1 +e3 =0, y'(0)=(c1 —2) +¢c4=0.
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By solving these equations simultaneously, we find
ci=—-1, co=-1, c3=-1, and ¢4 =0.
Therefore, the solution to this spring-mass-dashpot system is

x(t) = —e™' —te™" — cost, y(t) =e " +te — cost.

. In operator notations,

(D*+5)[z] —2y =0,
—2z + (D*+2) [y] = 3sin2t.

Multiplying the first equation by (D? + 2) and the second equation by 2, and adding the

results, we obtain

{(D?+2) (D*+5) — 4} [z] = 6sin 2t
= (D*+7D?+6) [z] = 6sin2t
= (D*+1)(D*+6) [z] =6sin2t. (5.35)

Since the characteristic equation, (r? + 1)(r? + 6) = 0, has the roots r = +i and 7 = +i\/6, a

general solution to the corresponding homogeneous equation is given by
xp(t) = c1 cost + cosint + 3 cos V6t + ¢y sin V6t .
Due to the right-hand side in (5.35), a particular solution has the form
x,(t) = Acos2t + Bsin2t .

In order to simplify computations, we note that both functions, cos 2t and sin 2t, and so z,(?),

satisfy the differential equation (D? + 4)[z] = 0. Thus,

(D*+1) (D*+6) [zy] = {(D*+4) =3} {(D*+4)+2} [zp) =2{(D* +4) — 3} [z4]
= —06x, = —6Acos2t — 6B sin 2t = 6sin 2t
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and

2(t) = x(t) 4+ x,(t) = 1 cost + cysint + ¢ cos V6t + ¢4 sin V6t — sin 2t .

From the first equation in the original system, we have

yi) = 5" +50)

1 1 1
= 2cycost+ 2cysint — §C3COS V6t — §c4sin\/6t —3 sin 2t .
We determine constants ¢; and c3 using the initial conditions z(0) = 0 and y(0) = 1.

0=2x(0)=c; +c3, c3 = —C1, c3 =—2/5,
= =
1 =y(0) =2¢; —c3/2 21 — (—c1) /2=1 ¢ =2/5.

To find ¢y and ¢4, compute 2'(t) and y'(t), evaluate these functions at ¢t = 0, and use the other

two initial conditions, z’(0) = 3'(0) = 0. This yields

(0)=C2+\/604—2, 042\/6/5,

0=2a N
0=9'(0) = 2c; — V6cyg/2 — 1 ey = 4/5.

Therefore, the required solution is

2 4 2 6
x(t) = 5 cost—i—g sint — 5 cos V6t + gsin\/ét—sin%,

4 8 1 6 1
y(t) = 5 cost + 5 sint + 5 cos V6t — \1/—0_sin\/6t— 5 sin 2t .

. Writing the equations of this system in operator form we obtain

{mD2 + (? + k)} (1] — kxy = 0,

—kxy + {mD2 + <? + k)} [z2] = 0.

Applying {mD? + (mg/l + k)} to the first equation, multiplying the second equation by k,

{[mD2 + <¥ +k>]2 — kQ} [71] = 0.

and then adding, results in
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This equation has the auxiliary equation

2
(mrz—i-?—i-k) —k2:<mr2+¥> <mr2+?+2k>:0

with roots 4iv/g/l and +i\/(g/l) + (2k/m). As discussed on page 211 of the text +/g/I

and /(g/1) + (2k/m) are the normal angular frequencies. To find the normal frequencies we

divide each one by 27 and obtain

1 g 1 g 2k
— = d — =4+ —.
(2%) l o (27?) l i m
EXERCISES 5.6: Electrical Circuits, page 291
1. In this problem, R = 1002, L = 4H, C' = 0.01F, and E(t) = 20V. Therefore, the equation

(4) on page 287 of the text becomes

&1 I d(20) 21 dl
45 4100 4100/ = ——2 =0 =  —— 4+25— +25] =0,
a P at dt T T

The roots of the characteristic equation, 72 + 25r + 25 = 0, are

r

C—25+4/(25)2—4(25)(1)  —25+5V21
B 2 N 2 ’

and so a general solution is

I(t) = e e("BVRDY2 o o(=25+5V21)/2

To determine constants ¢; and ¢, first we find the initial value I’(0) using given 7(0) = 0 and
q(0) = 4. Substituting ¢ = 0 into equation (3) on page 287 of the text (with dgq/dt replaced
by I(t)), we obtain

L @ + RI(t) + éq(t) — E(t)

= 4I'(0) +100(0) + —— (4) = 20
= I'(0) = —95.
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Thus, I(t) satisfies 1(0) =0, I'(0) = —95. Next, we compute

') = c1(—25 — 5v/21) RN ca(—25 + 5v/21) (254532
2 2 )

substitute ¢ = 0 into formulas for I(¢) and I’(t), and obtain the system

0=1(0)=c, +c, N e, =19/V/21,
—95 = I'(0) = ¢1(—25 — 53/21) /2 + co(—25 + 5/21) /2 cy = —19/4/21.

So, the solution is

I(t) = 1;)1 <e(—25—5\/ﬁ)t/2 _ e(—25+5\/ﬁ)t/2> .

. In this problem L = 4, R = 120, C' = (2200)~!, and E(t) = 10cos20t. Therefore, we see

that 1/C = 2200 and E'(t) = —200sin 20¢. By substituting these values into equation (4) on
page 287 of the text, we obtain the equation

d*I dl )
By simplifying, we have
d*1 dl )
72 +30 a + 5501 = —50sin 20¢. (5.36)

The auxiliary equation associated with the homogeneous equation corresponding to (5.36)
above is 2 + 30r 4+ 550 = 0. This equation has roots r = —15 4 5v/13i. Therefore, the

transient current, that is I, (t), is given by
I(t) =e [C’l Ccos (5\/ﬁt> + Cysin (5@1&)] .

By the method of undetermined coeflicients, a particular solution, I,(t), of equation (5.36) will
be of the form I,(t) = t°[A cos 20t + Bsin 20t]. Since neither y(t) = cos 20t nor y(t) = sin 20¢
is a solution to the homogeneous equation (that is the system is not at resonance), we can let

s =01in I,(t). Thus, we see that I,(¢), the steady-state current, has the form

I,(t) = Acos20t + Bsin 20t.
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To find the steady-state current, we must, therefore, find A and B. To accomplish this, we

observe that

I(t) = —20Asin 20t 4 205 cos 20t,

I (t) = —400A cos 20t — 400 sin 20t.

Plugging these expressions into equation (5.36) yields

I7(t) + 30L)(t) 4 5501 (t) = —400A cos 20t — 4008 sin 20t — 600A sin 20¢ + 6003 cos 20t
+550A cos 20t 4+ 550 B sin 20t = —50 sin 20¢
= (150A + 600B) cos 20t + (1508 — 600A) sin 20t = —50 sin 20¢.

By equating coefficients we obtain the system of equations

15A+60B = 0,
—60A+15B = -—5.

By solving these equations simultaneously for A and B, we obtain A =4/51 and B = —1/51.

Thus, we have the steady-state current given by

4 1
L(t) = 1 o8 20t — = sin 20¢.

As was observed on page 290 of the text, there is a correlation between the RLC series circuits
and mechanical vibration. Therefore, we can discuss the resonance frequency of the RL C'series
circuit. To do so we associate the variable L with m, R with b, and 1/C with k. Thus, we see
that the resonance frequency for an RLC series circuit is given by ~,./(27), where

1 R?

m=Ver a2

provided that R? < 2L/C. For this problem
R? = 14,400 < 2L/C = 17,600 .

Therefore, we can find the resonance frequency of this circuit. To do so we first find
/1 R \/2200 14400
VoL 212V o4 32

Hence the resonance frequency of this circuit is 10/(27) = 5/7.

10.

Tr
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In this problem, C'=0.01F, L = 4H, and R = 10). Hence, the equation governing the RLC
circuit is
d*I dl 1

d Eoy
4—+10—+ —1=—(FE t) = ——— t.
dt? + dt + 0.01 dt (Eg cos yt) 4 Sy

The frequency response curve M () for an RLC curcuit is determined by
1
VI/C) = Ly + R#y2
which comes from the comparison Table 5.3 on page 290 of the text and equation (13) in

Section 4.9. Therefore

M(y) =

M) = 1 - :
VI(1/0.01) — 4922 + (10)292 /(100 — 472)2 + 10072

The graph of this function is shown in Figure B.43 in the answers of the text. M (~) has its

maximal value at the point vy = /xg, where xy is the point where the quadratic function

(100 — 42)? 4+ 100z attains its minimum (the first coordinate of the vertex). We find that

175 2

=4/ — and M = ~ 0.02.
Yo 8 (70) 25\/ﬁ

This spring system satisfies the differential equation

Az dx
7@‘}‘2&'}‘31’: 10 cos 10¢.

Since we want to find an RLC series circuit analog for the spring system with R = 10 ohms,

we must find L, 1/C, and E(t) so that the differential equation

d?q dg 1
L—+10—+—=g=FE
e 0 T EW

corresponds to the one above. Thus, we want E(t) = 50 cos 10t volts, L = 35 henrys, and
C' = 1/15 farads.

For this electric network, there are three loops. Loop 1 is through a 10V battery, a 102 resistor,
and a 20H inductor. Loop 2 is through a 10V battery, a 10€2 resistor, a 52 resistor, and a
(1/30)F capacitor. Loop 3 is through a 5% resistor, a (1/30)F capacitor, and a 20H inductor.
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Therefore, applying Kirchhoft’s second law to this network yields the three equations given
by

dI
Loop1:  10I; 420 d—; = 10,

LOOp 2 10[1 + 5[3 + 30q;3 = 10,

dl
Loop 3:  5I3 + 30g3 — 20 d—; = 0.

Since the equation for Loop 2 minus the equation for Loop 1 yields the remaining equation,
we will use the first and second equations above for our calculations. By examining a junction
point, we see that we also have the equation I} = I+ I5. Thus, we have I] = I+ 15. We begin
by dividing the equation for Loop 1 by 10 and the equation for Loop 2 by 5. Differentiating
the equation for Loop 2 yields the system

dl,
I +222 -1
1+ dt )
I,  dly
oL L T8 L6, =0
a T 700

where I3 = ¢5. Since I} = Iy + I3 and I{ = I} + I}, we can rewrite the system using operator

notation in the form
(2D 4+ 1)) + I3 =1,

(2D)[I5] + (3D + 6)[13] = 0.
If we multiply the first equation above by (3D + 6) and then subtract the second equation,

we obtain
{(3D+6)(2D +1) —2D}[I,] =6 = (6D* + 13D +6) [I5] = 6.

This last differential equation is a linear equation with constant coefficients whose associated
equation, 6r?+13r+6 = 0, has roots —3/2, —2/3. Therefore, the solution to the homogeneous

equation corresponding to the equation above is given by
Lp(t) = cre 32 4 cyem 23,

By the method of undetermined coefficients, the form of a particular solution to the differential

equation above will be I5,(t) = A. By substituting this function into the differential equation,
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we see that a particular solution is given by
Ioy(t) = 1.
Thus, the current, I, will satisfy the equation
I(t) = cre 32 4 oepe 23 1,

As we noticed above, I3 can now be found from the first equation
L(t)=—-2D+1)[L]+1= -2 —g cre 32 — 2026_2”3 — [cle_3t/2 + e 3 4 1] +1
= I5(t) = 2c,e73/? 4 %026_%/3 :

To find I;, we will use the equation I; = I + I3. Therefore, we have

1(t) = c1e2 4 cpe 23 41 4 2c,e73/2 % —

4
= L(t) = 3cie 32 4 3 coe 23 41,

We will use the initial condition I5(0) = I3(0) = 0 to find the constants ¢; and ¢y. Thus, we

have
1
IQ(O):Cl+CQ+1:0 and 13(0):201+502:0.
Solving these two equations simultaneously yields ¢; = 1/5 and ¢ = —6/5. Therefore, the

equations for the currents for this electric network are given by

3 8
Il (t) = g 6731‘//2 — g 6721‘//3 —|— 1,
1 6
Ig(t) g 6_3t/2 . 5 6_2t/3 +1,
Ig(t) §€3t/2 . §€2t/3.

In this problem, there are three loops. Loop 1 is through a 0.5 H inductor and a 1€ resistor.
Loop 2 is through is through a 0.5 H inductor, a 0.5 F capacitor, and a voltage source supplying
the voltage cos3tV at time t. Loop 3 is through a 12 resistor, a 0.5F capacitor, and the
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voltage source. We apply Kirchhoff’s voltage law, E;, + Er + Ec = E(t), to Loop 1 and

Loop 2 to get two equations connecting currents in the network. (Similarly to Example 2 and

Problem 11, there is no need to apply Kirchhoft’s voltage law to Loop 3 because the resulting

equation is just a linear combination of those for other two loops.)

Loop 1:
dl dl
E,+Er=0 =  05—+1-,=0 =  —4+2L,=0.
dt dt
Loop 2:
dl q dl
Er+ Ec=cos3t = O.5d—;+£zcos3t = d—;+4q3:2(:os3t.

Additionally, at joint points, by Kirchhoff’s current law,

—L+1L+13=0 = —[1—1-[24—%:0.
Putting (5.37)—(5.39) together yields the following system:
% + 2L, =0,
% + 4q3 = 2 cos 3t,
d
—L+ L+ =2 =0
or, in operator form,
D[I] + 21, = 0,

D[I| + 4g3 = 2 cos 3t,
—Il + ]2 + D[(]g] =0

with the initial condition I;(0) = I5(0) = I3(0) = 0 (I3 = dgs/dt).

(5.37)

(5.38)

(5.39)

From the first equation, Iy = —(1/2)D[I;], which (when substituted into the third equation)

leads to the system
D[] + 4g3 = 2 cos 3t,
—(D +2)[I1] +2Dlg3] = 0.
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Multiplying the first equation by D, the second equation — by 2, and subtracting the results,
we eliminate ¢s:
{D*+2(D+2)} ] = —6sin3t = (D*+2D +4) [I}] = —6sin 3t.

The roots of the characteristic equation, 72 + 2r +4 = 0, are » = —1 4 /37, and so a general

solution to the corresponding homogeneous equation is
I, = Cre ' cos V3t + Cyet sin V/3L.

A particular solution has the form I;, = Acos3t + Bsin3t. Substitution into the equation

yields
(—=5A + 6B)cos3t + (—6A — 5B)sin3t = —6sin 3¢
—b5A+6B =0, A =36/61,
= =
—6A —5B =—6 B =30/61.
Therefore,

L = Lip+1y
_t 36 30
= (e 'cos V3t + Che tsin V3t + == cos 3t + — sin 3t.

61 61
Substituting this solution into (5.37)we find that
1dl
L = ———
2 2 dt
— 4 4
= Me_tcosﬂt w e's \/_t——50053t—|—5—sm3t
2 2 61 61
The initial condition, I1(0) = I5(0) = 0 yields
Cy+36/61 =0, Cy = —36/61,
=
(C1 — Cy/3)/2 —45/61 =0 Cy = —421/3/61.
Thus
36 42+/3 36 30
[ = p— —_ 7t R _
1 616 tcos /3t ol sin \/_t+61 CosSt+61 sin 3t,
45 39v/3 ot 45 54
Ig—ae tcos V3t — Gl \/_t—aCOS?)t-f-a sin 3¢,

81 3v3 81 24
L= —1,= ~6l et cos V3t — 6—\{_etsin\/§t+ 6l cos 3t — 6l sin 3t.
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Exercises 5.7
EXERCISES 5.7: Dynamical Systems, Poincare Maps, and Chaos, page 301

1. Let w = 3/2. Using system (3) on page 294 of the text with A =F =1, ¢ =0, and w = 3/2,
we define the Poincaré map
1
. (9/4) — (g/ 4)
Un =5 cos(3mn) = (—1)" 2
forn =0, 1, 2,.... Calculating the first few values of (z,,v,), we find that they alternate

. . 4 4
T, = sin(3mn) + =sin(3mn) + - = =

bt

between (4/5,3/2) and (4/5,—3/2). Consequently, we can deduce that there is a subharmonic
solution of period 47. Let w = 3/5. Using system (3) on page 294 of the text with A = F =1,
¢ =0, and w = 3/5, we define the Poincaré map

67mn 1 67mn
n = Si =sin | — | — 1.5625,
T sm(5)+(9/25)_1 sm(5)
3 6 6
Un = 7 COS (?) = (0.6) cos (?) )

forn =0, 1, 2,.... Calculating the first few values of (x,,v,), we find that the Poincaré map

cycles through the points

(—1.5625,0.6), n=0,5,10,...,
(—2.1503, —0.4854), n=1611,...,
(—0.6114,0.1854), n=2712,...,
(—2.5136,0.1854), n=3813,...,
(—0.9747, —0.4854), n=4,914,....

Consequently, we can deduce that there is a subharmonic solution of period 107.

3. With A=F=1,¢=0,w=1,0=—0.1, and § = 0 (because tanf = (w* —1)/b = 0) the

solution (5) to equation (4) becomes

v3.99
x(t) = "% sin Tt + 10sint.
Thus
3.99 3.99 v/3.99
v(t) = 2'(t) = 000t (0.05 sin \/2 t+ \/2 CoS 5 t) + 10 cost

325



Chapter 5

;500
;400
;300
;200
;100

Nz
80 —60 —40 20 0

Figure 5—A: Poincaré section for Problem 3.

and, therefore,

z, = 2(2mn) ~ "1™ sin(1.9974987n),
U = v(270) A 1™ (0.05 5in(1.9974987n) + 0.998749 cos(1.9974987n)) + 10.

The values of z,, and v, for n = 0,1,...,20 are listed in Table 5-F, and points (x,,v,) are

shown in Figure 5-A. When n — oo, the points (z,,v,) become unbounded because of ¢%1™

term.

5. We want to construct the Poincaré map using ¢ = 27wn for z(t) given in equation (5) on
page 295 of the text with A=F =1, ¢ =0, w=1/3, and b = 0.22. Since

2

tanf = = ; L L0a0a04,

we take 6 = tan~!(—4.040404) = —1.328172 and get

z, = z(27n) = e "*™ 5in(0.6293217n) — (1.092050) sin(1.328172),
v, = 2'(2mn) = —0.11e”"**™ 5in(0.6293217n) + (1.258642)e™"**™ cos(0.6293217n)
+(1.092050) cos(1.328172).
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Table 5—F: Poincaré map for Problem 3.

n T, Un n Tn Un
0 0 10.998749 11 —2.735915 41.387469
1 —0.010761 11.366815 12 —4.085318 52.925111
2 —0.029466 11.870407 13 —6.057783 68.700143
3 —0.060511 12.559384 14 —8.929255 90.267442
4 —0.110453 13.501933 15 —13.09442 119.75193
5 —0.189009 14.791299 16 —19.11674 160.05736
6 —0.310494 16.554984 17 —27.79923 215.15152
7 —0.495883 18.967326 18 —40.28442 290.45581
8 —0.775786 22.266682 19 —58.19561 393.37721
9 —1.194692 26.778923 20 —83.83579 534.03491

10 —1.817047 32.949532

In Table 5-G we have listed the first 21 values of the Poincaré map.

As n gets large, we see that

T, ~ —(1.092050) sin(1.328172) ~ —1.060065 ,
vn A (1.092050) cos(1.328172) ~ 0.262366 .

Hence, as n — oo, the Poincaré map approaches the point (—1.060065, 0.262366).

. Let A, ¢ and A*, ¢* denote the values of constants A, ¢ in solution formula (2), corresponding

to initial values (z,vy) and (z§, v), respectively.
(i) From recursive formulas (3) we conclude that

T, — F/(w? — 1) = Asin(2rwn + ¢),
Up/w = Acos(2rwn + ¢),

and so (A, 2rwn+¢) are polar coordinates of the point (v, /w, z,—F/(w*—1)) in va-plane.

Similarly, (A*, 2rwn+¢*) represent polar coordinates of the point (v} /w, z;—F/(w?—1)).
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Table 5—G: Poincaré map for Problem 5.

n T Un n Tn Un
0 —1.060065 1.521008 11 —1.059944 0.261743
1 —0.599847 0.037456 12 —1.060312 0.262444
2 —1.242301 0.065170 13 —1.059997 0.262491
3 —1.103418 0.415707 14 —1.060030 0.262297
4 —0.997156 0.251142 15 —1.060096 0.262362
5 —1.074094 0.228322 16 —1.060061 0.262385
6 —1.070300 0.278664 17 —1.060058 0.262360
7 —1.052491 0.264458 18 —1.060068 0.262364
8 —1.060495 0.257447 19 —1.060065 0.262369
9 —1.061795 0.263789 20 —1.060064 0.262366

10 —1.059271 0.263037

(i)

Therefore,

(vp/w, 2}, = Ff(w® = 1)) = (vo/w, 2 — F/(w* = 1))

as A* - A and ¢* — ¢ if A # 0 or as A* — 0 (regardless of ¢*) if A = 0. Note that
the convergence is uniform with respect to n. (One can easily see this from the distance

formula in polar coordinates.) This is equivalent to
i —F/(w?=1) -2, — F/(w?—1), T
vl fw — v fw v
uniformly with respect to n.

On the other hand, A* and ¢* satisfy

A*sing* + FJ(w? — 1) = 23, A" =\ — FJ(@? — 1) + (5 /w)?
wA* cos ¢* = v cos ¢* = v/ (wA*).
Therefore, A* is a continuous function of (zf,v;) and so A* — A as (z(,v5) — (2o, vo).
If (zo,v0) is such that A # 0, then ¢*, as a function of (2, v), is also continuous at

(20, v9) and, therefore, ¢* — ¢ as (xf, v5) — (o, o).
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Combining (i) and (ii) we conclude that

(x;kz>v:) - (xnavn) as (‘TS’US) - (1'0,1}0)

uniformly with respect to n. Thus, if (z§,v§) is close to (zg,vo), (z},v}) is close to (x,,v,)

for all n.

9. (a) When zy = 1/7, the doubling modulo 1 map gives

2 2
xlz?(modl):?, $2:?(m0d1):?,
=2 (mod 1) = ; = 2 (mod1) = 2
953—7mo =7 x4—7mo =
4 4 8
x5:—(mod1):?, xGZ?(modl):?,
2 2
xy—?(modl):?, etc.
12 41 k
This is the sequence {?,?,?,?,...}. For zy = = k=2,...,6, we obtain
2 41 2 3 6 5 3
77777777' Y 77777777‘ Y
4 1 2 4 53 6 5
777’777’ A Y 7’777’77’ Y
6536
T

These sequences fall into two classes. The first has the repeating sequence

the second has the repeating sequence

9 I

~|
~J| Ut

| w

k 3
(c) To see what happens, when zq = o let’s consider the special case when xg = 2=

Then,
3 3 1
r1 =2 (Z) (mod1) = §(mod1) =5
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11. (a)
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Ty =2 (%) (mod 1) =1 (mod1) =0,

T3 = O,
Ty = Oa
etc.

Observe that
3
1y = 27 (?) (mod1) =3 (mod1) =0.

In general,

Ak
;=2 (2—]> (mod1) =k (mod1) =0.
Consequently, x,, = 0 for n > j.
A general solution to equation (6) is given by z(t) = x,(t) + z,(t), where

oy (t) = Ae " sin <\/ 9879t + gb)

is the transient term (a general solution to the corresponding homogeneous equation)

and

1
0.22/2°

is the steady-state term (a particular solution to (6)). (z,(¢) can be found, say, by

1
xp(t) = —= sint +

023 2027 sin <\/§t + @/)) , tanvy = —

applying formula (7), Section 4.12, and using Superposition Principle of Section 4.7.)
Differentiating x(t) we get

v(t) = a;,(t) + 2, (t) = 23, (t) + O% cost + - +\g(§0.22)2 cos (\/it - z/;) :

The steady-state solution does not depend on initial values xy and vy; these values affect
only constants A and ¢ in the transient part. But, ast — oo, () and z),(¢) tend to zero
and so the values of x(t) and v(t) approach the values of x,(t) and x,(t), respectively.
Thus the limit set of points (z(t),v(t)) is the same as that of (z,(t),z,(t)) which is

independent of initial values.
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(b) Substitution ¢ = 27n into ,(t) and x,,(¢) yields

T, = x(2mn) = x,(27n) + = 21(0.22)2 sin (\/527m + z/;) :

1 V2

+—+
0.22 1+ 2(0.22

v, = v(2mn) = x;,(27n)

E cos <\/§27m + @/)) )

As n — oo, zp(27mn) — 0 and 2} (27n) — 0. Therefore, for n large,

Ty R = 21(0'22)2_ sin <\/§27rn + w) = asin (2\/§7m + 1/1> ,

1 V2
Uy R + cos <\/§27m + ) = ¢+ vV2acos <2\/§7m + ) .
0.22 1+ 2(0.22)2 ¥ ¥

(c) From part (b) we conclude that, for n large
12 ~ a” sin® <2\/§7rn + w> and (v, — ¢)* =~ 2a® cos? (2\/§7m + w> .
Dividing the latter by 2 and summing yields

z2 + M ~ a* [sin2 (2\/57?71 + @/)) + cos? <2\/§7m + @Z))} =a?,

and the error (coming from the transient part) tends to zero as n — oo. Thus any

limiting point of the sequence (x,,v,) satisfies the equation

which is an ellipse centered at (0, c) with semiaxes a and a/2.

REVIEW PROBLEMS: page 304
1. Expressing the system in the operator notation gives

Dla] + (D*+1) [y = .
D?[z] + D[y] = 0.
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Eliminating x by applying D to the first equation and subtracting the second equation from
it yields
{D(D*+1)-D}yl=0 = D’y =0.

Thus on integrating 3 times we get
y(t) = Cs + Cot + C112.
We substitute this solution into the first equation of given system to get
o' ==y +y) = [(201) + (G5 + Cot + C1t*)] = — [(C5 +2C1) + Cot + C17] .
Integrating we obtain
x(t) = — / [(C5 4+ 2Cy) + Cot + Cit?] dt = Cy — (C3 + 2C))t — % Cot? — %Clt?’ :
Thus the general solution of the given system is

1 1
x(t) = Ca = (Cs + 200)t — 5 ot = S 1,
y(t) = Cs + Cot + C1*.

. Writing the system in operator form yields

(2D =3)[z] = (D+ 1)y =",

(5.40)
(—4D +15)[z] + (3D — 1)[y] = e*.

We eliminate y by multiplying the first equation by (3D — 1), the second — by (D + 1), and

summing the results.

{2D - 3)(3D — 1) + (=4D +15)(D + 1)} [z] = (3D — 1)[e'] + (D + 1)[e7]
= (D2 +9)[z] = et

Since the characterictic equation, r? +9 = 0, has roots r = £3i, a general solution to the

corresponding homogeneous equation is

xp(t) = ¢1 cos 3t + cosin 3t.
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We look for a particular solution of the form z,(t) = Ae’. Substituting this function into the

equation, we obtain

1 ot
A t A L— A= — _°
¢ +9de =c = 10 = p(t) 10’
and so
t
x(t) = xp(t) + xp(t) = 1 cos 3t + cosin 3t + 16—0 .

To find y, we multiply the first equation in (5.40) by 3 and add to the second equation. This

yields
2(D +3)[x] — 4y = 3e' + 7.
Thus
Y o= S(D+3)a] - — Lt
4 4
= 3<Cl+€2) s3t — M sin 3t — Eet— 1e_t.
2 20 4

. Differentiating the second equation, we obtain y” = z’. We eliminate z from the first and the

third equations by substituting 3’ for z and y” for 2’ into them:

=y —v, 77—y +y=0,
y// _Z/_yl, = y”—yy’%—?jc =0 (5'41)

or, in operator notation,

Dlz] = (D = 1)[y] =0,
x+ (D* - D)[y] = 0.

We eliminate y by applying D to the first equation and adding the result to the second

equation:
{D?*[z] — D(D —1)[y]} + {z+ (D* - D)[y]} =0 = (D*+1) [z] = 0.
This equation is the simple harmonic equation, and its general solution is given by
x(t) = Cycost + Cysint.
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Substituting z(¢) into the first equation of the system (5.41) yields

Yy —y=—Csint + Cycost.

(5.42)

The general solution to the corresponding homogeneous equation, 3’ —y = 0, is

yn(t) = Cset .

We look for a particular solution to (5.42) of the form y,,(t) = C, cost+Cjsint. Differentiating,

we obtain y,(t) = —Cysint + Cs cost. Thus the equation (5.42) becomes

—Cysint + Cycost =y, —y = (—Cysint+ Cscost) — (Cycost + Cssint)

= (C5— Cy)cost — (Cs + Cy)sint.

Equating the coefficients yields

05_042027
C5+C4201

= (by adding the equations) 2C5 = Cj + Cs = Cs =

From the second equation in (5.43), we find

c, — C
@:Q—@=122.

Therefore, the general solution to the equation (5.42) is

01—020 Cy+ Cy

ost + sint.

y(t) = yn(t) + yp(t) = Cse' +
Finally, we find z(¢) from the second equation:

Cy — (C% Ci+Cy . >,
C sint

ost +

2(t) = y'(t) = (Cget +

Cy — Cy . Cy+Cy

mt -+ cost.

= Cget —
Hence, the general solution to the given system is

x(t) = Cycost + Cysint,

(5.43)

C1+ Gy
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G =G cost + G+ G

2(t) = Cse’ — % sint + Gt 6

y(t) = Cse' +

sint,

cost.
To find constants C, C5y, and C3, we use the initial conditions. So we get

0=2x(0) =Cicos0+ Cysin0 = C

Ozy(0)203€0+01_02 CosO+Cl+CQ sin():CgﬂL@a
2 2(0) = Cye® = L= g GG Cosozcﬁc;q;cz’
which simplifies to
Cy =0,

01—02+203:0,
Cy+Cy +205 = 4.

Solving we obtain ¢} =0, Cy =2, C3 =1 and so

z(t) = 2sint, y(t) = €' — cost +sint, 2(t) = €' + cost + sint.

. Let z(t) and y(t) denote the mass of salt in tanks A and B, respectively. The only difference
between this problem and the problem in Section 5.1 is that a brine solution flows in tank A

instead of pure water. This change affects the input rate for tank A only, adding
6 L/min x 0.2kg/L = 1.2 kg/min
to the original (y/12) kg/min. Thus the system (1) on page 242 becomes

x“——lx+¥L +1.2
UL N

y=sz—sy.
3 3
Following the solution in Section 5.1, we express x = 3y’ + y from the second equation and
substitute it into the first equation.

1 1 1
@y+yY=—§@y+yH3§y+L2 = 324 gy =12,
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A general solution to the corresponding homogeneous equation is given in (3) on page 243 of
the text:
yn(t) = cre % + cpe /0

A particular solution has the form y,(¢) = C, which results
1
3(0)"—1—2(0)'—1—10: 1.2 = C=438.
Therefore, y,(t) = 4.8, and a general solution to the system is

y(t) = yn(t) + yp(t) = cre™? + ce% + 4.8,

C C
z(t) = 3y'(t) + y(t) = —51 e t? 4 52 et 148,

We find constants ¢; and ¢, from the initial conditions, z(0) = 0.1 and y(0) = 0.3. Substitu-
tion yields the system

C1 Co
——+ =448 = 0.1
2 + 2 + ’

Cl—|—02+4.8 = 0.3.

Solving, we obtain ¢; = 49/20, ¢ = —139/20, and so

49 139
1) = — = —t/2 =27 —t/6 4.8
) =-g° 0 ¢ TR
49 139
y(t) = 2—0 e_t/Z — % €_t/6 + 48 .

9. We first rewrite the given differential equation in an equivalent form as

" o__

(5+€y—2y).

Denoting z1(t) = y(t), x2(t) = y'(t), and x3(t) = y"(t), we conclude that

(5 + ez — 2x2) )
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1
Ty = 3 (5+ e'wy — 25) .
11. This system is equivalent to

l‘m:t—y,—y”,

y/// — x/ _ x// )

Review Problems

Next, we introduce, as additional unknowns, derivatives of x(t) and y(t):

¥y =1 =19,

/ \/ 1
xhy=(2") =2" = a3,
/ /
$4:y:x5,

Therefore, the answer is
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/_
Ty = Ts,
,_
Ty = T,

Ty = X9 — T3.
13. With the notation used in (1) on page 264 of the text,

flz,y) =4 =4y,
g(l‘v y) = _41‘7
and the phase plane equation (see equation (2) on page 265 of the text) can be written as

dy glz,y) 4 x
dr  flz,y) 4-4y y-1

This equation is separable. Separating variables yields

(y—1)dy=wdx = /(y—l)dy:/xdx = (y — 1)+ C =22

or #2 — (y — 1)> = C, where C' is an arbitrary constant. We find the critical points by solving

the system
f(x7y>:4_4y207 yzla
g(x,y) =—4x =0 x=0.

So, (0,1) is the unique critical point. For y > 1,

dx

— =4(1-y) <0

o = 41-y) <0,

which implies that trajectories flow to the left. Similarly, for y < 1, trajectories flow to the

right. Comparing the phase plane diagram with those given on Figure 5.12 on page 270 of
the text, we conclude that the critical point (0,1) is a saddle (unstable) point.

15. Some integral curves and the direction field for the given system are shown in Figure 5-B.
Comparing this picture with Figure 5.12 on page 270 of the text, we conclude that the origin

is an asymptotically stable spiral point.
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Figure 5—B: Integral curves and the direction field for Problem 15.

17. A trajectory is a path traced by an actual solution pair (x(t),y(f)) as t increases; thus it is
a directed (oriented) curve. An integral curve is the graph of a solution to the phase plane
equation; it has no direction. All trajectories lie along (parts of) integral curves. A given

integral curve can be the underlying point set for several different trajectories.

19. We apply Kirchhoft’s voltage law to Loops 1 and 2.

Loop 1 contains a capacitor C' and a resistor Ry; note that the direction of the loop is

opposite to that of I5. Thus we have

4 _Ry=0 = g

C E:R2[27

where ¢ denotes the charge of the capacitor.

Loop 2 consists of an inductor L and two resistors Ry and Rs; note that the loop direction

is opposite to the direction of I3. Therefore,
R2IQ —R1[3—LI:; :0 = R2IQ :R1[3+LI§
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For the top juncture, all the currents flow out, and the Kirchhoft’s current law gives
L1 —I,—13=0 = I +1,+ I3 =0.
Therefore, the system, describing the current in RLC is

q
— = Ryl
C 242,
Roly = Ril3 + LI,
[1 + [2 + [3 == O
With given data, Ry = Ry = 1§, L = 1H, and C' = 1F, and the relation I, = dq/dt, this

system becomes

q:IQa
[2:]3+[§,
q,+12+]3:0.

Replacing in the last two equations /5 by ¢, we get
I3+ 13— q=0,
¢ +q+1I;=0.
We eliminate ¢ by substituting g = I} + I3 into the second equation and obtain
I} + 215+ 213 = 0.
The characteristic equation, 72 + 2r + 2 = 0, has roots r = —1 £ ¢ and so, a general solution
to this homogeneous equation is I3 = e *(Acost + Bsint). Thus
L=q = I4+1;
= —e "(Acost+ Bsint) + e '(—Asint + Bcost) + e ‘(Acost + Bsint)
= e (Bcost — Asint)
and

_ da

I —
T

= —e (Bcost — Asint) + e '(—Bsint — Acost)
= ¢ '[(A— B)sint — (A + B)cost].



CHAPTER 6: Theory of Higher Order Linear
Differential Equations

EXERCISES 6.1: Basic Theory of Linear Differential Equations, page 324

1. Putting the equation in standard form,

oSy Syt
x x x

we find that

3 er 2 —1
P =0, p)=-S, pe) =S, ad g =

x
Functions po(z), ps3(x), and g(z) have only one point of discontinuity, z = 0, while p;(z) is
continuous everywhere. Therefore, all these functions are continuous on (—oo, 0) and (0, c0).
Since the initial point, g = 2, belongs to (—o00,0), Theorem 1 guarantees the existence of a

unique solution to the given initial value problem on (—o0,0).

. For this problem, p;(x) = —1, po(z) = Vo — 1, and g(z) = tanz. Note that p;(x) is contin-
uous everywhere, po(z) is continuous for z > 1, and g(x) is continuous everywhere except at

odd multiples of /2. Therefore, these three functions are continuous simultaneously on the

1.0) mSmy (3w oom
72’ 272 ) 272 AR

Because 5, the initial point, is in the interval (37/2,57/2), Theorem 1 guarantees that we

intervals

have a unique solution to the initial value problem on this interval.

5. Dividing the equation by z+v/x + 1, we obtain

1 1

— +
:E\/erly voe+1

"

y=0.
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Thus pi(z) = 0, po(z) = 1/(xzvx + 1), ps(x) = 1/v/x + 1, and g(x) = 0. Functions p;(x) and
q(z) are continuous on whole real line; p3(x) is defined and continuous for x > —1; po(z) is
defined and continuous for x > —1 and x # 0. Therefore, all these function is continuous on
(—1,0) and (0, 00). The initial point lies on (0,00), and so, by Theorem 1, the given initial

value problem has a unique solution on (0, co).
Assume that ¢q, ¢, and c3 are constants for which
163 + 9 + 36 * =0 on (—00,00). (6.1)

If we show that this is possible only if ¢; = ¢5 = ¢3 = 0, then linear independence will follow.
Evaluating the linear combination in (6.1) at z = 0, z = In2, and z = —1In2, we find that

constants ci, ¢, and c3 satisfy

01+CQ+03:O,
1
861_'_3262_'_563:0,

Lol ioe =0
— C — C Cq = U.
R 3

This system is a homogeneous system of linear equations whose determinant

1 11
32 1/2 8 1/2 8§ 32 2827
8§ 32 1/2|= /2 / =" #£0.
1/32 2 /8 2 1/8 1/32 64
1/8 1/32 2

Hence it has the unique trivial solution, that is, ¢; = ¢ = ¢3 = 0.

2 2

. Let y; =sin“z, yo = cos” x, and y3 = 1. We want to find ¢y, ¢, and c3, not all zero, such that

c1y1 + Cays + Cc3y3 = c1sin® x4+ cocos’x +cg- 1 =0,

2

for all z in the interval (—oo, 00). Since sin®z + cos?x = 1 for all real numbers x, we can

choose ¢; =1, ¢ = 1, and ¢3 = —1. Thus, these functions are linearly dependent.



11.

13.

15.
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Let 4, = 7', yo = 2'/2, and y3 = . We want to find constants c;, ¢y, and ¢z such that
1 + e + cays = a1 + coa? ez = 0,

for all  on the interval (0,00). This equation must hold if z =1, 4, or 9 (or any other values
for « in the interval (0,00)). By plugging these values for z into the equation above, we see

that ¢q, co, and c3 must satisfy the three equations

c1+cotc3=0,
%—1—202—1—463:0,
0—91—1-302—1-90320.

Solving these three equations simultaneously yields ¢; = ¢o = ¢35 = 0. Thus, the only way for
c127! 4 cpr'/? 4 c3z = 0 for all x on the interval (0,00), is for ¢; = ¢; = c5 = 0. Therefore,

these three functions are linearly independent on (0, 00).

A linear combination, ¢;x + cpx? + 323 + c42*, is a polynomial of degree at most four, and so,
by the fundamental theorem of algebra, it cannot have more than four zeros unless it is the
zero polynomial (that is, it has all zero coefficients). Thus, if this linear combination vanishes
on an interval, then ¢; = ¢y = c5 = ¢4 = 0. Therefore, the functions z, 22, 23, and z* are

linearly independent on any interval, in particular, on (—o00, 00).

Since, by inspection, r = 3, r = —1, and » = —4 are the roots of the characteristic equation,
r3 4 2r? — 11r — 12 = 0, the functions €3*, e™*, and e~** form a solution set. Next, we check

that these functions are linearly independent by showing that their Wronskian is never zero.

63z e T 6—4&: 1 1 1
Wle™ e e ] (x) = | 3™ —e™® —de7d® |=¢¥e T3 —1 4 | =8,
9e3® 7T 1674 9 1 16

which does not vanish. Therefore, {3 e7® e7%*} is a fundamental solution set and, by

Theorem 4, a general solution to the given differential equation is
Yy = C«leBz + Oge_m + 6136_4Z .
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17. Writing the given differential equation,
:L,By/// _ 3x2y" + 6xy' o 6y — O,
in standard form (17), we see that its coefficients, —3/z, 6/2%, and —6/x3 are continuous on

the specified interval, which is = > 0.

Next, substituting x, 22, and 2? into the differential equation, we verify that these functions

are indeed solutions.

3x)" — 32*(x)" + 6z(x) — 6(x) =0 — 0+ 62 — 62 =0,
:L‘B(I'Q)m—3:L‘2(1'2),/—}-61'(:L‘2)/ 6(1’2)

23 (2%)" — 32 (%) + 62(2®) — 6(2°) = 62° — 182% + 182° — 62° = 0.

8

=0 —62% + 122% — 62° = 0,

Evaluating the Wronskian yields

x z2 2B
Wiz, 2* 2% () = |1 2z 3a2?
0 2 6z
2 2 .3
=z 2w S _ T :x(6:p2)—(4x3):2x3.
2 6x 2 6z

Thus Wz, 2%, 23] (z) # 0 on (0,00) and so {z,z?% 23} is a fundamental solution set for the

given differential equation. We involve Theorem 2 to conclude that
y = Oz + Cya? + Csa®
is a general solution.

19. (a) Since {e*,e " cos2z,e *sin 2z, } is a fundamental solution set for the associated homo-

geneous differential equation and since y, = z? is a solution to the nonhomogeneous

equation, by the superposition principle, we have a general solution given by
y(x) = C1e” + Cye ™ cos 2x + Cze " sin 2z + z°.
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(b) To find the solution that satisfies the initial conditions, we must differentiate the general

solution y(z) twice with respect to x. Thus, we have

y'(x) = Cre® — Che ™ cos 2z — 205" sin 22 — Cze™ " sin 2z + 2C3¢™ " cos 2w + 2x
= (1" + (—Cy+2C3) e " cos2z + (—2Cy — C3) e “sin 2z + 2z,
y'(x) = Cre® + (Cy —2C3) e " cos2x — 2 (—Cy + 2C3) e % sin 2z
—(—2Cy — C3) e “sin2z + 2 (—2Cy — C5) e * cos 2x + 2
= (1" 4 (=30, —4C5) e " cos 2z + (4Cy — 3C5) e “sin2x + 2.

Plugging the initial conditions into these formulas, yields the equations

y(0) =Cy + Cy = —1,
y(0)=C—Cy+2C5 =1,
y'(0) = C, — 3C, — 4C3 + 2 = 3.

By solving these equations simultaneously, we obtain ¢} = —1, Cy = 0, and C5 = 1.

Therefore, the solution to the initial value problem is given by

y(x) = —e* + e “sin 2z + 2%

21. In the standard form, given equation becomes

P | 1 3—Inx

/ —_—
Y —i—ﬁy—;y— 3

Since its coefficients are continuous on (0, 00), we can apply Theorems 2 and 4 to conclude

that a general solution to the corresponding homogeneous equation is
yn(x) = Cro + Coxlnz + Cyz(Inz)?
and a general solution to the given nonhomogeneous equation is

y(r) = y,(r) + yn(r) = Inz + Cio + Coyz Inx + Czz(Inx)?.
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To satisfy the initial conditions, first we find

1
y'(z) = — Ci+Cy(lnz+1)+ C5 [(Inz)* + 2Inz]

1 O lanx 2}

"
—_— 4+ 224 il
y'(z) x2+:p+ 3 x

Substituting the initial conditions, y(1) = 3, ¢/(1) = 3, and y”(1) = 0, we get the system

3:y(1)201, 01:3, 01:3,
3:y/(1):1+01+027 :> Cl+02:2, :> 02:—]_’
0=1y"(1) = -1+ Cy+2Cs Cy+ 205 =1 Cy = 1.

Thus,

y(z) =Inz+3z —zlnz + x(lnz)?

is the desired solution.
Substituting y;(z) = sinz and ys(x) = x into the given differential operator yields

Lisinz] = (sinz)” + (sinz)’ + z(sinx) = —cosx + cosx + xrsinx = xsinz,

Llz] = ()" + () +z(z) =0+ 1+ 2* = 2° + 1.
Note that L[y] is a linear operator of the form (7). So, we can use the superposition principle.
(a) Since 2zsinz — x*> — 1 =2(zsinz) — (z* + 1), by the superposition principle,
y(z) = 2y1(x) — yo(x) = 2sinx — x

is a solution to L[y] = 2zxsinz — 2% — 1.

(b) We can express 412 + 4 — 6z sinx = 4(2? + 1) — 6(x sin z). Hence,
y(x) = dys(x) — 6y (2) = 4 — 6sinx

is a solution to L[y] = 42? + 4 — 6z sin z.
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25. Clearly, it is sufficient to prove (9) just for two functions, y; and y,. Using the linear property

of differentiation, we have

Llyi+v) = [yi + 9™ 401 [y + 1) "+ + o [y1 + 2]

n n n—1 n—1
Z[y§)+y§)}+p1[y§ )+y§ )}+---+pn[y1+yz]

= [yin) +pym Y +pny1] + [yzgn) s +pny2] =Ly + Ly

Next, we verify (10).

](n) n—1)

Licyl = [ey]™ +pr[ey]™ ™ + -+ pafey] = ey™ + prey™ D + - + pacy

=c [y(") + iy +pny} = cL[y].

27. A linear combination
Co+ 1+ o + -+ cpa”
of the functions from the given set is a polynomial of degree at most n and so, by the funda-

mental theorem of algebra, it cannot have more than n zeros unless it is the zero polynomial,

i.e., it has all zero coefficients. Thus, if this linear combination vanishes on a whole interval

(a,b), then it follows that ¢ = ¢ = ¢o = ... = ¢, = 0. Therefore, the set of functions
{1,z,2% ...,2"} is linearly independent on any interval (a, b).
29. (a) Assuming that functions fi, fa,... , fi, are linearly dependent on (—o00, 00), we can find

their nontrivial linear combination vanishing identically on (—oo, 00), i.e.,
afitecfiot--+enfm=0 on (—00, 0),

where not all ¢;’s are zeros. In particular, this linear combination vanishes on (—1,1),
which contradicts the assumption that fi , fo,... , f,, are linearly independent on (—1,1).
(b) Let
fi(z) == |z — 1], fo(x) =2 —1.
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31. (a)

(b)
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On (—1,1) (even on (—o0, 1) ) we have fi(x) = — fo(z) or, equivalently, fi(z)+ fo(x) =0
and so these functions are linearly dependent on (—1,1). However, their linear combina-

tion
(co—c1)(x—1), =<1;

(c1+c)(x—1), z>1

cifi(x) +eafo(z) = {

cannot vanish identically on (—oo,00) unless ¢; — ¢o = 0 and ¢; + ¢3 = 0, which implies

Cl = Cy = 0.
Linearity of differentiation and the product rule yield

y'(x) = (v(x)e”) = v'(@)e” +v(z) (e7) = [V'(x) + v(@)]e”,

/

y'(x) = [v'(2) +v(@)] e + ['(2) + v(@)] (") = [v"(x) + 20'(2) +v(2)] €,

!/

y" (@) = [v"(x) + 20'(2) + v(@)] e” + [v"(2) + 20'(2) + v(2)] (")
= [v"(z) 4+ 30" (x) + 30" (z) + v(z)] ”.
Substituting y, v/, y”, and y” into the differential equation (32), we obtain
0"+ 30" 4+ 30" +v] e —2[" + 20" +v]e” — 5[V +v]e” + 6ve” =0
= (" + 30"+ 30" +0v) =20+ 20" +0v) =5 +v)+6v]e” =0

= V" + 0" — 60 =0,

where we have used the fact that the function e® is never zero. Let v/ =: w. Then
v =w', v = w”, and so the above equation becomes
w” +w' — 6w = 0. (6.2)

The auxiliary equation for (6.2), 7> +r — 6 = 0, has the roots r = —3 and r = 2.

Therefore, a general solution to this differential equation is
w(zr) = Cre 3 + Che?

where C and Cy are arbitrary constants. Choosing, say, C; = —3, Cy = 0 and C; = 0,

Cy = 2, we find two linearly independent solutions,

wi(z) = —3e™** and wsy(z) = 2e** .
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Integration yields
vi(z) = /w1 (x)dr = / (—=3¢™*) dx = e,
ve(x) = /wg(x) dx = / (2¢**) dz = €**

where we have chosen zero integration constants.

(d) With functions v;(z) and vy(x) obtained in (c), we have

y1(z) = vy (x)e” = e et = e yo(z) = vo(x)e” = 2Tt = 37

~2¢ and e3* are linearly independent on (—o0, c0), we

To show that the functions e*, e
can use the approach similar to that in Problem 7. Alternatively, since these functions

are solutions to the differential equation (32), one can apply Theorem 3, as we did in

Problem 15. To this end,

e’ e 2 1 11
W[ea:’ 6—2@‘7 €3$} (l’) = | e _26_23; 3€3$ — em€—2z63z 1 -2 3| = _30621‘ ?é 0
e®  de™I Qe 1 49

on (—00, 00) and so the functions e®, e 2%, and ¢3* are linearly independent on (—o0, 00).
33. Let y(z) = v(z)e**. Differentiating y(z), we obtain

y'(z) = [v'(2) + 2v(x)] >,
y'(@) = (@) + ' (2) + dv(z)] €,
y"(x) = [v"(z) + 60" (z) + 120'(x) + Sv(x)] **.

Substituting these expressions into the given differential equation yields

(V" + 60" + 120" + 8v) — 2 (V" + 40" + 4v) + (v 4+ 2v) — (20)] e** =0

= [v" + 40" + 50 e** =0 = V" 4+ 40" + 50" = 0.
With w(z) := ¢'(z), the above equation becomes
w”(x) + 4w’ (z) 4+ Sw(x) = 0.
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The roots of the auxiliary equation, 72 + 4r + 5 = 0, for this second order equation are

r = —2 + 4. Therefore,

{wi (), ws(z)} = {7 cosz,e > sinx}

form a fundamental solution set. Integrating, we get

T _9
vi(z) = /wl(x) = /62“ coszd = < (sin x5 cosx)’

—2x 2 4i
st = [ = [z )

where we have chosen integration constants to be zero. Thus, functions

f(z) =e™,
e 2 (sinx — 2cos T sinx — 2cosx
(x) = (o) () = ST Z2COT) or_ ST ot
e 2%(2¢inx + cos . 2sinx + cosx
la) = o) f(2) = S CILLCOD) o 20T T conT

are three linearly independent solutions to the given differential equation.

35. First, let us evaluate the Wronskian of the system {x,sinz, cosx} to make sure that the result

of Problem 34 can be applied.

T sin x CoS T

W lz,sinx,cosz] = |1 cosx —sinx
0 —sinx —coszx
cosx —sinx
= x

—sinx —cosx —sinx —cosx

‘ sinx CcosST

= z(—cos’z —sin’z) — (—sinzcosz + sinz cosz) = —x.

Thus, W [z, sin z, cos ] # 0 on (—00,0) and (0, 00). Therefore, on either of these two intervals,

{z,sinx,cosz} is a fundamental solution set for the third order linear differential equation
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given in Problem 34. Expanding the determinant over its last column yields

T sin x cosx
1 cosx —sinx
0 —sinx —cosz
0 —cosx sin x

Y
y/
y//

y///

T sinx COS T

n . " .
= y"Wx,sinz,cosx] —y"| 1 cosx —sinzx

0 —coszx sin x

T sin x COS T 1 cosxr —sinzx
! . .
+y |0 —sinx —cosz |—y| 0 —sinx —cosx
0 —coszx sin x 0 —coszx sin x
o cosx —sinw sinx cosx
-y -y |\ . - .
—Ccosz sin x —cosz sinx

, | —sinxz —cosx
+yx

—CcoST sin x —Ccosx sin x

' —sinzx —cosx|

_l,y/// + y// _ xy' +y=0.

EXERCISES 6.2: Homogeneous Linear Equations with Constant Coefficients, page 331

1. The auxiliary equation

422 —8r =0

r(r’+2r—8)=r(r—2)(r+4)=0

has the roots r = 0, 2, and —4. Thus a general solutions to the differential equation has the

form

= ¢y + e 4 cae”
1 ) 3

4z

3. The auxiliary equation for this problem is 6r® + 7r? — r — 2 = 0. By inspection we see that

r = —1 is a root to this equation and so we can factor it as follows

6r° +7r* —r—2=(r+1)(6r* +r—2) = (r+1)(3r +2)(2r — 1) = 0.

Thus, we see that the roots to the auxiliary equation are r = —1, —2/3, and 1/2. These roots

are real and non-repeating. Therefore, a general solution to this problem is given by

2(z) = c1e™% 4 cpe 23 cge”!?
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We can factor the auxiliary equation, r3 4 3r% 4 28r + 26 = 0, as follows:

43428 +26 = (r* 4% + (20 + 2r) + (267 + 26)
= 2(r+ 1) +2r(r+1)+26(r+1) = (r +1)(r* + 2r + 26) = 0.

Thus either r +1 =0 = r=—-lorr?+2r+26=0 = r = —1+5i. Therefore, a

general solution is given by

y(x) = cre”" 4+ cpe”“ cos b + cge” T sin b .

Factoring the characteristic polynomial yields
2 —r? —10r —7 = (2r* +2r%) + (=3r* = 3r) + (=Tr — 7)
= 27%(r+1)=3r(r+1)=7(r+1) = (r+1)(2r* = 3r = 7).
Thus the roots of the characteristic equation, 2r3 — 12 — 10r — 7 = 0, are

r+1=0 = r=-—1,

34+4/32-4(2)(=7) 3++65
w2 _3r—7=0 = r= 4()( ): V65

4 Y

and a general solution is

y(z) = cre ™ + £reBHVE/A | (o (3-VED)a/4

. In the characteristic equation, 7* — 9r% 4 27r — 27 = 0, we recognize a complete cube, namely,

(r —3)3 = 0. Thus, it has just one root, r = 3, of multiplicity three. Therefore, a general

solution to the given differential equation is given by

u(z) = c163 + cowe®® + cyx?e®™ .

Since 7t +4r 4+ 6r2+4r+1 = (r+1)*, the characteristic equation becomes (r+1)* = 0, and it

T 2 T T

has the root r = —1 of multiplicity four. Therefore, the functions e=®, ze™%, 2%e~%, and z3e~

form a fundamental solution set and a general solution to the given differential equation is

y(z) = cre™ + cywe " + czrte " eyrte ™ = (01 + o + 31 + 04953) e ",
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13. The auxiliary equation in this problem is 74447244 = 0. This can be factored as (12 + 2)° = 0.
Therefore, this equation has roots r = v/2i, —v/2i, v/2i, —/2i, which we see are repeated and

complex. Therefore, a general solution to this problem is given by
y(x) = (1 CO8 <\/§$> + cox cos (\/ix) + c38in <\/§x> + ¢4 sin <\/§x> .

15. The roots to this auxiliary equation, (r — 1)?(r + 3)(r? + 2r + 5)% = 0, are
r=1,1, -3, —1 42, —142,

where we note that 1 and —1 &+ 2¢ are repeated roots. Therefore, a general solution to the

differential equation with the given auxiliary equation is

3x

y(x) = c1€” + cowe® + cze " + (¢4 + czx)e”  cos 2z + (¢ + crx)e” “sin 2w .

17. From the differential operator, replacing D by r, we obtain the characteristic equation
(r+4)(r—3)(r +2)°*(r* +4r +5)*° =0,

whose roots

r+4=0 = r = —4,

r—3=20 = r=3,

(r+2)*=0 = r = —2 of multiplicity 3,
(r’+4r+5%*=0 = r = —2 %4 of multiplicity 2,
r® =0 = r = 0 of multiplicity 5.

Therefore, a general solution is given by

y(z) = cre”™ + €™ + (c3+ caw + c52%) €7 + (¢ + crw) € cosx + (s + coz) € sinw

2 3 4
+C10 + C11T + C12Z° + C13X° + C14x .

19. First, we find a general solution to the given equation. Solving the auxiliary equation,
P —drtd =)~ Yr—4) = =) —4) = —-1)(r+2)(r—2)=0,
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yields the roots r = 1, —2, and 2. Thus a general solution has the form

y(x) = c1e” + cae > + cze*”.

Next, we find constants c¢q, ¢, and c3 such that the solution satisfies the initial conditions.

Differentiating y(z) and substituting the initial conditions, we obtain the system

y(0) = (Clem +ee 036%) ’q}: =c +cy+e3=—4,

0

y'(0) = (cre” = 2c0e7" + 2¢3€™")|__, = 1 — 2¢3 + 205 = —1,

0
y"(0) = (cr€” + depe™™ + dese™) | _ = 1 + 4y + 4z = —19.
Solving yields
Cl = 1’ 62 = —2’ 63 — _3.
With these coeflicients, the solution to the given initial problem is

y(z) = " — 2e7 % — 3e** .

By inspection, r = 2 is a root of the characteristic equation, r® — 4r? 4+ 7r — 6 = 0. Factoring
yields
=4 +Tr—6=(r—2)(r* = 2r+3)=0.

Therefore, the other two roots are the roots of 72 — 2r + 3 = 0, which are r = 1 £ v/2i, and

so a general solution to the given differential equation is given by
y(z) = cre*® + <02 cos V21 + ¢ sin \/ix) e’.
Differentiating, we obtain
y' = 2ce** + [(cz + 03\/§> cos V2z + <03 — 02\@) sin \/ﬁx] e’
y" = 4dcie* + [(203\/5 — cg> cosV2x — (202\/5 + 03) sin \/ix] ev.

Hence, the initial conditions yield

y(0) =1+ e =1, c =1,
y'(0) = 2¢1 + o + 372 = 0, = ey =0,
y//(0)2461—62+203\/§zo CgI—\/ﬁ.
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Substituting these constants into the general solution, we get the answer

y(x) = €2 — /2% sin v 2z .

Rewriting the system in operator form yields

(D? = 1) [2] + (D + 1)[y] = 0,
(D—1)[z]+y=0.

Multiplying the second equation in this sytem by (D + 1) and subtracting the result from the

first equation, we get
{(D’-1) = (D+1)(D-1)} [z] = D*(D — 1)[z] = 0.

Since the roots of the characteristic equation, 7?(r — 1) = 0 are r = 0 of multiplicity two and

r = 1, a general solution x(t) is given by
x(t) = c1 + cot + cze’ .
From the second equation in the original system, we obtain

y(t) = x(t) — 2'(t) = (c1 + cot + cze') — (e1 + ot + c3et), = (c1 — ¢2) + cot.

A linear combination of the given functions
Coerx + Clxerx + 62x2eTx + e+ Cmflxmilerx = (CO -+ 1T + C2.I'2 + e+ mem) €rx (63)

vanishes on an interval if and only if its polynomial factor, ¢y + c1@ + cox? + - - + cp_12™ L,

vanishes on this interval (the exponential factor, e’®, is never zero). But, as we have proved

in Problem 27, Section 6.1, the system of monomials {1, z,...,z"} is linearly independent on

any interval. Thus, the linear combination (6.3) vanishes on an inteval if and only if it has all
x

zero coefficients, i.e., cg = ¢; = ... = ¢,,_1 = 0. Therefore, the system {e¢"* xe™, ... ™ e}

is linearly independent on any interval, in particular, on (—o0, o).
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27. Solving the auxiliary equation, r* + 2r® — 3r? —r 4+ (1/2) = 0, using computer software yields

the roots
ry = 1.119967680, ro = 0.2963247800, r3 = —0.5202201098, r, = —2.896072350 .

Thus, all the roots are real and distinct. A general solution to the given equation is, therefore,

1.1201_'_ 0.2961_'_ 70.5201_'_ 72.8961.

y(x) = 1™ 4 coe™" 4 3" 4 4’ & e co€ cse cue

29. The auxiliary equation in this problem is 7% + 273 + 472 + 3r +2 = 0. Let
g(r) =r* +2r® 4 4r% 4 3r + 2

= g (r) =4r® +6r* +8r + 3.

Then the Newton’s recursion formula (2) in Appendix A of the text becomes

T+ 2r3 +4r? + 3r, + 2
4r3 +6r2 +8r, +3

T'n4l1 = Tn —

With initial guess ro = 1 + ¢, this formula yields
(1+)* +2(1+4)3 +4(1 +4)2 +3(1 +14) + 2

41+ +6(1+0)24+8(1+14)+3
r‘ll+2ri)’+4r%—|—3rl—i—2

7”1:(1"—2)—

~ 0.481715 + 0.837327¢ ,

— oy — ~ 0.052833 + 0.763496i
e 4r$ +6rf +8r +3 - "
4403 L Ar2 4 3y + 2
ry =y — 2T EO R 2 984333 4 0.7808591
4ry + 615 + 8rg + 3
1498 4 Ay 2
pr g — (826 T AT I T2 500000 + 0.8660254

473 + 6r¢ + 8rg + 3

14208 1 402 + 3rp + 2
rg =g — LTI IS 500000 + 0.8660254
dr; + 617 + 8r7 + 3

Therefore, first two roots of the auxiliary equation are

r ~ —0.5 + 0.86617 and r = —0.5+0.866: = —0.5 — 0.8662 .
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Similarly, we find other two roots. With the initial guess ro = —1 — 2z, we find that
(=1 =202 4+ 2(—=1—2i)3 +4(—=1 —20)2 + 3(—1 — 2i) + 2
4(—1—=20)34+6(—1—2i)2+8(—1—2i) +3
~ —0.830703 — 1.652798i ,

= (—1-2i) -

re ~ —0.499994 — 1.3228757,
r7 ~ —0.500000 — 1.322876¢,
rg ~ —0.500000 — 1.3228767 .

Therefore, the other two roots are
r=~—0.5—-1.323 and r=—0.5—-1.323; = —-0.5+ 1.323:.

Thus, the auxiliary equation has four complex roots, and a general solution to the given

differential equation is given by

y(7) ~ c1e7"%" cos(0.8667) + coe” % sin(0.8662) + cze "% cos(1.323x) + cye” 7 sin(1.3237) .

31. (a) If we let y(z) = 2", then we see that

/I r—1
y =TT )

y'=r(r—1az" 2= (r*—r)z"?%, (6.4)
y" =r(r—1)(r—2)a"3 = (r* = 3r* + 2r)z" 3.

Thus, if y = 2" is a solution to this third order Cauchy-Euler equation, then we must
have

22 =3t 4 2r)2" P 4 2 (r? — )" = 2wra” 422" = 0

= (r® = 3r* + 2r)a" + (r* —r)a" — 2ra" + 22" =0

= (r® —2r* —r +2)2" = 0. (6.5)

Therefore, in order for y = z" to be a solution to the equation with z > 0, we must have

r® —2r% —r 4 2 = 0. Factoring this equation yields

P2 2= -2 - (r-2)=(r-2)(*-1)=(r—-2)r+1)(r—1)=0.
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(b)

(c)

Equation (6.5) will equal zero and, therefore, the differential equation will be satisfied for

r = 41 and r = 2. Thus, three solutions to the differential equation are y = z, y = 27!,

and y = 2%. Since these functions are linearly independent, they form a fundamental

solution set.

Let y(x) = 2". In addition to (6.4), we need the fourth derivative of y(x).
Yy =" =r(r=1)(r—2)(r —3)2"* = (r* — 63 + 1172 — 6r)z" 2.
Thus, if y = 2" is a solution to this fourth order Cauchy-Euler equation, then we must
have
2 (r* — 6r® 4+ 1102 — 6r)a"* + 623 (r® — 3r? 4 2r)2"?

4222 (r? — )% — dara” ! + 42" = 0
= (r* — 6r° + 11r% — 6r)2" + 6(r® — 3r* + 2r)a” + 2(r* — r)a” — dra” + 42" =0
= (r* — 5r* + 4)2" = 0. (6.6)

Therefore, in order for y = 2" to be a solution to the equation with z > 0, we must have

r* — 5r? 4+ 4 = 0. Factoring this equation yields
=5t A= =) -1 = —-2)(r+2)(r—1)(r+1)=0.

Equation (6.6) will be satisfied if » = £1, £2. Thus, four solutions to the differential

equation are y = x, y = o~ %, y = 2%, and y = x72. These functions are linearly

independent, and so form a fundamental solution set.
Substituting y = «" into this differential equation yields
(r® = 3r* 4+ 2r)a" — 2(r* — r)a” + 13r2" — 132" =0
= (r® —5r% 4+ 17r — 13)2" = 0.
Thus, in order for y = 2" to be a solution to this differential equation with x > 0, we

must have r® — 5r? + 17r — 13 = 0. By inspection we find that » = 1 is a root to this

equation. Therefore, we can factor this equation as follows

(r—1)(r* — 4r +13) = 0.
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We find the remaining roots by using the quadratic formula. Thus, we obtain the roots
r =1, 2+ 3¢. From the root » = 1, we obtain the solution y = x. From the roots

r = 2 + 31, by applying the hint given in the problem, we see that a solution is given by
y(z) = 2* = 2* {cos(3Inz) +isin(3Inx)}.

Therefore, by Lemma 2 on page 172 of the text, we find that two real-valued solutions to
this differential equation are y(x) = 22 cos(3Inz) and y(z) = 2?sin(31Inz). Since these
functions and the function y(x) = « are linearly independent, we obtain the fundamental
solution set

{z,2° cos(3Inz),z”sin(3Inz)} .

33. With suggested values of parameters m; = my = 1, k; = 3, and ko = 2, the system (34)—(35)

becomes

(a)

(b)

2" +5x —2y =0,

(6.7)
y"' —2x + 2y =0.

Expressing y = (¢ 4 5x) /2 from the first equation and substituting this expression into

the second equation, we obtain

% (2" + 5z)" — 2z + (2" +52) =0

= (2@ +52") — 4z +2 (2" +52) = 0

= W47 462 =0, (6.8)
as it is stated in (36).

The characteristic equation corresponding to (6.8) is r* + 7r2 4+ 6 = 0. This equation is

of quadratic type. Substitution s = r? yields
s+ T75s+6=0 = s=—1, —6.

Thus

r=+v—-1=4+i and r=+v—-6=+iV6,

and a general solution to (6.8) is given by

x(t) = 1 cost + cosint + c3 cos V6t + ¢4 sin V6t .
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(c) As we have mentioned in (a), the first equation in (6.7) implies that y = (2" + 5z) /2.
Substituting the solution x(t) yields

y(t) = % (cl cost 4 casint 4 ¢ cos V6t + ¢4 sin \/615) ’
+5 <01 cost + cysint + c3cos V6t + ¢4 Sin \/675) _
= % (—01 cost — cgsint — Gcg cos V6t — 6cy4 sin \/615)
+5 <01 cost + cysint + c3cos V6t + ¢4 Sin \/675) _

= 2cjcost+ 2cosint — 02—3 cos V6t — % sin V6t .

(d) Imitial conditions z(0) = y(0) = 1 and 2/(0) = %/(0) = 0 imply the system of linear

equations for ¢y, ¢9, c3, and ¢4. Namely,

z(0)=c1+ec3=1, g =3/5,
y(0) = 2¢; — (e3/2) =1, N c3 =2/5,
2'(0) = ¢y + c4V/6 = 0, co =0,
y'(0) = 2¢5 — (c4v/6/2) = 0 cy = 0.

Thus, the solution to this initial value problem is

3 2 6 1
:L‘(t):5COSt+gCOS\/6t, y(t):5cost—5cosx/6t.

35. Solving the characteristic equation yields

Elr'*—k=0 =  r‘=—

= r? = % or 2 \/ i
4 k

El
Sk Lk
El B W ED

rt = —
= r =44/ — or r==+

The first two roots are real numbers, the other two are pure imaginary numbers. Therefore,

a general solution to the vibrating beam equation is

V /(BT | k k
y(x) = Che k/(EDe Che™ k/(EDe Cs sin (4 Ex> + Oy cos <4 ﬁx> .
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Using the identities
Q. a

e = cosh ax + sinh ax, e = cosh ax — sinh ax,

we can express the solution in terms of hyperbolic and trigonometric functions as follows.

k k
y(x) = CheVFIEDe L CLe=VE/(EDT 4 i \4/—3: + Cycos | ) — =z
EI BT
.k . .k .k . )k
cosh( ﬁyg) —i—smh( Em) cosh( ﬁx> —smh( o )
k k
+(C'538in ( Vol ) + Cy cos ( —]3:>
_ h 4 i + inh 4 i + 1 4 i + . i
= ¢ COS \/EI:E Co SIn EI:L‘ s sin EI:L‘ €4 COS EI:L‘ ,

where c¢; := Cy 4+ Cy, ¢ := Cy — Oy, ¢3 := C3, and ¢4 := C} are arbitrary constants.

= Cl +C2

8

EXERCISES 6.3: Undetermined Coefficients and the Annihilator Method, page 337

1. The corresponding homogeneous equation for this problem is y"” — 2y” — 5y’ + 6y = 0 which
has the associated auxiliary equation given by r3 — 2r? — 5r + 6 = 0. By inspection we see

that » =1 is a root to this equation. Therefore, this equation can be factored as follows
=2 —5r+6=(r—1)(*—r—6)=(r—1)(r—3)(r+2)=0.

Thus, the roots to the auxiliary equation are given by r = 1, 3, and —2, and a general solution

to the homogeneous equation is

yn(z) = cre” + cae™ + cze™,

The nonhomogeneous term, g(z) = e®+x?, is the sum of an exponential term and a polynomial

term. Therefore, according to Section 4.5, this equation has a particular solution of the form
Yp(z) = 27 Cre” + ™ (02 + Csz + C4$2) :
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Since e* is a solution to the associated homogeneous equation and ze” is not, we set s; = 1.
Since none of the terms 2, z, or 1 is a solution to the associated homogeneous equation, we

set s = 0. Thus, the form of a particular solution is

yp(x) = Cize” + Cy + O + Cya?.

. The associated homogeneous equation for this equation is " + 3y” — 4y = 0. This equation

has the corresponding auxiliary equation y® + 3r? — 4 = 0, which, by inspection, has r = 1 as

one of its roots. Thus, the auxiliary equation can be factored as follows
(r—1)*+4r+4)=(r-1r+2?2*=0.

From this we see that the roots to the auxiliary equation are » = 1, —2, —2. Therefore, a

general solution to the homogeneous equation is

—2 —2
yn(x) = c1€% + coe™ " + czre” .

The nonhomogeneous term is g(z) = e 2*. Therefore, a particular solution to the original
differential equation has the form y,(z) = z°c;e™?*. Since both e2* and ze ?* are solutions
to the associated homogeneous equation, we set s = 2. (Note that this means that r = —2 will
be a root of multiplicity three of the auxiliary equation associated with the operator equation
A[L[y]](x) = 0, where A is an annihilator of the nonhomogeneous term g(z) = ¢ 2* and L
is the linear operator L := D3 + 3D? — 4.) Thus, the form of a particular solution to this
equation is
yp(z) = CraPe ™.

. In the solution to Problem 1, we determined that a general solution to the homogeneous

differential equation associated with this problem is
yn(x) = c1e” + €™ + cze™

and that a particular solution has the form

yp(z) = Crze® + Cy + Csz + Cyz?.
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By differentiating y,(x), we find

yy(x) = Crze” + Cre” 4 C3 4 2Cyx
= yg(x) = Cxe” 4+ 2C1e” + 20,
= y, (2) = Crze® + 3C1e”.

Substituting these expressions into the original differential equation, we obtain

yy (z) — 2y, (z) — by, () + 6yy(x) = Crze” 4 3C1e” — 2C ze” — 4C1e” — 40,
—5011'€m — 501€x — 503 — 100433' + 601.1'€$ + 602 + 60333' + 604.1'2 =e + .1'2
= —6C1e" + (—4Cy — 5C3 + 6Cy) + (—=10Cy + 6C3)x + 6Cy2* = € + 7.

Equating coefficients yields

-1
—601:1 = Clz 6’
1
6C, =1 = 04:6’
10c¢, 10 5
_1 = = = — = —
0C, +6C5 =0 = (4 ; =15
4Cy + 5C 4(1/6) + 5(5/18 37
—4Cy —5C5 + 6C, = 0 o o, = G450 A(L/6) +5(5/18)

6 6 © 108
Thus, a general solution to the nonhomogeneous equation is given by

1 1 D 37
y(7) = yn(z) + yp(r) = c1€” + co€® + cze™* — G ze” + A z® + % 108

7. In Problem 3, a general solution to the associated homogeneous equation was found to be

2x

T2 4 cape 2,

yn(z) = c1€” + cze
and the form of a particular solution to the nonhomogeneous equation was
yp() = Cra’e ™.
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Differentiating y,(z) yields

yo(z) = 2C1we " — 2C1a%e > = 2C (& — 2%)e ™™
= yo(x) = —4C1(z — 2°)e > 4+ 2C1(1 — 2z)e > = 201 (22° — 4w 4+ 1)
= y'(x) = —4C1 (227 — 4z + 1)e” > + 201 (4z — 4)e > = 4Cy (—22” + 6z — 3)e "

By substituting these expressions into the nonhomogeneous equation, we obtain

o' (2) + 3y (@) — dy,(x) = 401 (=227 + 62 — 3)e”
+601(22% — 4z + 1) — 4C | 2%e 2 = 2
= —6C e % =72,
By equating coefficients, we see that C; = —1/6. Thus, a general solution to the nonhomoge-
neous differential equation is given by

1
y(@) = yn(x) + yp() = 16" + ce™ F cyre™ — St

9. Solving the auxiliary equation, 73 — 3r? +3r — 1 = (r — 1)3 = 0, we find that r = 1 is its root

364

of multiplicity three. Therefore, a general solution to the associated homogeneous equation is
given by

yn(x) = c1e” + cowe” + cax’e”.
The nonhomogeneous term, e®, suggests a particular solution of the form y,(z) = Axz®e”,

where we have to choose s = 3 since the root r = 1 of the auxiliary equation is of multiplicity
three. Thus
yp(z) = Ax’e”.

Differentiating y,(z) yields
A (x3 + 3:702) e,

yp(x) = A (2° 4 627 + 62) €,
A(x3—|—9x2—|—18x+6)e””.



11.

13.

15.

17.

19.
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By substituting these expressions into the original equation, we obtain

"

Yy, — 3y, + 3y, —y=¢"
= [A (x3 +92% + 18z + 6) eﬂ -3 [A (x3 + 622 + 6x) eﬂ
+3 [A (:c3 + 3x2) eﬂ — Ax’e® ="
= 6Ae” = e” = A= 5’
and so y,(z) = 2%¢” /6. A general solution to the given equation then has the form

1
y(z) = yn(x) + yp(z) = c1” + cowe” + c3z’e” + G z3e? .

The operator D®, that is, the fifth derivative operator, annihilates any polynomial of degree

at most four. In particular, D® annihilates the polynomial x* — 2% + 11.

According to (i) on page 334 of the text, the operator [D — (=7)] = (D + 7) annihilates the

exponential function e~ .

The operator (D —2) annihilates the function f;(z) := €* and the operator (D —1) annihilates
the function fy(x) := €®. Thus, the composition of these operators, namely, (D — 2)(D — 1),

annihilates both of these functions and so, by linearity, it annihilates their algebraic sum.

This function has the same form as the functions given in (iv) on page 334 of the text. Here

we see that « = —1, § = 2, and m — 1 = 2. Thus, the operator
(D~ {1} +2°]" = [(D+1)* +4]°
annihilates this function.

Given function as a sum of two functions. The first term, ze >*, is of the type (ii) on the

page 334 of the text with m = 2 and 7 = —2; so [D — (=2)]* = (D + 2) annihilates this

5

function. The second term, xe™°* sin 3z, is annihilated by

(D= (=5))*+3%" = [(D+5)*+9]’

according to (iv). Therefore, the composition [(D + 2)%(D + 5)2 + 9]° annihilates the function

5

xe % 4+ re %" sin 3.
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21.

23.

366

In operator form, the given equation can be written as
(D* =5D +6) [u] = cos2z + 1.

The function g(x) = cos 2o+ 1 is a sum of two functions: cos 2z is of the type (iii) on page 334
of the text with 8 = 2, and so it is innihilated by (D? + 4); 1, as a constant, is annihilated
by D. Therefore, the operator D(D? + 4) innihilates the right-hand side, g(x). Applying this
operator to both sides of the differential equation given in this problem yields

D (D*+4) (D*=5D+6)[ul = D (D*+4) [cos2z+1] =0

= D (D*+4) (D —3)(D —2)[u] = 0.
This last equation has the associated auxiliary equation r (r? +4) (r — 3)(r — 2) = 0, which

has roots r = 2, 3, 0, £2i. Thus, a general solution to the differential equation associated

with this auxiliary equation is
u(z) = 1% + c9€3" 4 3008 2% + c4sin 2z + c5 .

The homogeneous equation, u” — 5u’ 4+ 6u = 0, associated with the original problem, has as
its corresponding auxiliary equation r? — 5r +6 = (r — 2)(r — 3) = 0. Therefore, the solution
to the homogeneous equation associated with the original problem is uy(z) = c;e** + €.

Since a general solution to this original problem is given by
u(z) = up(z) + up(z) = c1€** + coe™ + u,y ()
and since u(x) must be of the form
u(r) = c1€** + c2e™ + c3c08 27 + ¢4 5in 21 + 5,

we see that

upy(r) = cgcos2x + ¢4 sin2x + c5 .

The function g(z) = €3* — 2? is annihilated by the operator A := D3(D — 3). Applying the

operator A to both sides of the differential equation given in this problem yields

Aly" =5y + 6yl = A[e* —2*] =0



25.
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= D*(D —3)(D* — 5D +6)[y] = D*(D — 3)*(D — 2)[y] = 0.
This last equation has the associated auxiliary equation
r(r —3)*(r —2) =0,

which has roots r = 0, 0, 0, 3, 3, 2. Thus, a general solution to the differential equation

associated with this auxiliary equation is
o 2 3z 3x 2
y(r) = 16 + coe™ + czxe™ + cqx” + c5T + ¢ -

The homogeneous equation, y” — 5y’ + 6y = 0, associated with the original problem, is the
same as in Problem 21 (with u replaced by y). Therefore, the solution to the homogeneous
equation associated with the original problem is y(x) = ¢;€*® 4 c2e3*. Since a general solution

to this original problem is given by
y(@) = yn(2) + yp(@) = 1€ + c2e™ + y,(2)
and since y(z) must be of the form
y(z) = c16*" + 2€™ + 3™ + cyr® + 5 + ¢,

we see that

Yp(2) = c30€® + cyx® + c57 + ¢ -
First, we rewrite the equation in operator form, that is,
(D*=6D +9) [y] =sin2z +x = (D —3)*[y] = sin2z + z.

In this problem, the right-hand side is a sum of two functions. The first function, sin 2z, is
annihilated by (D? + 4), and the operator D? annihilates the term x. Thus A := D?(D? +4)
annihilates the function sin 2z+2z. Applying this operator to the original equation (in operator
form) yields

D?*(D? + 4)(D — 3)*[y] = D*(D? + 4)[sin 2z + =] = 0. (6.9)
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This homogeneous equation has associated characteristic equation
r2(r* +4)(r —3)? =0

with roots +2i, and double roots » = 0 and r = 3. Therefore, a general solution to (6.9) is
given by

y(x) = 1€ + €™ + c3 + 47 + ¢5c08 2T + g 8in 2 . (6.10)

Since the homogeneous equation, (D — 3)2[y] = 0, which corresponds to the original equation,
has a general solution y;,(x) = ¢1€3* + coze®, the “tail” in (6.10) gives the form of a particular

solution to the given equation.

Since

y'+2y +2y=(D*+2D+2) [yl = {(D+1)*+ 1} [y],

the auxiliary equation in this problm is (r+1)?+1 = 0, whose roots are r = —14i. Therefore,

a general solution to the homogeneous equation, corresponding to the original equation, is
—X

yn(z) = (c1 cosx + cosinzx) e

Applying the operator D3{(D+1)*+1} to the given equation, which annihilates its right-hand
side, yields

D*{(D+ 1)+ 1} {(D+1)°+1} [yl =D*{(D+1)*+ 1} [e “cosz +2*] =0
=  D[(D+1)?+1]*[y) =o0. (6.11)

The corresponding auxiliary equation, r3[(r + 1)? + 1] = 0 has a root r = 0 of multiplicity

three and double roots r = —1 £ ¢. Therefore, a general solution to (6.11) is given by
y(r) = (cycosz + cysinx) e + (czcos x + cysinx) ze ™ + c52° + ¢ + 7 .
Since y(z) = yn(z) + y,(x), we conclude that

Yp(2) = (c3cos + cysinx) e ™ + c52® + ez + c7 .
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29. In operator form, the equation becomes
(D*—2D*+ D) [2] = D(D —1)*[z] = x — €. (6.12)

Solving the corresponding auxiliary equation, r(r — 1)? = 0, we find that » = 0, 1, and 1.
Thus
zn(x) = Cy + Cae® + Cixe”

is a general solution to the homogeneous equation associated with the original equation. To
annihilate the right-hand side in (6.12), we apply the operator D*(D — 1) to this equation.

Thus we obtain
D*(D —1)D(D —1)*[z] = D*(D — 1) [x — €] = D*(D —1)* =0.

Solving the corresponding auxiliary equation, 73(r — 1)3 = 0, we see that 7 = 0 and r = 1 are

its roots of multiplicity three. Hence, a general solution is given by
2(x) = ¢ + cox + c31? + cye” + cswe” + cgrie” .
This general solution, when compared with z,(x), gives

2 2 x
2,(x) = cox + c3” + cere” .

31. Writing this equation in operator form yields
(D*+2D* — 9D —18) [y] = —182% — 18z + 22. (6.13)
Since,
D?+2D* - 9D —18 = D*(D+2) = 9(D +2) = (D +2) (D* — 9) = (D +2)(D — 3)(D + 3),

(6.13) becomes
(D +2)(D —3)(D +3)[y] = —182* — 18z + 22.

The auxiliary equation in this problem is (r + 2)(r — 3)(r + 3) = 0 with roots r = —2, 3, and

—3. Hence, a general solution to the corresponding homogeneous equation has the form
yn(x) = cre7% 4 cpe® 4 c3e73" .
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Since the operator D? annihilates the nonhomogeneous term in the original equation and

r = 0 is not a root of the auxiliary equation, we seek for a particular solution of the form
yp(z) = Coz? + Crx + Cy.
Substituting y, into the given equation (for convenience, in operator form) yileds

(D 4 2D* — 9D —18) [Coa? + Cha + Cy| = —18z% — 18z + 22
= 0+ 2(2Cy) — 9 [2Coz 4 C1] — 18 [Coz® + Chz + Cy] = —182” — 18z + 22
= —18Cox? 4 (—18C) — 18Cy)x + (—18Cy — 90 + 4Cy) = —182% — 18z + 22.

Equating coefficients, we obtain the system

—18C, = —18, Cy =1,
—18C, — 18Cy = —18, = C, =0,
—18Cy — 9C, + 4C, = 22 Cy = —1.

Thus, y,(z) = 2* — 1 and
y(x) = yp(x) + yp(:E) — 1672 4 e 036—395 1?1

is a general solution to the original nonhomogeneous equation. Next, we satisfy the initial

conditions. Differentiation yields

y'(z) = —2c1e7 % + 3cpe — 3eze ™ + 2a,

y' () = dere™ 4 9epe® + 9eze ™ 4 2.

Therefore,
_2:y(0)201+02+03—1, Cl+C2+C3:—1,
-8 =9'(0) = —2¢; + 3¢ — 3cs, = —2¢; + 3¢y — 3c3 = —8,
—12 = y//(()) =4c1 4+ 9¢3 4+ 9es + 2 4ey + 9y + 9e3 = —14.

Solving this system, we find that ¢; = 1, co = —2, and ¢3 = 0, and so
y(z) = e 2 —2e3* + 2% — 1
gives the solution to the given initial value problem.
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33. Let us write given equation in operator form.
(D* —2D* — 3D+ 10) [y] = (342 — 16)e™>" — 102> + 62 + 34

By inspection, r = —2 is a root of the characteristic equation, r® — 2% — 3r + 10 = 0. Using,

say, long division we find that
=2 =3r+10=(r+2) (r* —4r+5) = (r+2) [(r—2)*+1j

and so the other two roots of the auxiliary equation are r = 2414. This gives a general solution

to the corresponding homogeneous equation
yn(x) = cre™* + (cacos T + czsinx) e** .

According to the nonhomogeneous term, we look for a particular solution to the original

equation of the form
yp(z) = 2 (Cox + C1) e + Cox® + Czz + Oy,

where the factor x in the exponential term appears due to the fact that r = —2 is a root of

the characteristic equation. Substituting y,(x) into the given equation and simplifying yield

(D* —2D* — 3D + 10) [y,(z)] = (34z — 16)e>" — 102” + 6 + 34
= (34Coz + 17C, — 16Cy) e ** + 10C2* + (10C3 — 6Cy)z
+10C; — 3C5 — 40y = (342 — 16)e™* — 102* + 62 + 34.

Equating corresponding coefficients, we obtain the system

34C, = 34, Cy =1,
17C, — 16C,y = —16, C, =0,
10C, = —10, = Cy=—1,
10C; — 6Cy = 6, Cy =0,
10C,; — 3C5 — 4C, = 34 Cy=

Thus, y,(z) = 2?e™* — 2% + 3 and
y(x) = yn(z) + yp(x) = cre7** + (cacosx + c3sinx) € + 2% > — 2 + 3
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is a general solution to the given nonhomogeneous equation. Next, we find constants ¢y, cs,

and c3 such that the initial conditions are satisfied. Differentiation yields

y'(z) = —2c1e”* + [(2¢2 + ¢3) cosx + (2c3 — ¢p) sinx] €** + (2z — 227)e”** — 2u,
y'(z) = 4cre™® + [(3cy + 4es) cosx + (3¢5 — 4cy) sinx] € 4 (2 — 8z + 4w?)e ™ — 2.

Therefore,
3=y(0)=c1+c+ 3, c1+cp=0,
0=1y'(0) = —2¢; + 2¢5 + c3, = —2¢1 4 265 4¢3 = 0,
0=19"(0) = 4c; + 3co + 4es Aeq + 3¢y + 4des = 0.

The solution of this homogeneous linear system is ¢; = ¢ = ¢3 = 0. Hence, the answer is

y(z) = 2272 — 22 + 3.
If ag = 0, then equation (4) becomes

a4y + @y Y+ ary = f(o)
or, in operator form,

(anD™ + @y D"t 4+ a1 D) [y] = f()
= D (an D" '+ a, 1 D"+t ar) [y] = flz). (6.14)

Since the operator D™*! annihilates any polynomial f(z) = b,,z™ + - - - + by, applying D™
to both sides in (6.14) yields

D™D (4, D" + ap D" P 4+ ay) [y = DT f(2)] = 0
- D2 (ananl + a/nian*Q 4+ 4 al) [y] = 0. (615)

The auxiliary equation, corresponding to this homogeneous equation is,
2 (" apor™ P+ ag) = 0. (6.16)

Since a; # 0,
(anr”_l Fap "+ al)} 0 = #0,

r=
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which means that » = 0 is not a root of this polynomial. Thus, for the auxiliary equation
(6.16), r = 0 is a root of exact multiplicity m + 2, and so a general solution to (6.15) is given
by

y(x) =co+erw+ A epmpr™ F Y (2), (6.17)

where Y (), being associated with roots of a,r" ' + a,_ 17" 2+ --- + a; = 0, is a general
solution to (a, D" '+ a, D" %+ ---+a;)[y] = 0. (One can write down Y () explicitly but

there is no need in doing this.)

On the other hand, the auxiliary equation for the homogeneous equation, associated with
(6.14), is r(a,r" '+ ap_ 17" 2 4+ -+ a;) = 0, and r = 0 is its simple root. Hence, a general

solution yp(z) to the homogeneous equation is given by
yn(z) = co + Y (), (6.18)

where Y (z) is the same as in (6.17). Since y(z) = yn(x) + y,(x), it follows from (6.17) and
(6.18) that

Yp(r) = 1z + -+ ™ =z (e + -+ ™),
as stated.
Writing equation (4) in operator form yields
(anD™ 4+ an1 D"+ +ag) [y] = f(z). (6.19)
The characteristic equation, corresponding to the associated homogeneous equation, is
™ + a1+ 4 = 0. (6.20)

Suppose that r = i is a root of (6.20) of multiplicity s > 0. (s = 0 means that r = (i is not
a root.) Then (6.20) can be factored as

anrn + an_lrn—l + -+ ap = (T2 + 52)8 (anrn—% 44 GO/BZS) =0
and so a general solution to the homogeneous equation is given by

yn(x) = (c1 cos B + ¢y sin fx) + x(c3 cos S + ¢4 sin fx)

(6.21)
+ o+ 25 Y (egs_1 €cOS BT + o5 sin Bz) + Y (),
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where Y'(x) is the part of y;(x) corresponding to the roots of a,r" 2% + - -+ + ay/3* = 0.

Since the operator (D? + 3%) annihilates f(z) = acos Sz + bsin Sz, applying this operator to
both sides in (6.19), we obtain

(D? 4 3%) (an D" + a1 D" -+ ag) [y = (D* + 5°)[f ()] = 0.
The corresponding auxiliary equation,
(T2 +ﬁ2) (anrn —f-an_ﬂ’nil 4. +a0) — O = (7’2 _'_52)5—1—1 (anrn72s 4t ao/ﬁ%) — O

has r = (i as its root of multiplicity s + 1. Therefore, a general solution to this equation is

given by

y(x) = (¢1 cos B + ¢y sin fz) + x(c3 cos fx + ¢4 sin fx)
+ o+ 25 (g1 €08 BT + o8I B) + (o541 COS BT + Cosqosin Bz) + V().

Since, y(z) = yn(x) + y,(x), comparing y(x) with y,(z) given in (6.21), we conclude that

Yp(2) = 2%(c2s41 €OS BT + Cos42 810 f).

All that remains is to note that, for any m < s, the functions ™ cos x and z™ sin Sz are
presented in (6.21), meaning that they are solutions to the homogeneous equation correspond-
ing to (6.19). Thus s is the smallest number m such that 2™ cos Sz and 2™ sin Sz are not

solutions to the corresponding homogeneous equation.

Writing the system in operator form yields

(D* =1 [z]+y =0,
r+ (D*—1)[y] = €.

Subtracting the first equation from the second equation multiplied by (D? — 1), we get

{(D*= 1) [+ (D* = 1)" )} = {(D* = 1) [a] +y} = (D* = 1) [¢"] — 0 = 8¢™

= {(02 —1)° - 1} =8 =  D(D>-2)[y = 8. (6.22)
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The auxiliary equation, 72(r? — 2) = 0, has roots 7 = £+/2 and a double root 7 = 0. Hence,
yn(t) = c1 + ot + C3€ﬂt + 046_\/%

is a general solution to the homogeneous equation coresponding to (6.22). A particular solution

to (6.22) has the form y,(t) = Ae®. Substitution yields

D?* (D* —2) [Ae**] = (D* — 2D?) [Ae®*] = 81Ae* — (2)9A4e™ = 63Ae®” = 8¢*
863:):
63

= yp(t) = Aed® =

and so
3z

63

is a general solution to (6.22). We find z(t) from the second equation in the original system.

y(t) = yp(t) + yn(t) = + 1+ ot + 036‘@ T oege V2

w(t) = " +y(t) —y'(t)

3t 8¢’ V32t 2t 723" V3t 2t
= e+ 5 4+ c1 + ot + c3eV " + cqe — 3 + 2c3e¥ ™ + 2¢qe

eBz

= ——=tc t+ot—cse
63 1 2 3

V2t V2t .

— cye

EXERCISES 6.4: Method of Variation of Parameters, page 341

1. To apply the method of variation of parameters, first we have to find a fundamental solution

set for the corresponding homogeneous equation, which is
y" =3y +4y=0.
Factoring the auxiliary polynomial, r3 — 372 + 4, yields
=34 =(r+0r7) = (47 —4) =r*(r+ 1) —4r = D(r+1) = (r+1)(r —2)*

Therefore, r = —1, 2, and 2 are the roots of the auxiliary equation, and y; = e™%, y, = €2,
and y3 = ze?® form a fundamental solution set. According to the variation of parameters

method, we seek for a particular solution of the form
Yp(2) = v1(2)y1 (2) + vo(2)y2(2) + v3(2)ys(z) = vi(z)e™ + vo(x)e* + v3(x)ze™ |
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To find functions v;’s we need four determinants, the Wronskian Wlyy, v, ys](z) and Wi (x),
Wy(x), and W3(x) given in (10) on page 340 of the text. Thus we compute

e e re®® 11 x
W[eﬂa e*, xezx} () =| —e® 2e¥ (14 2x)e* |=e "e™e* | -1 2 142z | = 9",
e™" 4e* (4 +4x)e* 1 4 4442
62:)3 1.62:):

Wi(z) = (=1)* "W [e*, ze**] (z) =

2¢*" (1 + 2x)e?

Wa(z) = (=1)**Wle ™", ze*](z) = — _z_: 1+ 2953;6 ’ (14 32)
Wi(z) = (1> W [e®, 2] (2) = ' _Z: QZ; — 3¢7

Substituting these expressions into the formula (11) for determining v;’s, we obtain

621641 1
dz = dv = — &>
/We x 62“” :Ee%] . / 9e3e T T 97
—e¥ (1 + 3x)e” 1
/Wexezxxe%] ’ / 9e3® ’ 9/(+x)x
e2r3e” T
de= [ 20 e =2
/We @ e% xe%] o / gere T30

where we have chosen zero integration constants. Then formula (12), page 340 of the text,

T
6 Y

o8

gives a particular solution

1 A T 1 re?® ple
yp(x):_e&vefx_ (_+_> 6214——1'6 21_ 4 )

27 9 ©6 3 T 27 9 6

Note that the first two terms in y,(x) are solutions to the corresponding homogeneous equa-

tion. Thus, another (and simpler) answer is y,(z) = 2%¢** /6.
3. Let us find a fundamental solution set for the corresponding homogeneous equation,
2"+ 32" —42=0.
Factoring the auxiliary polynomial, 3 + 312 — 4, yields
P43 — A= =)+ W’ —4) =r*(r—1)+4r+1)(r—1) = (r—1)(r +2)%
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Therefore, r = 1, —2, and —2 are the roots of the auxiliary equation, and so the functions

2x

2 =€ 2 =e 2 and z3 = re

form a fundamental solution set. A particular solution

then has the form
2p(7) = v1()21(2) + v2(2) 22(7) + v3(2)23(2) = V()" + Vo(w)e™* + v3(w)Te > . (6.23)

To find functions v;’s we need four determinants, the Wronskian Wz, 2, 2z3](x) and Wi (),

Wy(z), and W3(z) given in (10) on page 340 of the text. Thus we compute

e’ e 2 re 1 1 x
Wlet e 2 xe ] (z) = | e* —2e7% (1—21)e 2 |[=e |1 —2 1—2z =97,
e’ e (dx —4)e > 1 4 4z—4
Wi (z) = (_1)3—lw[e—2m xe—Qm] (z) = e re % _ e
’ —2e7% (1 —2x)e % ’
e xe—ZJ}
Wa(z) = (=1)*7°W [e", ze™ "] (z) = — =Bz —1)e ",
e® (1 —2r)e

T —2x

€ €

et —2e 2%

Ws(z) = (=1)* W e, e > (z) = = —3e ".

Substituting these expressions into the formula (11) on page 340 of the text, we obtain

) / 62167433 1

dxr = dr = — €%

W ea} —2&: xe—ZJ}] x Qe—3z x 9 €
2x — e *

(x) dp — / e (3z — 1)e s

W] e“ e 2”” , re~ 2] 9e—3z

2¢(_9,—x 1
(z) dx:/wdx:——e“.

W] el‘ e~ Ql‘ xe—%] 9e—32 12

Substituting these expressions into (6.23) yields

1 7 1 1
Zp(l') — § et 1+ (% o m) 641672:)3 o E 64:):1,6721 — _621 )
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5. Since the nonhomogeneous term, g(x) = tanz, is not a solution to a homogeneous linear
differential equation with constant coefficients, we will find a particular solution by the method
of variation of parameters. To do this, we must first find a fundamental solution set for the
corresponding homogeneous equation, y” + v’ = 0. Its auxiliary equation is r3 +r = 0,

which factors as 73 + r = r(r? 4+ 1). Thus, the roots to this auxiliary equation are r = 0, 4.

Therefore, a fundamental solution set to the homogeneous equation is {1, cos z,sin x} and

Yp(z) = v1(x) + va(x) cosz + v3(x) sin x.

To accomplish this, we must find the four determinants W1, cosz,sin z|(z), Wi (z), Wa(z),
Ws(z). That is, we calculate

1 CoS T sin x

W(l,cosz,sinz](z) =| 0 —sinz cosz

0 —cosz —sinx
Wi (z) = (=1)*"W(cos z, sin z](z) = ' C?Sx
—sinx

1 s
0 cosz

1

Wi(z) = (—1)* WL, cos z](x) = cos
0 —sinx

= sin’ z + cos

Zr=1,

sin
= ((3052 x + sin? :c) =1,

COsS T

= —cosu,

= —sinx.

By using formula (11) on page 340 of the text, we can now find v;(z), va(x), and vs(x). Since

g(x) = tanz, we have (assuming that all constants of integration are zero)

()

W] 1 cosx,sinx

Wl cos x, sin z|(x)

()

1—
:_/ cos? :L‘d
CcosST

378

(z) dx = /tanx(— cosx)dr =

) dx = /tanxdm = In(sec x),

—/sinxd:c = cosz,

sin” x
dr= [t — si de = — d
Wl cos x smx](x) v / an(=sinz) dz /cosx v

T = /(COSZL‘ —secz)dr = sinz — In(secz + tan ).



Exercises 6.4

Therefore, we have

Yp(z) = v1(x) + vo(z) cosz + vs3(x) sinx
= In(sec ) + cos® x + sin? x — sin z In(sec x + tan x)

= yp(x) = In(secx) — sinz In(sec x + tanx) + 1.
Since y = 1 is a solution to the homogeneous equation, we may choose
Yp(z) = In(secx) — sinz In(sec z + tanz).

Note: We left the absolute value signs off In(sec ) and In(sec x + tan z) because of the stated

domain: 0 <z < /2.
. First, we divide the differential equation by 23 to obtain the standard form
4

y" =3z + 627y —6x Py =01, x>0,

from which we see that g(z) = z7*. Given that {x, 2% 2} is a fundamental solution set for

the corresponding homogeneous equation, we are looking for a particular solution of the form
Yp(2) = v (2)7 + v3(2)2” + v3(7)2” . (6.24)

Evaluating determinants Wz, 22, 2%](x), Wi (x), Wa(z), and Ws(x) yileds

A - .
Wiz, a® (@)= [ 1 20 322 |=a| | =] T =2,
0 9 g 2  6x 2 6x
€T
2 3
Wi(z) = (1" W, 2®|(x) = | = " | =at,
2x 32
3
Walz) = (—1P Wz, 2% (@) = — | © " | =—24*
1 322
2
Wi(z) = (=1 Wz, 2}(z) = | © = | =22
1 2z
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So,
Wi ()
d
9= [t :c2 @)
Wy (z)
d —
/W [z, 22, x3 |(x) v
()
do —
/Wx 22, 23)(x) v
where ¢y,
1 1 ,
yp(x) = —ﬁ'f‘cl T+ ﬁ‘f‘CQ xr° +
Since {x,z? 2%} is a fundamental solution set

B x4t 1
923 dr = —4—1.24—61,
r~4(—227) 1
[ = g e,
x4 (2?) 1
/ Tos T g T

2, and ¢ are constants of integration. Substitution back into (6.24) yields

—— + 17+ 021' + 031‘3

1N
T8t )T T Ty

for the homogeneous equation, taking c;, co,

and c3 to be arbitrary constants, we obtain a general solution to the original nonhomogeneous

equation. That is,

y(x) da

variation of parameters.

Wi (z), Wa(z), Ws(x). Thus, we have

—— 4+ 17+ CQx + c3x

We must first calculate the four determinants Wle

3

To find a particular solution to the nonhomogeneous equation, we will use the method of

:)3’ 67:)37 621](1‘),

e e T 621‘
W[ez’efz’(?Qz](x) = | et _e 7 2€2g; — _4621 4 2621 4 eQz 4 62:13 o 2621 _ 462:)3 — _6621,
e e 4e*
e % 621 . -
e e
Wi(x) = —emT 2% | = (—1)*"! = 2e" 4+ " = 3e”,
o g —e™T 2e%
e 4e”
et 0 e N -
e e
Wg(l’) =] er 0 2621 _ (_1)3—2 - _ (26‘% . 63z) — _63z7
4 er 2e%
e’ e’
e’ e 0
e’ e ”
Wy(z) = | em —e™@ 0 |=(=107] L |=l-1==2
et —e
er e 1
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Therefore, according to formula (12) on page 340 of the text, a particular solution, y,(x), will

be given by
. [ 3¢"9(2) e [ —€g(@) 2 [ —29(x)
yp(z) =€ / 6o dx +e / 6o dx +e / T dx
1 2 —z 1 —x T 1 2 —2z
= Yp(x) = -5 e g(x) dx+6€ e"g(x) dx+§e e “g(z)dx.

First, we find a fundamental solution set to the corresponding homogeneous equation,
3y — 3xy + 3y = 0. (6.25)

Here we involve the procedure of solving Cauchy-Euler equations discussed in Problem 38,

Section 4.3. Thus, let z = e*. Then dx/dt = ¢! = x and so the chain rule yields

dy _ dydv _ dy
dt  dx dt dz’
>y d [(dy d ( dy\ dx dy d*y dy  ,d%y dy =, d%y

APy Py dy

= zJd _ I Y
Tz T e At
By d [(d*y d (dy ,d%\ dz dy d*y  ,dy
29 _ 2 (Z2I) 2 otz LA R e A Y e =9
at? dt(dt?) dx (xdx+‘”dx2) dt [dx+ xx2+xdx3]x
dy 2Py g’y dy Py dy sy Py dy o gdPy
Y 328V Y W g2V Y GV _ 380 oW 30
T T T s T W a2 ar) TV aE T ae ta T e
By By 2y d
= 7’ y:—y—S—y+2—y.

de3 — d8 Tde T Tdt
Substituting these expressions into (6.25), we obtain

&Py Py L dy dy Py Py dy
89 329 oM 5| 13— = LY 389 W5,
a ae T dt] [dt] +y @ Cae a7

The auxiliary equation corresponding to this linear homogeneous equation with constant co-

efficients is
r—3r—r4+3=0 = r2(r—3)—(r—3)=0 = (r—=3)(r+1)(r—1)=0,
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whose roots are r = 1, —1, and 3. Therefore, the functions

t 3t

yo(t) =", and wys(t)=e

yl(t) = et’

form a fundamental solution set. Substituting back ¢! = z we find that

t

() =¢ =ux,
() =e = () =t
ys(z) = &3 = (e)® = 23

form a fundamental solution set for the homogeneous equation (6.25). Next, we apply the

variation of parameters to find a particular solution to the original equation. A particular

solution has the form

Yp(r) = vi(2)2 + Uz(x)xfl + Ug(:c)x3 )

(6.26)

To find functions vy(x), ve(z), and vs(z) we use formula (11) on page 340 of the text. We

compute
r xt 23
Wiz, a®)(z) =] 1 —z72 322 | =2 -
0 9r 2273 6z 2273 6z
x x
b a2
Wi(z) = (1) W[z, 2% (2) = =4z,
—x7? 3a?
3-2 3 r 2’ 3
Wy(z) = (=1)°" "Wz, 2”](x) = — L3 | T —2x°,
x
1
Waa) = (-1 Wiea ) = | © 7 =2
_xf
Also, writing the given equation in standard form,
3 3
y" — ?y' + 3y = acosy,

we see that the nonhomogeneous term is g(x) = xz cosx. Thus, by (11),

vi(z) = /%ﬁ”é‘mm

382
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1
/xcos:c dx:—/x4cosxdx
—16 8
1

= 3 (x sin x + 42° cos x — 12x2sinx—24xcos:c+24sinx) + co,

—2z71 1 1
Ug(x):/xcosai(mx )dng/cosxdx:§ sinx + ¢z,

where ¢y, ¢q, c3 are constants of integration, and we have used integration by parts to evaluate

v1(z) and vy(z). Substituting these functions into (6.26) and simplifying yields

(x?sinx + 2z cosx — 2sinx) x
yp(z) = — 1 + iz
sinx + 423 cosx — 1222 sinx — 24x cosx + 24 sin ) x ! 1 3 &
+cor T+

8 8
—xsinz —3cosx+ 3z 'sinx.

(«*

= cr+ ch_l + 03x3

If we allow ¢y, ¢, and c3 in the above formula to be arbitrary constants, we obtain a general

solution to the original Cauchy-Euler equation. Thus, the answer is

y(z) = c1x + cor ' 4+ c32® — xsinw — 3cosx 4+ 3z 'sinx.

13. Since
(1 N L
vi s Yt 0 Y oy
Wi(z) = | : : Do : ;
ST en Y PR PPN
yin v y,gnll) 1 y,ﬁzl) yq(ln b

the kth column of this determinant consists of all zeros except the last entry, which is 1.

Therefore, expanding Wy (z) by the cofactors in the kth column, we get

Wk(.’L') = (O)Cl,k + (0)027]9 + -+ (O)Cnfl,n + (1)Cn,k

n s Ye—1 Yk+1 <o Yn

! ! ! !
= ey e e

n—2 n—2 n—2 n—2

GRS/ o B GRS
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= (=1)""W Y1, Yt Yrtts - - - Y] (2).

Finally,
(_1)n+k _ (_1)(n—k:)+(2k) _ (_1)n—k'

REVIEW PROBLEMS: page 344

1. (a) In notation of Theorem 1, we have pi(z) = 0, po(z) = —Inz, p3(x) = z, ps(z) = 2,
and g(x) = cos3x. All these functions, except po(z), are continuous on (—oo, 00), and
pa(z) is defined and continuous on (0, 00). Thus, Theorem 1 guarantees the existence of

a unique solution on (0, co).

(b) By dividing both sides of the given differential equation by 2 —1, we rewrite the equation

in standard form, that is,

o sin ,,+\/:p+4 n e’ _ZL‘2—|—3
R | 217 T2 1Y T 21

Thus we see that

(2) sin x (2) V44 (z) e d g(x) 2+ 3
)= —— T) = T) = an T) = .

Functions p;(z), ps(z), and g(x) are defined and continuous on (—oo, 00) except x = +1;
pa(z) is defined and continuous on {x > —4,x # +1}. Thus, the common domain for
p1(x), po(z), ps(z), and g(z) is {x > —4,x # +1}, and, in addition, these functions are

continuous there. This set consists of three intervals,
[—4,—-1), (—1,1), and (1,00).
Theorem 1 guarantees the existence of a unique solution on each of these intervals.
3. A linear combination,

c18inT + corsinx + ez’ sinx 4+ ¢y’ sing = (01 + o + 3’ + 043:3) sin x (6.27)

3

vanishes identically on (—oo, 00) if and only if the polynomial ¢; + cox + 2% + c42® vanishes

identically on (—o00,00). Since the number of real zeros of a polynomial does not exceed
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its degree, unless it’s the zero polynomial, we conclude that the linear combination (6.27)
vanishes identically on (—oo,00) if and only if ¢; = ¢; = ¢35 = ¢4 = 0. This means that the

given functions are linearly independent on (—o0, 00).
5. (a) Solving the auxiliary equation yields

(r+5)2=0 or
(r+5)2r—22r*+12=0 = (r—22%=0 or
(r*+1)2=0.

Thus, the roots of the auxiliary equation are

r = —5 of multiplicity 2,
r=2  of multiplicity 3,
r = +i of multiplicity 2.

According to (22) on page 329 and (28) on page 330 of the text, the set of functions

(assuming that x is the independent variable)

T xe ™ e pe®®, x?e® | cosx, xcosw, sinw, xsinz

forms an independent solution set. Thus, a general solution is given by
2 2z

16797 4 come P + 36 + cyxe® + c5x2e® + g cos T + 7 coST + cgSin T + cor sin .

(b) Solving the auxiliary equation yields

r*=0 or
rr—1)2(r* +2r +4)> =0 = (r—=12%*=0 or
(r*+2r+4)=0.

Thus, the roots of the auxiliary equation are

r=20 of multiplicity 4,
r=1 of multiplicity 2,
r=—1++3i of multiplicity 2.
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7. (a)

386

(b)

(c)

(d)

Using (22) on page 329 and (28) on page 330 of the text, we conclude that the set of

functions (with x as the independent variable)
1, z, 22, 2%, €, ze®, e " cosV3z, ze ¥ cosV3x, sinV3z, ze sinV3x
forms an independent solution set. A general solution is given then by

C1 + o + 372 + 42 + cse® + cgre® + e cos V3z + cgre " cos V3
+cg sin V3z + croxe” * sin V3z
= ¢ + cox + c32? + ey + (5 + cew)e” + (cr + cgx)e cos V3x
+(co + croz)e " sin V3 .

D3, since the third derivative of a quadratic polynomial is identically zero.

The function e3* +x — 1 is the sum of €3 and 2 — 1. The function z — 1 is annihilated by
D?| the second derivative operator, and, according to (i) on page 334 of the text, (D — 3)

annihilates e3®. Therefore, the composite operator
D*(D —3) = (D — 3)D?

annihilates both functions and, hence, there sum.

The function z sin 2z is of the form given in (iv) on page 334 of the text with m = 2,

a =0, and B = 2. Thus, the operator
(D —0)?+2%)% = (D? +4)°

annihilates this function.

We again use (iv) on page 334 of the text, this time with m = 3, a« = —2, and § = 3, to

conclude that the given function is annihilated by

{ID— (=2 +32} = [(D+2?*+9]".
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(e) Representing the given function as a linear combination,
(2* — 2z) + (ze™™) + (sin2z) — (cos 3x),
we find an annihilator for each term. Thus, we have:

2% — 2z is annihilated by D3,

xe ® is annihilated by [D — (—=1)]? = (D + 1)? (by (ii), page 334),

sin2z  is annihilated by D? + 2% = D? + 4 (by (iii), page 334),

cos3xr  is annihilated by D?* + 3% = D? + 9 (by (iii), page 334).
Therefore, the product D*(D + 1)*(D? + 4)(D? + 9) annihilates the given function.

9. A general solution to the corresponding homogeneous equation,
ZL‘3y”/—2 2,1 5xy +5y_0

is given by yu(z) = c1w + cox® + csz~!. We now apply the variation of parameters method
described in Section 6.4, and seek for a particular solution to the original nonhomogeneous

equation in the form

Yp(z) = v1(2)z + vo(2)2° + v3(z)z "

Since
(z)" = ()" =0,
(2°) = (2°)" = 2023,
(=) = ‘2, (71)" = 2272,
the Wronskian Wz, z°, x7!](x) and determinants Wj(x) given in (10) on page 340 of the text
become
r 2 ozl
5axt —x? A
Wlz,2°, 27 (x)=| 1 5zt —z72|=(z - (1
| I(z) (=) 203 2273 @ 2023 2273
0 20x° 2z
= (7)(302) — (—182%) = 4827,
o ozl
Wi(z) = (—1)3! = —62°,
@) =] T
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-1
Wa(z) = (=1)°" j x2 =227,
_1'7
5
L.l =z
Wo(e) = (0| T 7] = a0

Now we divide both sides of the given equation by 3 to obtain an equation in standard form,
that is,

" 5

y" — 20y —5x %y 4 5y =270

Hence, the right-hand side, g(x), in formula (1) on page 339 of the text equals to 27°. Applying
formula (11), page 340 of the text, yields

—5(_R~3 1 1
vl(x):/ix ( 6x)dx:——/:c4dx:—:c3,

4822 8 24
~5(241 1 1
vo(x) = wdx: — [ fde=——2",
4822 24 168

% (42°) 1 3 1
vg(x):/wd:pzﬁ x 2d:p:—ﬁ:p L

Therefore,

and a general solution to the given equation is given by

1
L_ = 2

y(7) = yn(x) + yp(x) = 12 + c22° + ez~ 51
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EXERCISES 7.2: Definition of the Laplace Transform, page 359

1. For s > 0, using Definition 1 on page 351 and integration by parts, we compute

00 N N st
LAt} (s) = / e'tdt = lim [ e *'tdt = lim [ td (—e )
N—oo N—oo S
0 0
t N t t
te—st (N 1 te—st N st N
— lim |-Z +—/e‘5tdt — lim {—6 - }
N—oo s lo s N—oo s o s o
0
_ NesN 40 e—sN . 1 B 1
T e s 52 s2| 82
because, for s >0, e™*Y — 0 and Ne™*Y = N/e*N — 0 as N — oo.
3. For s > 6, we have
00 00 N
LAt} (s) = /e“e& dt = /e(Gs)t dt = A}im et gt
0 0 0
e6=5)t | N e(6—s)N 1 1 1
N—oo | 6 — 35 lo N—oo | 6— 5 6—s 6—s s—6
5. For s > 0,
00 N
L{cos2t} (s) = / e *cos2tdt = A;im e " cos 2t dt
0 0
, e st (—scos2t + 2sin2t) |V
= lim ’
N—o0 5244 0
i e*N (=scos2N + 2sin2N) —s s
- 1m — =
N—oo s+ 4 s? 44 244’

where we have used integration by parts to find an antiderivative of e~ cos 2t.
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7.

11.

13.
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For s > 2,
L{e*cos3t} (s) = /e“e% cos 3t dt = /e(zs)t cos 3t dt
0 0
— lim {e(Qs)t ((2 — s) cos 3t + 3sin 3t) ’N]
N—oo (2—5)2+9 0
_  lim e@=IN[(2 — s) cos 3N + 3sin3N] — (2 — s) _ 52 '
N-oo (2—9)249 (s —2)2+9

. As in Example 4 on page 353 in the text, we first break the integral into separate parts. Thus,

o0 2 o0 o0
L{f(t)}(s) = O/e—stf(t) dt = O/G_St-Odt+2/te_8tdt: 2/te_5tdt.

s

An antiderivative of te~* was, in fact, obtained in Problem 1 using integration by parts. Thus,

we have

o0

t —st —st
/testdt = lim [(— - )
N—oo S S

2
272 e (2 1 e (2541
= + =€ - + D) =€ .
S 52 s 2 52

In this problem, f(¢) is also a piecewise defined function. So, we split the integral and obtain

— + +

N:| ) [ NefsN efsN 26723 623:|
= lim |[— 5

2 N—oo S S S S

LA{f)}(s) = /e_Stf(t) dt:/e_Stsintdt+/e_8t-Odt:/e‘“sintdt
0 0 ™ 0
e (=ssint —cost) T e ™ —(=1) e ™41
N s2+1 o s2+1 2417

which is valid for all s.

By the linearity of the Laplace transform,
L{6e™ — > +2t =8} (s) =6L{e ™} (s) — L{t*} (s) + 2L {t} (s) — 8L {1} (s).

From Table 7.1 on page 358 in the text, we see that

E{e‘gt}(s)zs_t_g)zsi?), s> —3;
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21 2 1! 1 1
2 _ _ _ _ _
ﬁ{t}(s)_82+1_83, ﬁ{t}(s)_sm_SQ, 5{1}(3)_; s> 0.
Thus the formula

1 2 1 1 6 2 2 8

L{6e —t*+2t -8} (s) =6
is valid for s in the intersection of the sets s > —3 and s > 0, which is s > 0.
. Using the linearity of Laplace transform and Table 7.1 on page 358 in the text, we get

LAt —te' +e*cost} (s) = L{t?}(s) — L{te'} (s) + L {e" cost} (s)
3! 1! s—4

JEXS I (s — 1)1+1 T (s —4)2 + 12

6 1 s—4

st (3—1)2+(s—4)2+1’

which is valid for s > 4.

. Using the linearity of Laplace transform and Table 7.1 on page 358 in the text, we get

L{e*sin6t —t*+e'}(s) = L{e¥sin6t}(s) — L{t°} (s)+ L{e'} (s)
6 3! 1 6 6 1

(3—3)2—1—62_s3+1+3—1_(3—3)2+36_s4+s—1’

valid for s > 3.

. For s > 5, we have

L {t465t — €' cos ﬁt} (s) = L{t*e"}(s)—L {et Cos ﬁt} (s)
B 4! s—1 24 s—1

G5 1P+ (7P G-BF -7

. Since the function ¢;(¢) = 1 is continuous on (—oo,00) and f(t) = ¢:1(¢) for ¢ in [0, 1], we
conclude that f(t) is continuous on [0, 1) and continuous from the left at ¢ = 1. The function
ga(t) = (t — 2)? is also continuous on (—o0,00), and so f(t) (which is the same as go(t) on
(1,10]) is continuous on (1, 10]. Moreover,

lim f() = lim go(t) = ga(1) = (1—2)2 = 1 = f(1),

t—1t t—1t
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23.

25.

27.

29
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which implies that f(¢) is continuous from the right at ¢ = 1. Thus f(¢) is continuous at ¢t = 1

and, therefore, is continuous at any ¢ in [0, 10].

All the functions involved in the definition of f(t), that is, gi(t) = 1, go(t) = t — 1, and
g3(t) = t* — 4, are continuous on (—o0,00). So, f(t), being a restriction of these functions, on
[0,1), (1,3), and (3, 10], respectively, is continuous on these three intervals. At points ¢t = 1

and 3, f(t) is not defined and so is not continuous. But one-sided limits

lim f(t) = lim gi(t) = g:(1) = 1,
I = i = go(1) =
lim () = lim g2(t) = g5(1) =0,
Jim () = Tim g5(t) = g2(3) = 2,
I = i —~ -
Jim f(t) = lim g5(t) = g5(3) = 5,

exist and pairwise different. Therefore, f(t) has jump discontinuities at t = 1 and ¢ = 3, and

hence piecewise continuous on [0, 10].

Given function is a rational function and, therefore, continuous on its domain, which is all
reals except zeros of the denominator. Solving t* + 7t + 10 = 0, we conclude that the points
of discontinuity of f(¢) are t = —2 and t = —5. These points are not in [0,10]. So, f(t) is

continuous on [0, 10].

Since

li t) = lim — =
Jim f(t) = lim - = oo,

f(t) has infinite discontinuity at ¢ = 0, and so neither continuous nor piecewise continuous
0, 10].

(a) First observe that [t3sint| < [¢3| for all ¢. Next, three applications of L’Hospital’s rule

show that

3 3t _ 6t _ 6
lim — = lim = lim —— = lim =0
t—oo M t—oo e t—oo a2ed  t—oo de™




(b)

(c)

(d)

(e)

(f)

(2)

Exercises 7.2

for all @ > 0. Thus, fixed a > 0, for some T'= T'(a) > 0, we have [t3] < e° for all t > T,
and so

tPsint| < |t*| <e*,  t>T.
Therefore, t3sint is of exponential order «, for any o > 0.

Clearly, for any ¢, | f(t)] = 100e*, and so Definition 3 is satisfied with M = 100, o = 49,
and any 7. Hence, f(t) is of exponential order 49.

Since

t
lim & — lim e~ = lim e(#*~%)

t
=
t—oco eot t—o00 t—o00 ’

we see that f(t) grows faster than e* for any «. Thus f(t) is not of exponential order.

Similarly to (a), for any o > 0, we get

tint tint Int+1 1/t
P U0 TY U U o SRS V)

t—oo e¥ t—oo e« t—oo e t—oo 2e

=0,

and so f(t) is of exponential order « for any positive a.

Since,
2 )
et +e t 1 2

f(t) = cosh (#*) = —G > 3¢

and e’ grows faster than e* for any fixed « (see page 357 in the text), we conclude that

cosh (t?) is not of exponential order.

This function is bounded:

IF(O)] =

1
':fr1t2+1<—:1,

2 +1 —0+1

and so Definition 3 is satisfied with M = 1 and o = 0. Hence, f(t) is of exponential

order 0.

The function sin (¢?) is bounded, namely, |sin (¢*)| < 1. For any fixed 3 > 0, the limit of
t1/ePt, as t — o0, is 0, which implies that t* < e’ for all t > T = T'(3). Thus,

}sin (t2) + t466t} <1+ ePtebt = 9eP+6t
This means that f(t) is of exponential order o for any o > 6.
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(h) The function 3 4 cos4t is bounded because
|3 + cos4t] < 3+ |cosdt| < 4.
Therefore, by the triangle inequality,

IF(@0)] =

and, therefore, for any fixed a, f(t) grows faster than e* (because et does, and the other

| — |34 cos4t| > e — 4,

term is bounded). So, f(t) is not of exponential order.

(i) Clearly, for any ¢t > 0,

(R S
t+1  t+1 -
Therefore,
et?/(tﬂ) <€t7

and Definition 3 holds with M =1, a =1, and T = 0.

(j) Since, for any z, —1 < sinz < 1, the given function is bounded. Indeed,

sin <et2> + Mt < lgin <et2>’ 4+t < ]4e
Thus it is of exponential order 0.
31. (a)
[e%¢) 00 N
L {e(a-i-ib)t} (S) — e—ste(a—l—ib)t dt = e(a-i—ib—s)t dt = lim e(a-l-ib—s)t dt
N—oo
0 0 0
(a+ib—s)t | N 1 )
e
= 1 _ =—— lim (el =N _ 1) (7.1
Nﬂo(a—i—ib—s 0) a—l—’ib—sNHoo( ). (1)
Since

e(aferzb)z _ e(afs)zezbz

where the first factor vanishes at oo if @ — s < 0 while the second factor is a bounded
(Je®| = 1) and periodic function, the limit in (7.1) exists if and only if a — s < 0.

Assuming that s > a, we get
1 1

1 A
 fim (N =~ (0-1)=—
a+ib—3N£noo(€ ) a—i—’ib—s( ) s — (a+1b)
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(c)
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Note that s — (a + ib) = (s — a) — ib. Multiplying the result in (a) by the complex

conjugate of the denominator, that is, (s — a) + bi, we get

1 (s —a)+ib _ (s—a)+ib

s—(a+ib) [(s—a)—ib-[(s—a)+ib] (s—a)?+b%
where we used the fact that, for any complex number z, 2z = |z|2.
From (a) and (b) we klnow that

(s —a)+ib

L) = e

Writing
(s—a)+ib s—a b ;
(s—a)24+b  (s—a)2+b> (s—a)2+0b>"

we see that

Re [£ {e(“Hb)t} (s)] =Re [

Im [£ {e“®1} (5)] = Im {(S — a_)2 i G aZ i z] RS (7.3)

On the other hand, by Euler’s formulas,

Re [e’Ste(“Hb)t] = ¢ *'Re [e"(cos bt + isinbt)] = e e cos bt

and so
Re [5 {e(a—i-z‘b)t} (8)] — Re /e—ste(a—i—ib)t dt| = Re /e_se(aﬂ-b)t gt
0 0
= /Re [efse(aﬂb)t] dt = /e“e“t cosbtdt = L {e“t cos bt} (s),
0 0

which together with (7.2) gives the last entry in Table 7.1. Similarly,
Im [£ {e(a”b)t} (s)] = L {e"sinbt} (s),
and so (7.3) gives the Laplace transform of e sin bt.
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33. Let f(t) be a piecewise continuous function on [a, b, and let a function ¢(t) be continuous on
[a,b]. At any point of continuity of f(¢), the function (fg)(¢) is continuous as the product of
two continuous functions at this point. Suppose now that ¢ is a point of discontinuity of f(¢).

Then one-sided limits

lim f(t) =L_ and lim f(t) =Ly

t—c— t—ct

exist. At the same time, continuity of g(¢) yields

lim ¢(t) = lim g(¢) = lim g(¢) = g(c).

t—c— t—ct t—c

Thus, the product rule implies that one-sided limits

lim (fg)(t) = lim f(t)- lim g(t) = L_g(c)

t—c™ t—c™ t—c™
lim (fg)(t) = lim f(¢) lim g(t) = L. g(c)
t—ct t—ct t—ct

exist. So, fg has a jump (even removable if g(c) = 0) discontinuity at ¢ = c.

Therefore, the product (fg)(t) is continuous at any point on [a,b] except possibly a finite

number of points (namely, points of discontinuity of f(¢)).

EXERCISES 7.3: Properties of the Laplace Transform, page 365
1. Using the linearity of the Laplace transform we get
L{t*+e'sin2t} (s) = L{t*} (s) + L {e"sin2t} (s).

From Table 7.1 in Section 7.2 we know that

!
ﬁ{t2}(8):%:%’ E{etSiHQt}(S): (S—1§2+22 = (8—12)24‘4.

Thus
2 2

2 .
C{t —|—6t81n2t} (S): g—f-m
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3. By the linearity of the Laplace transform,
L{e " cos3t+ e — 1} (s) = L{e " cos3t} (s) + L{e} (s) — L{1}(s).

From Table 7.1 of the text we see that

7t B s—(=1) s+ .
L{e " cos3t} (s) = S} P il porie pr k s> —1; (7.4)
L{e"} (s) = si6’ s > 6; (7.5)
L{1}(s) = é s> 0. (7.6)

Since (7.4), (7.5), and (7.6) all hold for s > 6, we see that our answer,

+1 1 1
Lletcosdt +eb — 1 _ ¢ 1
{e cos 3t + e }(s) (s+1)2+9+s—6 S

is valid for s > 6. Note that (7.4) and (7.5) could also be obtained from the Laplace transforms
for cos 3t and 1, respectively, by applying the translation Theorem 3.

5. We use the linearity of the Laplace transform and Table 7.1 to get

L{2t?c™ —t+cosdt} (s) = 2L{t%¢"} (s) — L{t} (s) + L {cos4t} (s)
2 1 S 4 1 S

(s+1)3_?+32+42_'(3—1—1)3_32+s2+16’

which is valid for s > 0.

7. Since (t — 1)* = t* — 443 + 6t> — 4t + 1, we have from the linearity of the Laplace transform
that

L{(=1)"} (5) = £{t} () — AL {1*} (5) + 6£ {2} (5) — AL {1} (5) + £ {1} (5).

From Table 7.1 of the text, we get that, for s > 0,

4! 24
E{t4}(8):$:¥,

3! 6
E{tB}(S):?:?,
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Lty =5=2,

LAY () = =

5{1}(3):3

Thus

24 24 12 4 1
L{t-1)*}(s)==-S+—=—-=+-, s>0.

9. Since

we use Theorem 6 to get

by e i / 2 '
L{e"tsin2t} (s) = L{t(e"sin2t)}(s)=—[L{e"sin2t} (s)] =— lm]
_ / 4(8+ ]_)
= 2D [(s+1)2+4] *[(s+1)?+4] = —2T"2
11. We use the definition of cosh x and the linear property of the Laplace transform.
bt bt
Lo{coshbt} (s) = L {%} (s)
_ 1 bt —bt Lyl 1 _ S
= i@ e) = [ ] =

13. In this problem, we need the trigonometric identity sin?¢ = (1 — cos 2t)/2 and the linearity of

the Laplace transform.

et = {52

1

1 1 s 2
= 5[ﬁ{l}(s)—£{(:0$215}(3)] =3 [g— 32—1—4] = EE—E

15. From the trigonometric identity cos?t = (1 + cos 2t)/2, we find that

3 9 1 1
cos’t = costcos“t = 5 cost + 5 costcos 2t .
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Next we write
1 1 1
costcos2t = 3 [cos(2t +t) 4 cos(2t — t)] = 5 o8 3t + 5 cos t.

Thus,

cos®t = l cost—i—1 COSSL‘+l cost = § cost+l cos 3t
2 4 4 4 4 '

We now use the linearity of the Laplace transform and Table 7.1 to find that

3 1 3 s 1 s
3 _ 9 : _ 2 -
L {cos’t} (3)—4£{cost}(s)+4£{c053t}(s) 432+1+432+9’

which holds for s > 0.
Since sin Asin B = [cos(A — B) — cos(A + B)]/2, we get

} (s) = % [L{cos 3t} (s) — L {cos Tt} (s)]

cos 3t — cos 7t

L{sin2tsinbt} (s) = L { 5

1 s s B 20s
2 (8249 s24+49]  (s24+9)(s24+49)°

Since sin A cos B = [sin(A + B) + sin(A — B)]/2, we get

L{cosntsinmt} (s) = L {sin[(m + )] +sinf(m — n)i] } (s)

2
1 m+n +1 m—n
22+ (m+n)3? 2s2+(m—n)?

By the translation property of the Laplace transform (Theorem 3),
u s—a

at - —a)=—F—73 T s—aZ+b2
L{e"cosbt} (s) = L{cosbt} (s — a) u?+ b2 lu=s—a (s —a)2+ 0>

Clearly,
(tsinbt)" = (t) sinbt + t(sinbt)" = sin bt + bt cos bt.

Therefore, using Theorem 4 and the entry 30, that is, £ {¢sinbt} (s) = (20s)/[(s* + b*)?],

obtain

LAsinbt + btcosbt} (s) = LA{(tsinbt)'}(s) = sL{tsinbt} (s)— (tsinbt) ’t:O
s(20s) 20s*

SZ+)E (21 b)2

we

399



Chapter 7
25. (a) By property (6) on page 363 of the text,

s> 0.

£{tcosbt}(s):—[E{cosbt}(s)]’:_{ 5 ]_(8 —b

s+ (24022
(b) Again using the same property, we get

LA{t*cosbt} (s) = LA{t(tcosbt)}(s) =—[L{tcosbt}(s)]
B l s? — b? },_ 253 — 6sb?
( 2

- 0.
s +b%) (s24+02)3 7 57

27. First observe that since f(t) is piecewise continuous on [0, 00) and f(t)/t approaches a finite
limit as t — 0%, we conclude that f(¢)/t is also piecewise continuous on [0,00). Next, since
for t > 1 we have |f(t)/t| < |f(t)|, we see that f(t)/t is of exponential order « since f(t) is.
These observations and Theorem 2 on page 357 of the text show that £{f(t)/t} exists. When
the results of Problem 26 are applied to f(t)/t, we see that

o {19 -

By Theorem 6, we have that

(e 9] [e.9]

F(s):/e_s'ff(t)dt:/wff(t)dt:—%E{@}(s).
Thus, O 0
[rwm = [[-Le{f0 @] ai- [ Lef80) ),

S T R

29. From the linearity properties (2) and (3) on page 354 of the text we have

L{g()} (s) = LAy" (1) +6y/'(1) +10y(0) } (s) = L{y" (1)} (5) + 6L{y' (1)} (s) + 10L{y ()} (s).

Next, applying properties (2) and (4) on pages 361 and 362 yields

L{g} (s) = [S"L{y} (s) —sy(0) = y'(0)] + 6 [sL{y} (s) —y(0)] + 10L {y} (s).
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Keeping in mind the fact that all initial conditions are zero the above becomes
G(s) = (s> + 65+ 10) Y (s), where Y(s)=LA{y}(s).

Therefore, the transfer function H(s) is given by

Y(s) 1
G(s) s2+6s+10°

H(s) =

Using Definition 1 of the Laplace transform in Section 7.2, we obtain

[e.o] Cc o0

LA{gt)}(s) = /St (t)dt = /(O)dt—l—/eStf(t—c)dt:(t—c—>u, dt — du )

0
oo

= [ = ]Of du= e L{f(D)} (s).

0
The graphs of the function f(¢) =t and its translation g(t) to the right by ¢ = 1 are shown
in Figure 7-A(a).
We use the result of Problem 31 to find £{g(¢)}.

—S

L{g(O)} (s) = DLt} (5) = 5

The graphs of the function f(t) = sint and its translation g(¢) to the right by ¢ = 7/2 units
are shown in Figure 7-A(b).

We use the formula in Problem 31 to find £{g(t)}.

e—(7r/2)s
241

LA{g(t)} (s) = e 2L {sint} (s) =
Since f’(t) is of exponential order on [0, 00), for some a, M > 0, and T > 0,
If(t)] < Me™, forall t>T. (7.7)

On the other hand, piecewise continuity of f'(¢) on [0, 00) implies that f’(¢) is bounded on

any finite interval, in particular, on [0, T]. That is,

If' (1) < C, for all ¢ in [0, 7. (7.8)
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ro=t,

g(t)

0 1 2 3

(a)

Figure 7—A: Graphs of functions in Problems 33 and 35.

From (7.7) and (7.8) it follows that, for s > a,

0o T 00 T 0o
/e“\f’(tﬂdt = /eSt|f’(t)\dt+/eSt|f’(t)\dt < C/est dt+M/eSteat dt
0 0 T 0 T
Ce=st|" Mela=s)t ¥ Cll—eT]  Melo=sT
= + lim | ——— = + —0
—S 0 N—o0 o — S T S S —
as s — 00. Therefore, (7) yields
0 < [sL{f}(s) — £(0)] = /estf'(t)dt g/est|f'(t)\dt—>o as s — oo,
0 0

Hence, by the squeeze theorem,
I [s£{f}(5) = FO)] =0 & lm [s£{f}(s) = FO)]=0 & lm sL{f}(s) = f(0).
EXERCISES 7.4: Inverse Laplace Transform, page 374

1. From Table 7.1, the function 6/(s — 1)* = (3!)/(s — 1)* is the Laplace transform of e*¢" with

a =1 and n = 3. Therefore,
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3. Writing
s+1 B s+1 B s+1
s24+25+10 (824 25+ 1)+9  (s+1)2 432"

we see that this function is the Laplace transform of e~ cos3t (the last entry in Table 7.1

with & = —1 and b = 3). Hence

1
£_1 {ﬁm} (t) = €_t cos 3t .

5. We complete the square in the denominator and use the linearity of the inverse Laplace

transform to get

1 1 1 2 1
LW () =L ———— () ==L —— L () = e sin2t.
{32+45+8}() {(s+2)2+22}() 2 Grorrzy =g s
(See the Laplace transform formula for e® sin bt in Table 7.1).

7. By completing the square in the denominator, we can rewrite (2s + 16)/(s® + 4s + 13) as

25+ 16 25416 2(s+2) 4(3)
s2+4s+4+9  (s+2)24+32  (s+2)2+32  (s+2)2432°

Thus, by the linearity of the inverse Laplace transform,

e R (e (S (e e O L

= 2 2 cos3t + 4e % sin 3t .

9. We complete the square in the denominator, rewrite the given function as a sum of two entries

in Table 7.1, and use the linearity of the inverse Laplace transform. This yields

3s — 15 3 s-5 (s—1)—4  (3/2)(s—1) 3(2)

3
252 —4s+10 2 2 —2545 2 (s—12+422 (s—12422 (s—1)2+2?

35 — 15 3 s—1 2
-1 - —1 - _ -1 -
= £ {232—4s+10} 2~ {(3—1)2+22} - {(3—1)2+22}

3
= 3 el cos 2t — 3et sin 2t.
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11. In this problem, we use the partial fractions decomposition method. Since the denominator,

(s = 1)(s+2)(s+5), is a product of three nonrepeated linear factors, the expansion has the
form

s? — 265 — 47 A B C

(s—1)(s+2)(s+5) 3—1+s—|—2+3+5

A +2)(s+5)+B(s—1)(s+5)+C(s —1)(s +2)
B (s =1)(s+2)(s+5)

Therefore,

s —26s — 47 = A(s +2)(s+5)+ B(s —1)(s +5) + C(s — 1)(s + 2). (7.9)

Evaluating both sides of (7.9) for s =1, s = —2, and s = —5, we find constants A, B, and C.

s=1: (1)2 —26(1) — 47 = A(1 + 2)(1 +5) = A= —4,
s=-2: (=2)2-26(—2)—47=B(-2-1)(-2+5) = B=-1,
s=-5: (=5)2—-26(=5)—47=C(-5-1)(-5+2) = C =6.

Hence,
§*—26s—47 6 1 4

(s—1)(s+2)(s+5) s+5 s+2 s—1
13. The denominator has a simple linear factor, s, and a double linear factor, s + 1. Thus, we

look for the decomposition of the form

—232—33—2_A B c

N N A(s+1)*+ Bs(s+1)+Cs
s(s+1)2 s s+1 (s+1)2

s(s+1)2 ’

which yields

—25? =35 —2=A(s+1)*+ Bs(s + 1) + Cs. (7.10)

Evaluating this equality for s = 0 and s = —1, we find A and C, respectively.
s=0: —2=A(0+1)? = A=-2
s=—1: —2(-1)2=3(-1)—-2=C(-1) = C=1.

To find B, we compare the coefficients at s* in both sides of (7.10).

—2=A+B = B=-2-A=0.
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Hence,
—25% — 35— 2 - 1 2

s(s+ 12 (s+1)2 s’

First, we complete the square in the quadratic s> — 2s + 5 to make sure that this polynomial

is irreducible and to find the form of the decomposition. Since

=25 +5= (s =25+ 1) +4=(s—1)" +2°,

we have
—8s—2s°—14 A +B(s—1)+C(2)_A[(s—1)2+4]+[B(s—1)+2C](s+1)
(s+1)(s2—2s+5) s+1 (s—1)2422 (s+1)[(s—1)2+4]

which implies that
—8s—25" —14=A[(s—1)*+4] +[B(s — 1) + 2C] (s + 1).

Taking s = —1, s =1, and s =0, we find A, B, and C, respectively.

s=—1: 8(—=1)=2(=1)* - 14 =A[(-1—-1)*>+4] = A=-3,
s = 8(1)—2(1)2 —14=A[(1 - 1)> +4] +2C(1 + 1) = C=1,
s=0 8(0) —2(0)> —14=A[(0—-1)*+4]+[B(0—1)+2C] (0+1) = B =1,
and so

—8s—2s*—14 3 (s—1)+2
(s+1)(s2—25+5)  s+1 (s—1)2+4

First we need to completely factor the denominator. Since s*+5s—6 = (s —2)(s+3), we have

3s+5 3s+5

s(s24+s5—6) s(s—2)(s+3)°

Since the denominator has only nonrepeated linear factors, we can write

3s+5 A B C

s(s —2)(s+3) §+3—2+3+3

for some choice of A, B and C'. Clearing fractions gives us
3s+5=A(s—2)(s+3)+ Bs(s+3) + Cs(s — 2).
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21.
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With s = 0, this yields 5 = A(—2)(3) so that A = —5/6. With s =2, we get 11 = B(2)(5) so
that B = 11/10. Finally, s = —3 yields —4 = C(—3)(—5) so that C' = —4/15. Thus,
3s+5 5 11 4

S(21s5-6) 65 105-2) 15(13)

First observe that the quadratic polynomial 5%+ 2s+ 2 is irreducible because the discriminant
22 — 4(1)(2) = —4 is negative. Since the denominator has one nonrepeated linear factor and
one nonrepeated quadratic factor, we can write

1 B 1 A B(s+1)+C

(s =3)(s2+2s4+2) (s=3)[(s+1)2+1 s—-3 (s+1)2+1"

where we have chosen a form which is more convenient for taking the inverse Laplace trans-

form. Clearing fractions gives us
1=A[(s+1)*+1]+[B(s+1)+C] (s —3). (7.11)

With s = 3, this yields 1 = 17A so that A = 1/17. Substituting s = —1, we see that
1=A(1)+C(-4),or C = (A—1)/4 = —4/17. Finally, the coefficient A+ B at s* in the right-
hand side of (7.11) must be the same as in the left-hand side, that is, 0. So B = —A = —1/17

and
1 1 1 s+1 4

(s—3)(s2+2s+2) 17|s—3 (s+12+1 (s+1)241]

Since the denominator contains only nonrepeated linear factors, the partial fractions decom-

position has the form

6s*—13s+2 A B C A(s —1)(s —6) + Bs(s —6) + Cs(s — 1)
-4 + = :
s(s—1)(s—6) s s—1 s—6 s(s—1)(s —6)
Therefore,

65> — 135 +2 = A(s — 1)(s — 6) + Bs(s — 6) + Cs(s — 1).

Evaluating both sides of this equation for s = 0, s = 1, and s = 6, we find constants A, B,

and C.
s=0: 2=06A4 = A=1/3,

s=1: —=b=-5B = B =1,
s=6: 140 =30C = C'=14/3.
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Hence,
652 — 135 + 2 1/3 1 14/3

s(s—1)(s—6) s s—1 s—6

and the linear property of the inverse Laplace transform yields

652 — 13s + 2 1 1 1 14 1 1 14
-1 _ i)t -1 | T e
£ {5(5‘—1)(5—6)}_3fC {s}+£ {3—1}+3£ {5—6} 3+€+36 '

In this problem, the denominator of F'(s) has a simple linear factor, s+ 1, and a double linear

factor, s + 3. Thus, the decomposition is the form

55+ 345+53 A B C A(s+ 1)+ B(s+1)(s+3)+ C(s+3)?

(s+3)*(s+1) (S+3)2+S—|—3+s+1: (s+3)%(s+1)
Therefore, we must have
55 +34s+53=A(s+ 1)+ B(s+ 1)(s +3) + C(s + 3)*
Substitutions s = —3 and s = —1 yield values of A and C', respectively.

s=-3: —4=-2A = A=2,
s=—1: 24=4C = C =6.

To find B, we take, say, s = 0 and get
53=A+3B+9C = B
Hence,

e - o e e o

= Qe ¥ — e 4 6e .

Observing that the quadratic s* + 2s + 5 = (s + 1)? + 2% is irreducible, the partial fractions

decomposition for F'(s) has the form

752 + 235 + 30 A B(s+1)+C(2)

(s —2)(s2+2s+5) s—2+ (s+1)2 + 22
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Clearing fractions gives us
7s° +23s+30=A[(s+1)°+4] + [B(s + 1) + C(2)] (s — 2).

With s = 2, this yields 104 = 13A so that A = 8; s = —1 gives 14 = A(4) + C(—6), or C = 3.
Finally, the coefficient A+ B at s? in the right-hand side must match the one in the left-hand
side, which is 7. So B =7 — A = —1. Therefore,

7s*+23s+30 8 +—(s—|—1)+3(2)
(s—2)(s2+25+5) s—2 (s+1)2422

which yields

752+ 23s + 30 1 s+1 2
-1 _ -1 -1 3,1
£ {(3—2)(32+23+5)} 8L {3—2} £ {(3+1)2+22} + {(s+1)2+22}

= 8e* — e tcos 2t + e sin 2t .

27. First, we find F(s).

Cos+1
The partial fractions expansion yields

5 A B C

+ .
GrDG—2(s+2) s+1 s-2 512

Clearing fractions gives us
5=A(s=2)(s+2)+B(s+1)(s+2)+C(s+1)(s—2).

With s = —1, s =2, and s = —2 this yields A = —5/3, B=15/12, and C = 5/4. So,

LUF(s)) () = —gﬁ‘l {3%1} () + %5—1 {ﬁ} () + Zﬁ‘l {S i 2} )

_ ) —t ) 2t ) —2t
= 3 e "+ D e + 1 e .
29. Solving for F(s) yields
10s% + 125 + 14 10s* + 125 + 14

= i@ 2512~ 52l 1F 1]
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Since, in the denominator, we have nonrepeated linear and quadratic factors, we seek for the

decomposition
10s? + 125 + 14 A B(s—1)+C(1)

(s +2)[(s — 1)2 + 1] “si2 7 (s—1)2+1

Clearing fractions, we conclude that

10s* +12s+ 14 = Al(s — 1)* + 1]+ [B(s — 1) + C] (s + 2).

Substitution s = —2 into this equation yields 30 = 104 or A = 3. With s = 1, we get
36 = A+3C and so C' = (36—A)/3 = 11. Finally, substitution s = 0 results 14 = 2A+2(C'—B)
or B=A+C—7=7. Now we apply the linearity of the inverse Laplace transform and

obtain

LUF(s)} () = 307 {S i 2} (t) + 7L {ﬁ} () + 11! {ﬁ} )

= 3¢ 2 4 7Telcost + 1lefsint.

Functions fi(t), fa(t), and f3(¢) coincide for all ¢ in [0, 00) except a finite number of points.
Since the Laplace transform a function is a definite integral, it does not depend on values of
the function at finite number of points. Therefore, in (a), (b), and (c¢) we have one and the

same answer, that is
LN} (s) = L{Lf2()} () = L{Ss(@)} (s) = LAt} (5) =

By Definition 4, the inverse Laplace transform is a continuous function on [0,00). f3(t) =t

clearly satisfies this condition while f;(¢) and f5(¢) have removable discontinuities at ¢t = 2

e o

We are looking for L7 {F(s)} (t) = f(t). According to the formula given just before this

R £ 10

and t = 1,6, respectively. Therefore,

problem,
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(take n = 1 in the formula). Since

Fs) = In (j * g) — In(s + 2) — In(s — 5),

we have

dF(s) d 1 1

=— (1 2)—1 — = —
ds ds(n(8+) n(s —5)) s+2 s—5

= ‘cl{(il_F}(t>:£1{ j—Q_ 15}(t):€2t_e5t
S S S —

-1 o R
= L {F(S)}(t):T(e — ) = -
35. Taking the derivative of F'(s), we get
dF(s) d . s°+9 d 2s 2s

4 — [In(s* +9) = In(s* + 1)] =

ds ds  s2+1 ds 249 s241°

So, using the linear property of the inverse Laplace transform, we obtain

o {dFd—f)} (t) = 2L {ﬁ} (t) — 2L {32 i 1} (t) = 2(cos 3t — cost).

LH{F()} () = _71 L {dFd—iS)} (1) = 2eost - cos 3t)

Thus

37. By the definition, both, L' {F} (t) and £~ {F,} (¢), are continuous functions on [0, c0).
Therefore, their sum, (L7 {F} + L7 {F}) (¢), is also continuous on [0, 00). Furthermore,

the linearity of the Laplace transform yields
LR+ LTHRY) (s)=L{LTH{F}} (s) + L{LT{F}} (s) = Fi(s) + Fa(s).

Therefore, L7 {F,} + L1 {F,} is a continuous function on [0, 00) whose Laplace transform
is F1 + F». By the definition of the inverse Laplace transform, this function is the inverse

Laplace transform of F} 4+ F5, that is,
LTHE Y () + L7HF) () = L7H{F + Fa} (1),
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and (3) in Theorem 7 is proved.

To show (4), we use the continuity of £L7' {F} to conclude that ¢£L~! {F} is a continuous

function. Since the linearity of the Laplace transform yields
LAcLTHF}} (s) =cL{LT{F}} (s) = cF(s),
we have cL7 {F} (t) = L7 {cF} (1).

In this problem, the denominator Q(s) := s(s — 1)(s+ 2) has only nonrepeated linear factors,
and so the partial fractions decomposition has the form
25 +1 A B C
F(s) = _ 2, 2 .
(5) s(s—1)(s+2) s+3—1+s—|—2

To find A, B, and C, we use the residue formula in Problem 38. This yields

A =limsF(s) = lim 25 1 = 2(0) +1 :_l,
s—0 s—0 (S — 1)(8 + 2) (0 — ]_)(0 + 2) 2
, . 2s+1 2(1)+1
lim(s = 1)F(s) = lim ss+2)  (O(1+2)
, _ 2s+1 2(—2) +1 1
¢ = lhm(s +2)F(s) = lim s(s—1)  (=2)(-2-1) 2
Therefore,
2s+1  1/2 1 1)2
s(s—1(s+2) s s—1 s+2°

In notation of Problem 40,
P(s) = 3s* — 165 + 5, Q(s) = (s+1)(s—3)(s - 2).

We can apply the Heaviside’s expansion formula because ((s) has only nonrepeated linear
factors. We need the values of P(s) and @'(s) at the points 1 = —1, ro = 3, and r3 = 2.
Using the product rule, we find that

Q(s)=(s=3)(s—=2)+ (s+1)(s—2)+ (s +1)(s = 3),
and so
Q(-1)=(-1-3)(-1-2)=12, @B)=B+1)3-2)=4, Q(2)=(12+1)(2-3)=-3.
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Also, we compute

Therefore,

1 35> — 165 +5 _ P(-1) (1)t P(3) 3)t
g o * '

_ . . P2) oy
s+1)(s—3)(s—2 Q' (-1) Q'(3) Q'(2)

et = 967t _ 43t 4 52|

43. Since s —2s+5 = (s — 1)* 4 2%, we see that the denominator of F'(s) has nonrepeated linear
factor s 4+ 2 and nonrepeated irreducible quadratic factor s> — 2s +5 with a = 1 and 3 = 2

(in notation of Problem 40). Thus the partial fractions decomposition has the form

F(s) = 6s* + 28 _A(s—1)+2B C
T (s2—25+5)(s+2) (s—1)2422  s+2°

We find C' by applying the real residue formula derived in Problem 38.

: (s +2)(6s* + 28) . 6s*+28 52

C = lim = lim —mM8M = —

s——2(s2 =25 +5)(s+2) s—-252—-25+5 13

Next, we use the complex residue formula given in Problem 42, to find A and B. Since a = 1

and § = 2, the formula becomes

2 _ 2 2 7\ 2 ;
0B+ iA = fim (F 2D +28) 657428 6(1+20)°+28 10+ 24i
s—142i (52— 25+ 5)(s+2) s—142 542 (142i) +2 3+ 20

Dividing we get
(10 4 244)(3 — 2i) 78+ 52i

2B +1i2A = = =6 + 4i.
! (3+20)(3 — 20) 13 M
Taking the real and imaginary parts yields
QB — 6, B = 37
=
2A =4 A=2.
Therefore,
6s% + 28 2(s—1)4+2(3) 4

(= 2545)(5+2)  (s—12+22 st2°
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EXERCISES 7.5: Solving Initial Value Problems, page 383

1. Let Y(s) := L{y} (s). Taking the Laplace transform of both sides of the given differential

equation and using its linearity, we obtain

LAy} (s)—2L{y'} (s) +5Y(s) = L{0}(s) = 0. (7.12)

We can express £{y"} (s) and £{y'} (s) in terms of Y(s) using the initial conditions and

Theorem 5 in Section 7.3.

LAy} (s) = sY(s) —y(0) = sY (s) = 2,
L{y"} (s) = s*Y (s) — sy(0) — y/'(0) = s>V (s) — 25 — 4.

Substituting back into (7.12) and solving for Y'(s) yield

(%Y (s) — 2s — 4] — 2[sY(s) — 2] + 5Y (s) = 0
= Y(s)(s* =25 +5) =2s

2s B 2s o 2(s—1) n 2
s2—25+5 (s—1)2422  (s—1)2422  (s—1)2422°
Applying now the inverse Laplace transform to both sides, we obtain

y(t) = 2L {ﬁ} )+ L7 {@_fw} (t) = 2¢" cos 2t + e sin 2.

= Y(s) =

. Let Y(s) := L{y}(s). Taking the Laplace transform of both sides of the given differential
equation, y” 4+ 6y’ + 9y = 0, and using the linearity of the Laplace transform, we obtain

L{y"}(s)+6L{y'} (s) +9Y(s) =0.
We use formula (4), page 362, to express £ {y"} (s) and £ {y'} (s) in terms of Y(s).

L{y'} (s) = sY(s) —y(0) = sY(s) +1,
L{y"} (s) = s*Y (s) = sy(0) = y/(0) = 5V (s) + 5 — 6.

Therefore,
[s°Y(s) +5—6] +6[sY(s) + 1] +9Y(s) =0
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= Y(s) (s> +6s+9) =—s
-8 -s 3 1

2+65+9 (5+3)2 (5+3)2 s+3’

= Y(s) =

where the last equality comes from the partial fraction expansion of —s/(s + 3%). We apply

the inverse Laplace transform to both sides and use Table 7.1 to obtain

y(t) = 3" { ; +13)2} (1) — £ {8 i 3} (£) = Bt — ¢

. Let W(s) = L{w} (s). Then taking the Laplace transform of the equation and using linearity

" L{w"}(s)+W(s) = L {2 +2} (s) = £L{2} (s) + 2L {1} (s) = % + % .
Since £ {w"} (s) = $2W(s) — sw(0) — w'(0) = $2W(s) — s + 1, we have
[s*W(s) = s+ 1] + W(s) = % +§
S ()W) =s—14 2D W(S):s2i1_s2i1+%'

g3

Now, taking the inverse Laplace transform, we obtain

a1 S 1 1 1) 2 - . 2
w=L {32+1}_£ {s2+1}+£ {?}—cost—smt—i—t.

Let Y(s) := L£{y} (s). Using the initial conditions and Theorem 5 in Section 7.3 we can

express L{y"} (s) and L {y'} (s) in terms of Y(s), namely,

LAy} (s) = sY(s) —y(0) = sY(s) = 5,
L{y"} (s) = s*Y (s) = sy(0) — y/(0) = s*Y'(s) — s + 4.

Taking the Laplace transform of both sides of the given differential equation and using its

linearity, we obtain

L{y" — 7y + 10y} (s) = L{9cost + Tsint} (s)

o [Y(s)— Bs 4] — T[sY(s) — 5] + 10Y(s) = 2 7

82+1+52+1
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9s + 7 553 — 3952 + 145 — 32
2 _ —
= (s —73+10)Y(s)—82+1—1—5s—39— e
954+ 7 55 — 39s% 4+ 145 — 32 55 — 39s% + 145 — 32
= Y(s)=—— +55—39= = .
(8) = g+ (21 1) (s2—7s+10) (s2+1)(s—5)(s—2)

The partial fractions decomposition of Y(s) has the form

533—3952+14s—32_As+B+ C N D
(s24+1)(s—5)(s—2) s24+1 s—5 s5—2°

Clearing fractions yields
55° —39s% 4+ 145 — 32 = (As + B)(s = 5)(s —2) + C(s* + 1)(s — 2) + D(s* + 1)(s — 5).

We substitute s =5 and s = 2 to find C' and D, resprectively, and then s = 0 to find B.

s=5: —312="78C =  C=-4,
s=2: —120=—15D = D=3,
s=0: —32=10B—2C —5D =  B=0.

Equating the coefficients at s®, we also get A+ C + D = 5, which implies that A = 1. Thus

5 4 + 8 = y(t) = L7 {Y(5)} (t) = cost — 4e” 4 8¢e* .

Y(s) = -
(5) 241 s—5H s—2

. First, note that the initial conditions are given at t = 1. Thus, to use the method of Laplace

transform, we make a shift in ¢ and move the initial conditions to ¢ = 0.

2"(t) + 52/ (t) — 62(t) = 21"
= (4 1)+52(t+1)—62(t+ 1) = 21TV = 21¢, (7.13)

Now, let y(t) := z(t + 1). Then the chain rule yields

y'(t)=2t+1)(t+1) =2(t+1),
y'(t) = [y () = 2"t + 1)t +1) = 2"(t+ 1),

and (7.13) becomes
y"(t) + 5y (t) — 6y(t) = 21¢" (7.14)
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with initial conditions
y(0) = 2(0+1) = 2(1) = =1, y/(0)=2(0+1) = /(1) =9.

With Y(s) := L{y(t)} (s), we apply the Laplace transform to both sides of (7.14) and obtain
21

L{y"} (s) +5L{y'} (s) — 6Y (s) = L{21€"} (s) = T (7.15)
By Theorem 5, Section 7.3,
LAy} (s) = sY(s) —y(0) = sY(s) +1,
L{y"} (s) = s*Y (s) — sy(0) — y/'(0) = s’V (s) + s — 9.
Substituting these expressions back into (7.15) and solving for Y'(s) yield
) 21
[s°Y(s) +5—9] +5[sY(s) + 1] = 6Y(s) = 1
s —
21 —s? 1
= (32"‘58—6)}/(8):;—3‘}‘4:%81—}_7
—s?+5s+ 17 —s?+5s+ 17 —s? 4+ 5s+ 17
= Y(s) = = = .
(s—1)(s2+bs—6) (s—1)(s—1)(s+6) (s—1)%(s+6)
The partial fractions decomposition for Y (s) has the form
—s*+55+17 A .. B C
(s—1)2(s+6) (s—1)2 s—1 s+6°
Clearing fractions yields
—5* 4+ 55+ 17=A(s+6)+ B(s — 1)(s +6) + C(s — 1),
Substitutions s = 1 and s = —6 give A = 3 and C = —1. Also, with s = 0, we have
17=6A — 6B+ C or B =0. Therefore,
3 1 3 1
Y(s) = — = t)y=L"" - t) = 3te' —e .
(s) (s—1)2 s+6 y(t) {(3—1)2 s—l—G}() c-°

Finally, shifting the argument back, we obtain

2(t) =yt —1) =3(t — 1)t — 701
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As in the previous problem (and in Example 3 in the text), we first need to shift the initial

conditions to 0. If we set v(t) = y(t + 2), the initial value problem for v(t) becomes
V() —v(t)=(t+2)—2=t, v(0) =y(2) =3, V'(0) =9/'(2) = 0.
Taking the Laplace transform of both sides of this new differential equation gives us

L0} ()~ L0} () = L4t} () = 5

If we denote V' (s) := L {v} (s) and express £ {v"} (s) in terms of V (s) using (4) in Section 4.3
(with n = 2), that is, £ {v"} (s) = s*V/(s) — 3s, we obtain

[s°V(s) — 3s] = V(s) = é

N Vi(s) 35+ 1 35+ 1 1+ 1 N 2
S) = = = —— _ .
s?2(s2—1) s?(s+1)(s—1) 2 s+1 s—1

Hence,

11 9
_ -l a1 o » t
ot = LH{V(s)} (1) = £ { S 5_1}@ b4t et
Since v(t) = y(t + 2), we have y(t) = v(t — 2) and so
y(t) = —(t—2) + e~ (t=2) 4 9ot=2 _ 9 44 o2t 4 9,t=2

To shift the initial conditions to ¢ = 0, we make the substitution z(¢) := y(t + 7/2) in the

original equation and use the fact that
2 (t) =y (t +7/2), () ==y (t + 7/2).
This yields

y'(t) —y'(t) — 2y(t) = —8cost — 2sint
= —8cos (t—l— g) — 2sin <t+ g) = —8cos <t+ g) — 2sin (t—l— g) = 8sint — 2cost
= 2"(t) — 2'(t) — 2x(t) = 8sint — 2 cost, z(0) =1, 2/(0) = 0.
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Taking the Laplace transform of both sides in this last differential equation and using the fact
that, with X (s) := L{z} (s),

L{z'}(s) =5X(s)—1 and L{2"}(s)=5*X(s)—s

(which comes from the initial conditions and (4) in Section 7.3), we obtain

8 2
[szX(s)—s]—[sX(s)—l]—2X(3):£{8sint—2cost}(s):S2+1—S2j1
8 —2s 3 — s —s+7
2 _5s—2)X(s) = —1=
- e = S =T
3 — s —s+7T -t —s+7T
= X(s) = = )
(s24+1)(s2—s—2) (s2+1)(s—2)(s+1)
We seek for the partial fractions decomposition of X (s) in the form
3 — s —s+7 _A3+B+ C N D
(24 1)(s—2)(s+1) s2+1  (s—2) s+1°
Solving yields
7 11 3
A=—-, B=-—— =—-, D=-L
5’ 5 5’
Therefore,
7/5 —11/5 3/5 1
Xy~ T (C1/5) | 3/5)
s2+1 s2+1 (s—2) s+1
-1 7 I . 3 o
= z(t) =L {X(s)}(t):gcost—gsmt—kge —e .

Finally, since y(t) = x(t — 7/2), we obtain the solution
7 11 3
y(t) = 5 COoS (t — g) 5 sin <t — g) + s 2t=m/2) _ —(t=7/2)
7

11 3
= sint + r cost + s 2t _ o(m/2)=1)

15. Taking the Laplace transform of y” — 3y’ + 2y = cost and applying the linearity of the Laplace
transform yields

s
s24+1°

L4y"} (s) = 3L Ay} () + 2L {y} (s) = £ {cost} (s) = (7.16)
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If we put Y(s) = L{y} (s) and apply the property (4), page 362 of the text, we get
L{y'}(s) =sY(s),  L{y"}(s)=5Y(s)+1.

Substitution back into (7.16) yields

2y (s) + 1] — 3[sY 2V (s) = ——
(52 () +1] = 35V ()] + 2 () = o
—s?+s—1
2_ 3642 V(s)= —— —1=_> 7"~
= (s 33—1—) (s) 11 211
—s?+s—1 —s*+s—1

= YOGty P 06- 6=

17. With Y (s) := L {y} (s), we find that

L{y'}(s) =sY(s) —y(0) =sY(s) = 1, L{y"}(s) =s"Y(s) — sy(0) —y'(0) = s"Y(s) — s,

and so the Laplace transform of both sides of the original equation yields

Ly +y =y} (s) = L{°} (5)

5 [V - s + Y - - V()= 5
1 6 $5+ st +6
= YO-gro (Gt ) — s

19. Let us denote Y(s) := L {y} (s). From the initial conditions and formula (4) on page 362 of
the text we get

L{y'}(s) =sY(5)—y(0) =sY(s) =1, L{y"}(s) =Y (s) —sy(0) —4/(0) = s"Y (s) —s — 1.

The Laplace transform, applied to both sides of the given equation, yields
1 1 1

Ts—1 s s(s—1)
1 s34+ 5s? —6s+ 1
2
~ (5 +55 = 1) ¥s) s(s—l)+s+ s(s—1)
s* +5s? —6s+1
s(s—=1)(s?+5s—1)"

[s°Y(s) —s—1] +5[sY(s) = 1] = Y(s) = L{e'} (s) — L{1} (s)

= Y(s) =
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21. Applying the Laplace transform to both sides of the given equation yields

s—1

L{y"} () = 2L{y'} (s) + Lt} (5) = LA{cost} (s) = LA{sint} (s) = -

If L{y} (s) =:Y(s), then it follows from the initial conditions and (4) on page 362 of the text
that

LU (s) = sY(s)— 1, L{y"}(s)= £V () — 53
Therefore, Y (s) satisfies

9 s—1
Y(s)—s—3| —2[sY(s)—1|+Y(s) = 5.
[V (5) =5 = 3] = 20s¥ (5) = 1] + ¥ (5) = 5
Solving for Y'(s) gives us
) s—1 s3 + 52 + 25
(s s+ () 32+1+S+ s2+1
s+ 5%+ 2s s+ 5%+ 2s

> YOS Ei e n ) Er Do

23. In this equation, the right-hand side is a piecewise defined function. Let us find its Laplace
transform first.

2 o)

LA{gt)}(s) = 76“5}(1%) dt = /e“tdt—l—/es%dt

0 2

2 2 e—st 5€—st
—/ dt + lim

—S N—oco —8§

N

2

[2€2S:| ler 1 ] 5e™25 14 3se725 — 728
pr — _— _'_ —

o) )
52 S 52

where we used integration by parts integrating e 5't.

Using this formula and applying the Laplace transform to the given equation yields

LAy"} (s) +4L{y} (s) = L{g(8)} (s)
= SL{y(s)+s+4L{y} (s) = L{g(t)} (5)

= (s> +4) L{y} (s) = L{g(t)} (s) —s = —st 1 ?;'2628 —e
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—s3 4+ 143572 —e %
s2(s2 +4)

= L{y}(s) =

n

Taking the Laplace transform of 4" —y” 4+ 4" —y = 0 and applying the linearity of the Laplace

transform yields
LAy} (s) = L{y"} (5) + LAy} (s) = LAy} (s) = L{0} (5) = 0. (7.17)
If we denote Y(s) := L {y} (s) and and apply property (4) on page 362 of the text, we get
LY} (s)=sY(s)—1, L{y'}(s)=5"Y(s)—s—1, LTy" =Y (s) — s> —s—3.
Combining these equations with (7.17) gives us

(%Y (s) —s* —s—=3] = [s°Y(s) —s — 1] + [sY(s) = 1] = Y (s) =0

= (s°—s*+s—1)Y(s) =5"+3
s°+3 s°+3

DR AR s Sl Py e

Expanding Y'(s) by partial fractions results

2 s+1 2 S 1
Y(s) = - — - - .
(5) s—1 8241 s—1 s24+1 s24+1

From Table 7.1 on page 358 of the text, we see that

y(t) = L7 {Y ()} (t) = 2¢' — cost —sint.
Let Y (s) := L£L{y} (s). Then, by Theorem 5 in Section 7.3,

LA} () = ¥ (s) — 9(0) = s (s) 4.
L{y"} (s) = s"Y (s) = 5y(0) —y/(0) = s*Y (s) +4s — 4,
LA{y"} (5) = s*Y(s) — s*y(0) — sy/(0) — y"(0) = s*Y (s) + 4s* — 4s + 2.

Using these equations and applying the Laplace transform to both sides of the given differential

equation, we get
[$°Y(s) + 45> —4s+ 2] + 3 [$*Y (s) +4s — 4] +3[sY(s) +4] + Y (s) =0
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= (s° + 3% +3s+1) Y(s) + (45 + 85 +2) =0

N Y (s) 45% + 85 + 2 45?4+ 8s+ 2
S) = — e
s3+3s2+3s+1 (s+1)3
Therefore, the partial fractions decomposition of Y'(s) has the form
4 +8s+2 A N B N C  A+B(s+1)+C(s+1)
(s+1)3  (s+1)3  (s+1)2 s+1 (s +1)3
= —(4s* +8s+2)=A+ B(s+1)+C(s+1)>.

Substitution s = —1 yields A = 2. Equating coefficients at s?, we get C' = —4. At last,

substituting s = 0 we obtain
—2=A+B+C = B=-2-A-C=0.

Therefore,

Y(s) = (s _f 1)3 + 8:—41 = y(t) = LY () =P —de™' = (t2 - 4) e’

29. Using the initial conditions, y(0) = a and 3/(0) = b, and formula (4) on page 362 of the text,

we conclude that

L4y} () = sY(s) = y(0) = sY(s) — a,
L4y} (s) = Y (s) — sy(0) — ' (0) = 87V (s) — as — b,

where Y (s) = L {y} (s). Applying the Laplace transform to the original equation yields

[s°Y(s) —as —b] —4[sY(s) —a] + 3Y (s) = L{0} (s) = 0

= (s —4s+3)Y(s) =as+b—4a
as+b—4a  as+b—4a A N B
s2—4s+3 (s—1)(s—3) s—1 s5—-3°
Solving for A and B, we find that A = (3a —0)/2, B = (b—a)/2. Hence
(Ba—10)/2 (b—a)/2

_'_
s—1 5—3

= -t mo=2e e e e

~3a—b , b—a g
=3 e + 5 e’ .

= Y(s) =

Y(s) =
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31. Similarly to Problem 29, we have
L{y'} (s) = sY(s)—y(0) = sY(s) —a, L{y"}(s) = s"Y(s) =sy(0) —y(0) = s’Y (s) —as —,

with Y (s) := L{y} (s). Thus the Laplace transform of both sides of the the given equation
yields

L{y"+2y" + 2y} (s) = L{5} (5)

= [s°Y (s) — as — b] +2[sY (s) — a] 4+ 2Y(s) _5
s
2
2
= (52—1—25—1—2)Y(3):§—|—as—|—2a—1—b:as+(a+b)8+5
s s
N Y(S):a82+(2a+b)s+5:a52+(2a+b)3+5
s(s? +2s+2) s[(s+1)2+1]

We seek for an expansion of Y'(s) of the form

a32+(2a+b)3+5_é B(s+1)+C
s[(s+1)2+1 s (s+1)2+1°

Clearing fractions, we obtain
as’ + (2a+b)s+5=A[(s+1)*+1] + [B(s+ 1)+ (] s.

Substitutions s = 0 and s = —1 give us

s=0: 5=24 =  A=5/2,
s=—1: 5—a-b=A-C = C=A+a+b—5=a+b—5/2.

To find B, we can compare coefficients at s*:
a=A+DB = B=a—-A=a-5/2.

So,

_5/2  (a=5/2)(s+1)  a+b—5/2
s (s+1)2+1 (s+1)2+1

= y(t) =LY} (t) = g + (a— g) e 'cost + (a+b— g) e 'sint.
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33. By Theorem 6 in Section 7.3,
LAY 0} (5) = (1P [0} (5)] = 5 [/ (00} (5). (718)

On the other hand, equation (4) on page 362 says that
L0} (s) =sY(s) —y(0),  Y(s):=LA{y}(s).
Substitution back into (7.18) yields

UV} = b6 -] = 5 { L v - o}

= LY () 4 Y ()] = (Y7(5) + () 4 ¥I(5) = 8Y"(s) +2Y ().

35. Taking the Laplace transform of 3" 4+ 3ty’ — 6y = 1 and applying the linearity of the Laplace

transform yields
LAY} (9) 4 3L {1y} (5) — 6L {u} (5) = £ {1} (5) = (7.19)
If we put Y(s) = L {y} (s) and apply property (4) on page 362 of the text with n = 2, we get
L{y"} (s) = s"Y (s) = sy(0) — 4/ (0) = s"Y (s). (7.20)
Furthermore, as it was shown in Example 4, Section 4.5,
LAty'} (s) = —sY'(s) = Y(s). (7.21)

Substitution (7.20) and (7.21) back into (7.19) yields

s*Y (5) +3[—sY'(s) = Y (5)] — 6Y(s) = é
S Y+ (-9 V() = L
= v+ (3-3)re =55

This is a first order linear differential equation in Y'(s), which can be solved by the techniques

of Section 2.3. Namely, it has the integrating factor

3 2
f(s) = exp {/ (g - %) ds] = exp {3 Ins — %] = 310
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Thus

1 1 1 —S 2
-~ - - - _ 2 —s%/6
Y(s) = (S> /u(s) ( 332) ds = 336—32/6 / 3 e ds

R (e‘82/6 n C) _ % <1 " 0632/6) '

g3e—s?/6

Just as in Example 4 on page 380 of the text, C' must be zero in order to ensure that Y'(s) — 0

as s — 0o. Thus Y(s) = 1/s3, and from Table 7.1 on page 358 of the text we get

wo-c{Sho-3e {3 o-5

We apply the Laplace transform to the given equation and obtain

L{ty"} (s) = 2L4y'} (s) + L{ty} (s) = 0. (7.22)

Using Theorem 5 (Section 7.3) and the initial conditions, we express £ {y"} (s) and L {y'} (s)
in terms of Y (s) := L{y} (s).

L{y'} (s) = sY(s) —y(0) = sY(s) — 1, (7.23)
L{y"} (s) = s’Y (s) — sy(0) = /'(0) = s*Y (s) — s. (7.24)

We now involve Theorem 6 in Section 7.3 to get

LA{ty}(s) = —d% L4y} (s)] = =Y"(s). (7.25)

Also, Theorem 6 and equation (7.24) yield

LA{ty"} (s) = —% [L{y"} (s)] = —% [s°Y(s) — 5] =1—2sY(s) — s*Y'(s). (7.26)

Substituting (7.23), (7.25), and (7.26) into (7.22), we obtain

[1—2sY(s) = s’Y'(s)] —2[sY(s) = 1]+ [-Y'(s)] = 0

= — (" +1)Y'(s) —4sY(s) +3 =0
4s 3
Y’ Y(s) =
~ (3)+32+1 (5) s2+1
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39.

426

The integrating factor of this first order linear differential equation is

M@ﬁmv434:mmwﬂm:wﬂﬂ

s2+1
Hence
1 3 1
Y = - - - 2,1
) u(s)/“(s)<sz+1>d8 (32+1>2/3(3 t1)ds
B 1 3 (P s+ (2s+0C) s 2s C
(82+1)2(S +3S+C>— (s2 1 1)2 —s2+1+(32+1)2+(32+1)2’

where C' is an arbitrary constant. Therefore,

v =crro - { b o { S o+ S o { i o,

Using formulas (24), (29) and (30) on the inside back cover of the text, we finally get

y(t) = cost +tsint + c(sint — tcost),
where ¢ := (C'/2 is an arbitrary constant.
Similarly to Example 5, we have the initial value problem (18), namely,
Iy'(t) = —ke(t),  y(0)=0, ¥'(0)=0,

for the model of the mechanism. This equation leads to equation (19) for the Laplace trans-
forms ¥ (s) = £ {y(t)} (s) and E(s) := £ {e(t)} (5):
s*IY (s) = —kE(s). (7.27)
But, this time, e(f) = y(t) — a and so
E(s) = L {y(t) — a} (s) = Y(s) - % = Y(s)=E(s)+ 2.
Substituting this relation into (7.27) yields

s’IE(s) + als = —kE(s) = E(s) =

Taking the inverse Laplace transform, we obtain

e(t) =L H{E(s)} (t) = —al™? {m} (t) = —acos <\/mt) :
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41. As in Problem 40, the differential equation modeling the automatic pilot is

Iy'(t) = —ke(t) — pe'(t), (7.28)

but now the error e(t) is given by e(t) = y(t) — at.

Let Y(s) := L{y(t)} (s), E(s) := L{e(t)} (s). Notice that, as in Example 5 on page 382,
we have y(0) = ¢/(0) = 0, and so e(0) = 0. Using these initial conditions and Theorem 5 in

Section 7.3, we obtain
LU/ W) =Y(s)  and  L{C(D)}(s) = 5E(5)
Applying the Laplace transform to both sides of (7.28) we then conclude that

IL{y" ()} (s) = —kLAe(t)} (5) = pLA{e ()} (s)
= 15*Y (s) = —kE(s) — usE(s) = —(k + us)E(s). (7.29)
Since e(t) = y(t) — at,
E(s) = L{e()} (s) = L{y(t) —at} (s) =Y (s) —al{t}(s) =Y (s) — 5
or Y(s) = E(s) + a/s*. Substitution back into (7.29) yields
15* (B(s) + %) = —(k + ps)E(s)
= (Is*+ ps+k) E(s) = —al

B —al B —a
124 pus+k o s24(u/Ds+ (k)T

= E(s)

Completing the square in the denominator, we write E(s) in the form suitable for inverse

Laplace transform.

PO = L w@np + (1) - 2/
. R VART—2/(21)

5+ 0/ GO + (KL — @A) JahT = 2 |5 + 1/ @D + (41 — i)/ (A17)
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Thus, using Table 7.1 on page 358 of the text, we find that

B —2la  _ | AR =
et:£1 E(s t) = ——=¢ ‘ut/(QI)Sln e
(0= (B} ) = == T

Compare this with Example 5 of the text and observe, how for moderate damping with

1 < 2y kI, the oscillations of Example 5 die out exponentially.

EXERCISES 7.6: Transforms of Discontinuous and Periodic Functions, page 395

1. To find the Laplace transform of g(t) = (¢t — 1)?u(t — 1) we apply formula (5) on page 387 of

428

the text with @ = 1 and f(t) = t*. This yields

2e7°

53

LAt =D ult =D} () = e L{t} (s) =

The graph of g(t) = (t — 1)*u(t — 1) is shown in Figure 7-B(a).

. The graph of the function y = t?u(¢t — 2) is shown in Figure 7-B(b). For this function, formula

(8) on page 387 is more convenient. To apply the shifting property, we observe that g(t) = ¢?
and a = 2. Hence

glt+a)=g(t+2)=(t+2)? =t*+4t +4.
Now the Laplace transform of g(¢ + 2) is

2 4 4
ST2Ts

L2+ 4t +4} (s) = L{?} (s) +4L{t} (s) +4L {1} (s) =

B .

Hence, by formula (8), we have

L{Pu(t—2)} () = e 2L {glt +2)} (s) = > (3 Ay %) e (45 + 45 +2)

s2 s 53

. The function g(t) equals zero until ¢ reaches 1, at which point g(¢) jumps to 2. We can express

this jump by (2 — 0)u(t — 1). At ¢t = 2 the function ¢(¢) jumps from the value 2 to the value
1. This can be expressed by adding the term (1 — 2)u(t — 2). Finally, the jump at ¢ = 3 from
1 to 3 can be accomplished by the function (3 — 1)u(t — 3). Hence

gt)=0+2—-0)u(t—1)+(1—=2)u(t—2)+ (3 —Du(t—3) = 2u(t — 1) —u(t — 2) + 2u(t — 3)
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y=(t—1)2u(t—1) y=t2u(t—2)

o4

0 1 2 3 0

(a) (b)

Figure 7-B: Graphs of functions in Problems 1 and 3.

and, by the linearity of the Laplace transform,

L{g)}(s) = 2L{ult = 1)} (s) — L{u(t —2)} (s) + 2L {u(t = 3)} (s)

e~s 6—25 6—38
= 2 — + 2
S S S
e~ — 6—28 + 26—38
. .

. Observe from the graph that g(¢) is given by

0, t<1,
t, 1<t<2,
1, 2<t.

The function g(t) equals zero until ¢ reaches 1, at which point ¢(t) jumps to the function t.
We can express this jump by tu(t — 1). At £ = 2 the function g(¢) jumps from the function ¢
to the value 1. This can be expressed by adding the term (1 — ¢)u(t — 2). Hence

g(t) = 0+ tu(t — 1) + (1 — Hult — 2) = tu(t — 1) — (t — Du(t — 2).
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11.

430

Taking the Laplace transform of both sides and using formula (8) on page 387, we find that

the Laplace transform of the function ¢(t) is given by
L{g@)}(s) = LA{tu(t =1)}(s) = L{{E = Dult = 2)}(s)
= e L{t+ 1D} (s) —e =L{(t—1)+2}(s)
= (e —e®)L{t+1}(s)=(e*—e ™) (—2 + -

. First, we find the formula for ¢(¢) from the picture given.

0, t <1,
t—1, 1<t<?2,
3—t, 2<t<3,
0, 3 < t.

Thus, this function jumps from O tot —1 at ¢t =1, from ¢t — 1 to 3 — ¢ at t = 2, and from
3—tto0att=3. Since the function u(t — a) has the unit jump from 0 to 1 at ¢t = a, we can

express ¢g(t) as

gt) = [(t=1) = 0u(t =1)+[(B—1) = (t = D]ult —2) + [0 — (3 = )]u(t - 3)
= (t—Dult — 1)+ (4 — 2t)u(t — 2) + (t — 3)u(t — 3).

Therefore,
LLg)}(s) = L{E—Dult—1)}(s) +L{(4—20)u(t —2)}(s) + L{(t = 3)u(t —3)} (s)
Lt 1) — 1) (s) e LA — 2t 4 2)} (5) 4 e FL(E+3) — 3} (s)
C L) (5) — 2L} () 4 eI L ) (s) = o 2e T HeT

52

We use formula (6) on page 387 of the text with a =2 and F(s) = 1/(s — 1). Since

1
s—1

ro=ctreno-c - bo=¢ = se-m-e,

we get

o { < } (t) = F(t = 2)ult — 2) = e 2u(t — 2).

s—1
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13. Using the linear property of the inverse Laplace transform, we obtain

L {%} (1) = £ { 86_:; } (1) — 3271 { 86_:; } ().

To each term in the above equation, we can apply now formula (6), page 387 of the text with

F(s)=1/(s+2) and a = 2 and a = 4, respectively. Since

ft) =LHF(s)} () = L7 {1/(s +2)} () = 7™,

we get

c { < } (1) — 3! {:;—42} (B) = f(t—ult—2)—3F(t— ult —4)

= e 2Dyt — 2) — 32y (t — 4).

15. Since

s S s+2 1

F(s):=

T ds45 (42010 (542011 ‘(512241
= f(t):= L {F(s)}(t) = e (cost — 2sint),

applying Theorem 8 we get

Lt {%} (t) = f(t = 3)u(t — 3) = e 23 [cos(t — 3) — 2sin(t — 3)] u(t — 3).

17. By partial fractions,
s—5 6 7

(s+1)(s+2) _S+1+8—|—2

so that

bt - e [ e (o

= —6L£7! {34%1} (t—3)u(t—3)+7L7" {34%2} (t = 3)ult —3)

= [—667()&73) + 76’2("/’3)} u(t —3) = [7e"7% — 6> u(t — 3).
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19. In this problem, we apply methods of Section 7.5 of solving initial value problems using the
Laplace transform. Taking the Laplace transform of both sides of the given equation and

using the linear property of the Laplace transform, we get

LA{I"} (s)+2L{I'} (s) +2L {1} (s) = L{g(t)} (). (7.30)
Let us denote I(s) := L{I} (s). By Theorem 5, Section 7.3,

LAI'} (s) = sI(s) — I(0) = sI(s) — 10,

(7.31)
LA{I"} (s) = s*1(s) — sI(0) — I'(0) = s*I(s) — 10s.

To find the Laplace transform of g(t), we express this function using the unit step function
u(t). Since ¢(t) identically equals to 20 for 0 < t < 3w, jumps from 20 to 0 at ¢ = 37 and

then jumps from 0 to 20 at ¢ = 47, we can write
g(t) =20+ (0 — 20)u(t — 3m) + (20 — 0)u(t — 47) = 20 — 20u(t — 37) + 20u(t — 4~).
Therefore,

LA{g(t)}(s) = L£{20—20u(t — 37) + 20u(t — 4m7)} (s)
= 20L{1 —u(t —3m) +u(t—4m)} (s) =20 (% —e 3 4 64“) .

Substituting this equation and (7.31) into (7.30) yields

[s°I(s) — 10s] + 2 [sI(s) — 10] + 2I(s) = 20 (é - ejs + 6:m>

_673773 + 6747rs

1
= M) =100+ 20 (7.32)
Since £L7'{1/s} (t) = 1 and
. 1 By S N L B
£ {s[(s+1)2+1]}(t) = £ {2[1 (s+1)2+1 (s+1)2+1”(t)
= %[1—et(cost+sint)},

applying the inverse Laplace transform to both sides of (7.32) yields

_ e—37rs e—47rs

ST+ s+ 1P 1] } "

1
I(t) = 51{10§+20
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y=I(t)
10
3 4] 8T
0 \Vj

Figure 7—C: The graph of the function y = I(¢) in Problem 19.

= 10— 10u(t — 3m) [1 — e~ =37 (cos(t — 3m) + sin(t — 3m))]
+10u(t — 4m) [1 — e 74 (cos(t — 4m) + sin(t — 4))]
= 10— 10u(t — 37) [1 + e~ =3 (cost + sin t)]
+10u(t — 4m) [1 - e~ 1) (cost + sin t)] .

The graph of the solution, y = I(t), 0 < t < 8, is depicted in Figure 7-C.

21. In the windowed version (11) of f(t), fr(t) =t and T' = 2. Thus

o] 2
t€_8t e—st 2

Fr(s) = /e_Sth(t)dtzfe‘sttdt: -5
0 0
26723 6723 1 1— 286728 o 6723
- — _

0

S 52 52 s

From Theorem 9 on page 391 of the text, we obtain

Fr(s)  1—2se7? —e %

LA{f(t)}(s) = 1 — o2 $2(1— %)

The graph of the function y = f(¢) is given in Figure B.45 in the answers of the text.

23. We use formula (12) on page 391 of the text. With the period T' = 2, the windowed version
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fr(t) of f(t) is

1), 0<t<2 e, 0<t<l,
<t <
fr(t) = ’ o= 1, 1<t<?2,
r(t) 0, otherwise ]
0, otherwise.
Therefore,
00 1 2
Fr(s) = /eSth(t) dt = /e“et dt+/e“’t dt
0 0 1
_ 1 _st]2 _ _ _
e (s+1)t e st 1—e¢ (s+1) e~S — g2
B —(S—|~1)0jL -s|,  s+1 - s
and, by (12),

LAF(@)}(s)

The graph of f(t) is shown in Figure B.46 in the answers of the text.

1 [1 _ ef(erl) e—S — 62$:|

:1—6_28 s+1 + S

25. Similarly to Example 6 on page 392 of the text, f(t) is a periodic function with period T = 2a,

whose windowed version has the form
fout) =1 —u(t — a), 0<t< 2a.

Thus, using the linearity of the Laplace transform and formula (4) on page 386 for the Laplace

transform of the unit step function, we have

1 e 1™

Fo(s) = LA{f2t)} (s) = L{1}(s) = L{u(t —a)} (s) = - —

s s
Applying now Theorem 9 yields
1 1—e % 1 1—e % 1
t = e — .
LLF@®} () 1—e 25 g (I—e)(1+e) s s(1+ e~es)

27. Observe that if we let
f(t), 0<t<2a,
f2a(t) = {

0, otherwise,
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denote the windowed version of f(t), then from formula (12) on page 391 of the text we have

_L{fa@®Y(s) L)} (s)

LUMY6s) =—" 50 = d—co)ltec™)
Now
faa(t) = §+ {(2 - 2) - ﬂ u(t —a) + {0 — (2 — 2)] u(t — 2a)
_ b 2At-ault-a) | (t—20u(t—20)
Hence, ' ' '

LURalO} () = = LA} () = 2 L4t~ a)ult — )} (5) + — £ {(t — 2a)u(t — 2a)} (s)

11 2% le 1 (1 —e )
- — — (1 =99 —2as - = )
as? a s2 a s2 as? ( ¢ te ) as?

and )
(1 —e7%)" /(as?) 1 — e

LD} () = (1 —e ) (1+ e ) B as?(1+e-9s) "

Applying the Laplace transform to both sides of the given differential equation, we obtain

LY} (s)+ L{y} (5) = £ {u(t — 3)} (s) = ——

e

S

Since
L{y"}(s) = s°LA{y} () = sy(0) =y (0) = s°L {y} (s) — 1,

substitution yields
—3s

Ly} () = 1] + L {y} (s) = —
1 e 3 1 _as | 1 s
” ﬁ{y}(s>232+1+s(32+1):s2+1+€ [§_s2+1}'

By formula (6) on page 387 of the text,

cl{e?’s [1— i ”(t):cl{l— ° }(t—3)u(t—3):[1—Cos(t—3)]u(t—3).

s s2+1 s s241
Hence
-1 1 35 |1 s -
y(t) =L {s2+1+€ [g—82+1]}(t):smt—l—[l—cos(t—?))]u(t—S)

The graph of the solution is shown in Figure B.47 in the answers of the text.

435



Chapter 7

31.

33.

436

We apply the Laplace transform to both sides of the differential equation and get

L{y"} (5) + LAy} (5) = Lt = (t = Dult —2)} (s) = 3_12 — LAt =4ut =2)}(s). (7:33)

Since (t —4)u(t —2) = [(t — 2) — 2Ju(t — 2), we can use formula (5) from Theorem 8 to find
its Laplace transform. With f(t) =t — 2 and a = 2, this formula yields

LAt —Dut—2)}(s)=e BL{t—2}(s) =e % {é — ﬂ :
Also,
L{y"} () = s*L Ay} (s) — sy(0) = y'(0) = s°L{y} (s) — L.

Substitution back into (7.33) yields

(2L {y} (s) — 1] + L {y} (s) = é s [i _ 2}

s2 s
1 1—2s 1 1 2 2s 1
. E _ - —2s - _ -2s | = _ = — .
{y}(s) 52 € s2(s24+1) 82 € LQ s + s2+1 82+1:|

Applying now the inverse Laplace transform and using formula (6) on page 387 of the text,

we obtain

1 1 2 2s 1
t — £71 . —2s - _ = _ t
y(t) {32 ‘ [32 s+32+1 32+1]}(>

1 2 2s 1
= t—L'{5 = - t—2)u(t —2
{52 s+32—|—1 32—1—1}( Jul )

= t—[(t—2)—2+2cos(t —2) —sin(t — 2)] u(t — 2)

= t+[4—t+sin(t —2) —2cos(t — 2)]u(t — 2).
See Figure B.48 in the answers of the text.

By formula (4) on page 386 of the text,

e—27rs e—47rs

LA{u(t —27) —u(t —4m)} (s) =

S S

Thus, taking the Laplace transform of y” + 2y’ + 2y = u(t — 27) — u(t — 47) and applying the
initial conditions y(0) = y'(0) gives us

—2ms 6747rs

[s°Y(s) —s —1] +2[sY(s) = 1] +2Y(s) = ——————,
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where Y'(s) is the Laplace transform of y(¢). Solving for Y(s) yields

Y( ) B S—|—3 N 672773 _6747rs
YT 212512 s(s? +2s+2)
s+1 2(1) e 2ms e 4rs
= - . (7.34

(8+1)2+12+(S+1)2+12+s[(8+1)2—|—12] s[(s+ 1) + 17] (7:34)

Since
1 _1(52+23—|—2)—(32—|—23)_1 1 s+1 B 1
G2+ 2 s[s+12+18]  2[s (s (s+ 1P+

we have

1 101 s+1 1

L {3[(8+1)2+1z]}(t) {2 L (8_'_1)2_'_12 (3_'_1)2_1_12}}()

= % [1 —etcost —et sint}

and, by formula (6) on page 387 of the text,

—1 e 2ms 1 o o
L {3[(8 + 1)2 + 12] } (t) -9 [1 — e ) cOS(t — 27T) — e ) sm(t — 277')] u(t — 27T)
= % [1 — eQW—t(CQSIf + sin t)} u(t — 27T)
—1 e—4ms B 1 i e
L {3[(S+1)2+12]}(t)_§[1_6 ( )cos(t—47r)_e ( )Sln(t—4ﬂ)]u(t—47r)

= % [1—e*""(cost + sint)] u(t — 4r).
Finally, taking the inverse Laplace transform in (7.34) yields
y(t) = e "cost + 2e 'sint + % [1— e "(cost + sint)] u(t — 2n)
—% [1— e *(cost + sint)]| u(t — 4r).
35. We take the Laplace transform of the both sides of the given equation and obtain

LA{2"}(s)+3L{}(s) +2L{z} (s) = L{e > u(t — 2)} (s). (7.35)
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We use the initial conditions, z(0) = 2 and z/(0) = —3, and formula (4) from Section 7.3 to
express L{z'} (s) and L£{z"} (s) in terms of Z(s) := L{z} (s). That is,

L{Z'}(s) =5Z(s)—2(0) = sZ(s)—2, L{2"}(s) =5"Z(s5)—52(0)—2'(0) = s*Z(s) — 25+ 3.

In the right-hand side of (7.35), we can use, say, the translation property of the Laplace
transform (Theorem 3, Section 7.3) and the Laplace transform of the unit step function

(formula (4), Section 7.6).

672(s+3)
L{e P ut—2)}(s)=L{u(t—2)}(s+3) =
s+ 3
Therefore, (7.35) becomes
6—2(8+3)
[s°2(s) = 25 +3] +3[sZ(s) = 2] +2Z(s) = — 3
) 672(s+3)
= 3s+2)Z(s) =25+ 3
(s°+3s+2)Z(s) =25+ 3+ P
25+ 3 e 1
= 4(8) = ————= ®
(s) s2+3s—|—2+6 (s +3)(s2+3s+2)
! 1 e [ 1/2 1 1/2
T orl sy2 0 C L+3 s12 st

2(t) = .c—l{ = +L+e‘6e—25{1/2 Ly 1/2“(15)

s+1 s4+2 3+3_s—|—2 s+1

_ L’l{sil}(t)JrL’l{H%}(t)
e e o

—6
= e'+e 4+ 67 [673("/’2) — 2e7 272 4 67(1‘/72)} u(t —2)
= etye 24 % [€—3t — Qe 2(t+1) e_(t+4)} u(t —2)
37. Since
o0 27 efst 27 1 — 672#8
,C{g(t)} (8) — /e—stg(t) dt — /e—stsintdt — 82 n 1 (—SSint - COSt) ; = ﬁ )
0 0
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applying the Laplace transform to the original equation yields

LA{y"} (s) +4L{y} (s) = L{g(t)} (5) i
= [32£ {y} (s) — s — 3] +4L{y} (s) = %

s+ 3 1 e 2ms

DS 2 AC sy il vy pepra Rl pray y g R

Using the partial fractions decomposition

1 1(s>+4)—(s*+1)

17 1 1 2
(24+1)(s2+4) 3 (2+1)(s2+4) _§{s2+1_632+4}’

we conclude that

L{y}(s) =

s o,42 11 L1112
— — _6 — —_— —
s24+4 3s24+4 35241 3s24+1 65244

0 - oot (e e

11 1 2
—L7M = — = t—2m)u(t — 2
{332+1 6s2+4}( ™ Jult —2m)

4 1. 1 . I
= cosZt—l—gsm2t+§smt— gsm(t—27r)—ésm2(t—27r) u(t — 2m)

1 . 1 .
= cos2t+ 3 [1—u(t—2m)]sint + 6 [8 + u(t — 2m)]sin 2t .

39. We can express ¢(t) using the unit step function as
gty =tu(t —1)+ (1 —t)u(t —5) =[(t = 1) + u(t — 1) — [(t = 5) + 4]u(t — 5).

Thus, formula (5) on page 387 of the text yields

CL0) () =L {t+ 1} () - e Ll b o) = e (541 ) - e (5 41).

s2 s s2 s
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Let Y(s) = L{y} (s). Applying the Laplace transform to the given equation and using the

initial conditions, we obtain

L{"} () + 5Ly} (s) +6Y () = £{g(0)} (5)
= [$Y(9) ~2) 51V (5)] + 6Y () = £ {g(0)} (s)

11 1 4
2 -5 —5s
= Bs+6)Y(s) =2 — =)= Z
(s +554+6)Y(s) =2+e (S2+S> e (S2+S)
2 s s+1 _5s 4s +1

= Y(s)= (7.36)

s2+5s+6+€ s2(s? + bs+6) —c s%(s2 +5s+6)

Using partial fractions decomposition, we can write

2 2 2
2+554+6 s+2 s+3°

s+1 :1/36+%_£+ 2/9
s2(s2 +5s+6) s 2 s+2 s+3’

4s+1  1/6  19/36  7/4  11/9
s2(s2+ 55+ 6) s s s+2 s+3°

Therefore,

Lt {#} (t) =272 — 2e73

s2+5s5+6
s+1 1t e 23
£ = oo O
{32(32+5s+6)}() %676 4 9
[l 4s+1 (t) = 19 N t Te 1le”™
s2(s?2 + 55+ 6) 36 6

4 + 9
Using these equations and taking the inverse Laplace transform in (7.36), we finally obtain

1 t—1 e—2(t—1) 26—3(t—1)
1) =22 — 273 4 | — — t—1
y(t) e et + 26 + 5 1 + 9 u( )
19 t—5 7e2t=8) 11305
[% + 6 — 1 + 9 u(t — 5).

41. First observe that for s > 0, T > 0, we have 0 < e~ 7% < 1 so that

1

m = 1 + eiTS + eisz + 673Ts + AR (737)
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and the series converges for all s > 0. Thus,

1 1 1 1
— — 1 —Ts —2T's —3T's L.
(s+a)(l—eTs) s+al—eTs s—i—a( te te te + )
1 efTs 672Ts

+ + +
S+« S+ « S+«

and so

o { T Q)(i — } (t) =L {S Jlr ~+ Sef; + 2:: 4 } (1) (7.38)

Taking for granted that the linearity of the inverse Laplace transform extends to the infinite

sum in (7.38) and ignoring convergence questions yields

L ! S SR G () Gy Sl O
(s+a)(1—eTs) [ s+« s+« s+«

= e 4 e Dyt —T) 4+ e 2Dyt —2T) + - - -

as claimed.

Using the expansion (7.37) obtained in Problem 41, we can represent £ {g} (s) as
g 1 g

— _ —Ts —2T's —3T's
C{g}(s)_sg_'_ﬁzl_efTs - 32_|_ﬁ2(1+€ +e te +)
— /3 +6_TSL+€_2TSL+... .
82+ﬁ2 82—’—52 82+ﬁ2

Since L7 {B/(s*+ %)} (t) = sinBt, using the linearity of the inverse Laplace transform

(extended to infinite series) and formula (6) in Theorem 8, we obtain

g(t) = ﬁ‘l{Szfﬁz}(t)+£‘1{Szfﬁz}(t—T)u(t—T)

—I—C_l{szfﬁz}(t—QT)u(t—QT)—I—---

= sin Gt + [sin B(t — T)|u(t — T') + [sin 5(t — 27)]u(t — 2T) + - - -

as stated.
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45. In order to apply the method of Laplace transform to given initial value problem, let us find

L{f}(s) first. Since the period of f(¢t)is T =1 and f(¢) = €' on (0, 1), the windowed version

of f(t) is
el, 0<t<l1,
fi(t) = .
0, otherwise,
and so
i ' e(lfs)t 1 1 el—s
Fi(s)= [ et fit)dt = [ e et dt = = .
)= [ernma= [ereta= T =75
0 0

Hence, Theorem 9 yields the following formula for £ {f} (s):

1—el™s
‘C{f}(s) = (8—1)(1—6_8) :
We can now apply the Laplace transform to the given differential equation and obtain
" / . 1- 6173
) _ 1 —el™®
1—el—® 1—el—®
D 2 Al P 3 S P ey Sl o T ROTRG  ROE  ppy
= L= e — 1

+ .
(s=1(s+1)(s+2) 1l—e*(s—=1)(s+1)(s+2)
Using the partial fractions decomposition

1 16 /2 /3

(s—1D(s+1)(s+2) s—1 s+1 s+2

we find that
_e/6 e/2 e/3 1—e 1
L) = s 52T 6 o=
1-e 1 +1—6 1
2 (s+1)(1—e9) 3 (s+2)(1—e9)
ey e 4 e o l-e 1
= y(t)—6e 5 € +3e + 5 L {(S—l)(1—63>}(t>
1—e 1 1

SR (rem e (RS Vo (ere i UMD
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To each of the three inverse Laplace transforms in the above formula we can apply results of

Problem 42(a) with 7" =1 and aw = —1, 1, and 2, respectively. Thus, for n <t <n+ 1, we

o { P es>} e [()1 1} ’

e e 0= )
p2(n+1) _

e e LUl e

Finally, substitution back into (7.39) yields

have

e e e 1—e e~ () _q
N o= St _Cty & 2 ¢
y(t) 66 26 +3e + 5 e p——
l—e et —1 l—e _, [e2) -1
— e + e _
2 e—1 3 e2 —1
B et*’n e*t(l_l_e_en‘i’l)+€72t(1+6+62_62n+2)
6 2 3(e+1)
47. Since ~
Zk—
k=0
and

L4 () = .

using the linearity of the Laplace transform we have

Lt ( {Zk‘} Z%_Zw—é 3 <> . (7.40)

k=0 ’ k=0

We can apply now the summation formula for geometric series, that is,

) RS — ’
11—z
which is valid for |z| < 1. With x = 1/s, s > 1, (7.40) yields
1 1 1
L :
{6 31—(1/3) s—1
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49. Recall that the Taylor’s series for cost about ¢ = 0 is

t2 t4 t6 tQTL
cost:1—§+a—§+'--+(—1) o) + -
so that , : -
1 —cost t t t "
- - _ -z -1 n+1 .
i ST TR TR SN O T
Thus
1 — cost 1 1 3 (=)t
R e I Oy L e (i IO RS
1111 Y
282 44t 2n s
B i (_1)n+1 1 B i (_1)n+1
N — oIn s ot ons2n

To sum this series, recall that

Hence,

Thus, we have

1 1 =L (—1)n ! 1 — cost
2 ( * 32) ; 2ns?n £ t (s)
This formula can also be obtained by using the result of Problem 27 in Section 7.3 of the text.

51. We use formula (17) on page 394 of the text.

(a) With r = —1/2, (17) yields

el = TR T

=

(b) This time, r = 7/2, and (17) becomes

R
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From the recursive formula (16) we find that

(9N (T ) 2 Tp( D) 2 Top(5) B3 (3 _Th31 (1) _ 105vT
2 2 2 \2) 7227 \2) 72227 \2) T 2222 2 16

Therefore,

£ {7 (s) = 105y/7

1659/2

53. According to the definition (11) of the function fr(t), fr(t —kT) = 0 if the point ¢t — kT does
not belong to (0,77). Therefore, fixed ¢, in the series (13) all the terms containing fr(t — k7))
with k’s such that t — kT < 0 or ¢t — kT > T vanish. In the remaining terms, k satisfies

t t
O0<t—kT <T & ——1<k<—=.
T T

But, for any fixed t, there is at most one k satisfying this condition.

55. Recall that
2 l,n

x
e =14+ar+—+ - 4+=—4-..
2! n
Substituting —1/s for x above yields

11 1 (—1)"
=1/s 1 _ = o4 Ty
€ 1 s + 2152 3ls3 + + nlsn

Thus, we have

e 1 1 1 (—1)" = (=1
1/2,-1/s _ — R S T
s € o gl/2 53/2 + 2145/2 + + nlgn+1/2 + - % nlgnt+1/2 "
By Problem 52 of this section,
C_l 1 (t) _ Qntn_(l/Q)
sn+(1/2) 1-3-5---(2n—1)y/7’
so that
—1f —~1/2 —1/s I | - (=1)"
L2 ) = ¢ {stmm} (1)
n=0
i —1)" 1 > —1)" Qntn—(l/Q)
n! sn+(1/2) nl 1-3-5---(2n—1)\/7

n=0

445



Chapter 7

Multiplying the nth term by [2-4---(2n)]/[2-4---(2n)], we obtain

X (_1\n(on\24n—(1/2) o n\24n
-1 {3_1/26_1/5}(75) _ Z( H™(2m)%t Z 2)t

— (2n)\\/m (2n)!

()% - (Z—t) o (240)

0

57. Recall that the Maclaurin expansion of In(1 — z) is

446

[e§)
"

1—x —

which converges for |z| < 1. Hence, substitution —1/s* for z yields

m@+é>:_mﬂ%w_i(4ﬁﬂ.

n=1 n

Assuming that the inverse Laplace transform can be computed termwise, we obtain

=1 n=1
From Table 7.1 in Section 7.2, L {tk} = k!/s** bk =1,2,.... Thus £ {1/5’““} =tk /k!
With k£ = 2n — 1, this yields

£ i—(w:—ﬁii— n=12...
s2n (2n — 1) T

and, therefore,

n=1
Since - -
(=" , (=",
t = | £2n
cos TZB 2n)! +; el

(7.41) implies that
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59. Applying the Laplace transform to both sides of the original equation and using its linearity,

we obtain
LA{y"} (s) — LAy} (s) = L{G3(t — 1)} (s). (7.42)

Initial conditions, y(0) = 0 and 3’(0)=2, and Theorem 5 in Section 7.3 imply that

L{y"} (s) = s"L{y} (s) — sy(0) =/ (0) = s"L{y} (s) — 2.

In the right-hand side of (7.42), we can apply the result of Problem 58(c) with @ = 3 and
b=1to get
e

L{Gs(t— 1)} (s) =

Thus (7.42) becomes

) e~s —6_48
[s"LAy} () = 2] = L{y} () = —
2 e~ s _6—45
= L = .
{v}(s) s2—1 * s(s?—1)
Substituting partial fraction decompositions
2 1 1 1 12 n 1/2 1
s2—1 s—1 s+1" s(s2—1) s—1 s+1 s
yields
1 1 N N 1/2 1/2 1
E — . s 4s = -
) s—1 s+1+(e ‘ )L—l s+1 s}
1 1 L 1/2 1/2 1 s | 1/2 1/2 1
_ _ s — = - ——. 7.43
s—1 s+1—|_6 [s—1+s+1 J ‘ [3—1 s+1 s (7.43)
Since

s—1 s+1 s 2 ’

R =t ICEE

formula (6) on page 387 of the text gives us

El{es {1—/2+1—/2—1]}(7§):£1{£+1—/2—1}(t—1)u(t—1)

s—1 s+1 s s—1 s+1 s

t—1 1-t 2
= ‘ i ; U(t - 1)7
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e e |22 2 e - o {2 2 - e -

s—1 s+ 1 S s—1 s+ 1 S

t—4 4—t )
_¢ +; u(t — 4).

Taking the inverse Laplace transform in (7.43) yields

et—l + el—t _ 2 u(t B 1) _ et—4 + e4—t _ 2
2 2

y(t) = —et+ u(t —4).

61. In this problem, we use the method of solving “mixing problems” discussed in Section 3.2.
So, let z(t) denote the mass of salt in the tank at time ¢ with ¢ = 0 denoting the moment

when the process started. Thus, using the formula

mass = volume X concentration,
we have the initial condition

x(0) =500 (L) x 0.2 (kg/L) = 100 (kg).

For the rate of change of z(t), that is, 2/(t), we use then relation

2'(t) = input rate — output rate. (7.44)
While the output rate (through the exit valve C') can be computed as

output rate = % (kg/L) x 12 (L/min) = 31967(? (kg/min)

for all ¢, the input rate has different formulas for the first 10 minute and after that. Namely,

0<t<10 (valve A) :  input rate = 12 (L/min) x 0.4 (kg/L) = 4.8 (kg/min);
10 < t (valve B) : input rate = 12 (L/min) x 0.6 (kg/L) = 7.2 (kg/min).
In other words, the input rate is a function of ¢, which can be written as

4.8, 0 <t <10,

input rate = g(t) = {7 0 101
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Using the unit step function, we can express ¢(t) = 4.8 + 2.4u(t — 10) (kg/min). Therefore
(7.44) becomes

' (t) = g(t) — 313:2(? = ' (t) + %5 x(t) = 4.8 + 2.4u(t — 10) (7.45)

with the initial condition x(()) = 100. Taking the Laplace transform of both sides yields

L{x'} (s) + 125 L{x}(s) = £{4.8 +2.4u(t — 10)} (s) = %8 N 2.468— s
= [sL{x} (s) — 100] + ﬁ LAz} (s) = 488 n 2.468— s
100s + 4.8 2.4 10s

= LAz} (s) = (7.46)

s+ 3/12)] s+ 3/125) ¢

Since

2.4 00 (1 - 1 )
sls + (3/125)] s s+ (3/125))°

100s + 4.8 2 1
sty (E T s+ (3/125)) !

applying the inverse Laplace transform in (7.46), we get
x(t) =100 (2 — e 3/12) 4+ 100 (1 — e 310/128) (¢ — 10).

Finally, dividing by the volume of the solution in the tank, which constantly equals to 500 L,

we conclude that
concentration = 0.4 — 0.2¢3/125 0.2 (1- e 3UT0/125) 4y (¢ — 10).
In this problem, the solution still enters the tank at the rate 12 L/min, but leaves the tank at

the rate only 6 L/min. Thus, every minute, the volume of the solution in the tank increases

by 12 — 6 = 6 L. Therefore, the volume, as a function of ¢, is given by 500 + 6¢ and so

t 3x(t
output rate = %—3675 (kg/L) x 6 (L/min) = #j—)?,t (kg/min).
Instead of equation (7.45) in Problem 61, we now have
: 3u(t) :
() =g(t) — 950 1 3¢ = (250 + 3t)z'(t) + 3x(t) = (250 + 3t)[48 + 24u(t — 10)].
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This equation has polynomial coefficients and can also be solved using the Laplace transform

method. (See the discussion in Section 7.5, page 380, and Example 4.) But, as an intermediate

step, one will obtain a first order linear differential equation for £ {z} (s).

EXERCISES 7.7: Convolution, page 405

1. Let Y(s) :== L{y} (s), G(s) := L{g} (s). Taking the Laplace transform of both sides of the

450

given differential equation and using the linear property of the Laplace transform, we obtain

LAy} (s) =2L{y'} (5) + Y (s) = G(s).
The initial conditions and Theorem 5, Section 7.3, imply that
LAy} (s) = sY(s)+1,
L{y"} (s) = s*Y(s) +s5— 1.
Thus, substitution yields

[s°Y(s) + s — 1] = 2[sY(s) + 1] + Y (s) = G(s)

= (s =2s+1)Y(s) =3 — s+ G(s)
3—s G(s) 2 1 G(s)
2—-2s+1 s2-2s+1 (s—1)2 s—1 (s—1)2°

= Y(s) =

Taking now the inverse Laplace transform, we obtain

=2 {2} 0- (I f o+ e (DR 0,

Using Table 7.1, we find that

c‘l{sil}(t):et, 5—1{(8_11)2}(t):tet,

and, by the convolution theorem,

c { (SG_<81>)2} (t) =L { e : NG G(s)} (t) = (te') * g(t) = Oj (t —v)e'"g(v) dv.
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Thus

t

y(t) = 2te’ — e + /(t —v)e"g(v) dv.

. Taking the Laplace transform of 3" + 4y’ + 5y = ¢(t¢) and applying the initial conditions
y(0) =¢'(0) = 1 gives us

[s°Y(s) — s — 1] +4[sY(s) — 1] +5Y(s) = G(s),

where Y(s) := L{y} (s), G(s) := L{g} (s). Thus

5+5 G(s) s+2 N 3 N G(s)
s24+4s+5  s2+4s+5  (s+2)2+1  (s+2)2+1  (s+2)2+1°

Y(s) =

Taking the inverse Laplace transform of Y (s) with the help of the convolution theorem yields

¢
y(t) = e cost + 3e ' sint + / e 2 gin(t — v)g(v) d..
0

. Since L71{1/s}(t) =1 and L7 {1/(s* + 1)} (¢) = sint, writing
1 1 1

s(s2+1) s s2+1
and using the convolution theorem, we obtain

t

1 t
-1 _ = 1 = 1 = — = —
L {3(32+1)}(t) 1 *sint /smvdv cosv | ;=1 — cost.
0

. From Table 7.1, L7 {1/(s — a)} (t) = e™. Therefore, using the linearity of the inverse Laplace
transform and the convolution theorem, we have

t

14 1 1
L' ————— () = 147 . 1) = 14~ % 5t:14/ =2(t-v) J5v g
{(3+2)(s—5)}() {3+2 3—5}() e xe e e’ dv
0
t
_ 146—2t/€7vdv:2€—2t (€™ —1) =2 (" — ) .

0
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9. Since s/(s*>+1)% = [s/(s* +1)] - [1/(s* + 1)] the convolution theorem tells us that

¢
r-1 {ﬁ} (t)y=L"" {3211 . 3211} (t) = cost *sint = /cos(t—v)sinvdv.
0

Using the identity sin acos § = [sin(a + () + sin(a — ()] /2, we get

t

c—l{ﬁ}(w - %/[smtﬂin(t—zv)]dv

0
cos(t — 2v)\ |’
2

B tsint
2

(v sint +

N | —

0

11. Using the hint, we can write

S 1 1

G112 512 (-Disr2)

so that by the convolution theorem, Theorem 11 on page 400 of the text,

et ® = a0 e ©

t
= e texe =+ / e e dv
0

t
t ot t
ot t ~3v ot € gt 2e €
= + dv = - — —1) = + —.
e e /e v=e 3 (e ) 3 3
0

13. Note that f(t) =t * 3. Hence, by (8) on page 400 of the text,

LUOH) =L OL{H} () =5 g = g

5?2 s

15. Note that .

/y(v) sin(t — v) dv = sint  y(t).
0
Let Y(s) := L{y} (s). Taking the Laplace transform of the original equation, we obtain

Y(s)+3L{sintxy(t)} (s) = LAt} (s)
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N Y(s)+3£{sint}(s)Y(s):S—12 S Y(s)+
s?+1 (1/4)  (3/8)2

Y = —=
= (5) s2(s?2 +4) s? s? + 22
o [ (@/4)  (3/8)2 _t  3sin2t
= y(t)=L { = O (t)_4+78 .
17. We use the convolution Theorem 11 to find the Laplace transform of the integral term.
t
Y(s)
L4 [E=vylv)dv o (s) = LAtxyt)} (s) = Lt} (5)LAy()} (s) = 5

0
where Y (s) denotes the Laplace transform of y(¢). Thus taking the Laplace transform of both

sides of the given equation yields

19. By the convolution theorem,

t

L /(t —v)’y(v)dv o (s) = L{t* xy(t)} (s) = L{t*} (s)L{y(t)} (s) =

0

Hence, applying the Laplace transform to the original equation yields

Y(s) + 2};28) = L{f+3}(s) = 8—64 +§
= - {Ho-s

21. As in Example 3 on page 402 of the text, we first rewrite the integro-differential equation as
y'(t) +y(t) —y(t) *sint = —sint, y(0) = 1. (7.47)

We now take the Laplace transform of (7.47) to obtain

[sY(s) = 1] +Y(s) — 2+ 1
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23.
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where Y(s) = L{y} (s). Thus,

52 S s

Y(s) = P+s2+s SLts+1  (s+1/2)%+3/4
s+1/2  (1/V3)(V3/2)
(s+1/2)2+3/4 (s+1/2)2+3/4

Taking the inverse Laplace transform yields

/2 V3t 1 . [V3
y(t) =-e /COS<7>—%6 /sm<7>.

Taking the Laplace transform of the differential equation, and assuming zero initial conditions,

we obtain

s*Y (s) +9Y (s) = G(s),

where Y = L{y}, G = L{g}. Thus,

The impulse response function is then

i = £ ey 0 = £ g o =g { i o =5

s2+9 52 + 32

To solve the initial value problem, we need the solution to the corresponding homogeneous
problem. The auxiliary equation, 72 + 9 = 0, has roots, 7 = £3i. Thus, a general solution to

the homogeneous equation is
yn(t) = C} cos 3t + Cysin 3t.
Applying the initial conditions y(0) = 2 and 3'(0) = —3, we obtain

2 =y(0) = (C4 cos 3t + Cy sin 3t) ’t:(): Cy, N C,=2,
—3 = y/(0) = (=3C sin 3t + 3C5 cos 3t |,_,= 3C, Cy=—1.

So
Yr(t) = 2 cos 3t — sin 3t,
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and the formula for the solution to the original initial value problem is

t

1
y=(h*g)(t)+y(t) = 3 /g('u) sin 3(t — v) dv + 2 cos 3t — sin 3t.
0

Taking the Laplace transform of both sides of the given equation and assuming zero initial

conditions, we get

L{y" =y =6y} (s) =L{yg(}(s) =  sV(s)—sY(s)—6Y(s) =G(s).

Thus,
_Y(s) 1 B 1
H) = G5 T =56 G312

is the transfer function. The impulse response function A(t) is then given by
1 —5v |t 3t -2t

t
_ -1 _ 3t 2t _ 3(t—v) ,~20 g _ 3t € | _ € €
h(t) =L {(3—3)(s+2)}(t> et xe /e e “dv=e 3, E
0

To solve the given initial value problem, we use Theorem 12. To this end, we need the solution

yk(t) to the corresponding initial value problem for the homogeneous equation. That is,

y' =y —6y=0, y(0)=1 y(0)=38
(see (19) in the text). Applying the Laplace transform yields

[s°Yi(s) — s — 8] — [sYi(s) — 1] — 6Yi(s) =0
s+7 s+ 7 2 1

Y — = e —
~ k(s) 2—s—6 (s—3)(s+2) s—3 s+2

S p) =L {Yk(s)}(t)zﬁl{ 2 ! }(t):2e3t—62t.

s—3 s+2

So,

y(t) = (h+g)(t) + yi(t) =

o] —

t
/ [63(t—v) . 6—2(t—v)} g(U) dv + 2€3t i 6—2t )
0
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27. Taking the Laplace transform and assuming zero initial conditions, we find the transfer func-

tion H(s).

s*Y (s) — 2sY (s) + 5Y (s) = G(s) = H(s) = =

Therefore, the impulse response function is

h(t) = L7 {H(s)} () = £ {m} (t) = %cl {ﬁ} (t) = %etsin%.

Next, we find the solution yx(t) to the corresponding initial value problem for the homogeneous
equation,

y' =2y +5y=0, y(0)=0, ¥ (0)=2.

Since the associated equation, 72 — 2r +5 = 0, has roots = 1 & 2i, a general solution to the

homogeneous equations is
yn(t) = e’ (C} cos 2t + Cysin 2t) .

We satisfy the initial conditions by solving

O: (O):Cl N 01:0,
2 ,(O) == Cl + 202 CQ =1

Hence, y(t) = €' sin 2t and

y(t) = (h*g)(t) +yp(t) = e Vsin 2(t — v)g(v) dv + €' sin 2t

N | —
o\“

is the desired solution.

29. With given data, the initial value problem becomes

5I"(t) + 20I'(t) + I(t)=e(t), I(0)=-1, I'(0)=S.

0.005
Using formula (15) on page 403 of the text, we find the transfer function
1

1 1
H(s) = S —
) = 52055200 5 (51224 6
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Therefore,

(1 1 1, 6 1,
h(t) =L {gm}(t)—%ﬁ {m}(t)—%e sin 6.

Next, we consider the initial value problem
51"(t) +20I'(t) + 2001 (t) = 0, I(0)=—-1, I'(0)=38

for the corresponding homogeneous equation. Its characteristic equation, 5r% 4 20r + 200 = 0,

has roots r = —2 4 64, which yield a general solution
I(t) = e (C} cos 6t + Co sin 6t) .

We find constants C'; and C5 so that the solution satisfies the initial conditions. Thus we have

—121(0)201, = 01:_17
8 = I'(0) = —2C) + 6C Cy=1,
and so I;(t) = e (sin 6t — cos 6t). Finally,
¢
/6(1))6_2(t_v) sin 6(t — v) dv + e (sin 6t — cos 6t) .

0

1

1(0) = (1) = e(t) + (1) = 5

By the convolution theorem, we get

L{ %151} (s) = L1} ()L {1% 1} (s) = £{1} ()L {1} ()L {1} (s) = (1) .

Therefore, the definition of the inverse Laplace transform yields

1*1*1:£1{%}(75):%/:1{%}(15):%162.

33. Using the linear property of integrals, we have

t t

frlgth) = /fu—mm+mwMUZ/f@—wmw+h@mn

= [ #e-vig)dos [ e -vnte)do = frgfh
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35.

37.
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Since

we conclude that
/ 1
c / F)do t () = £{1x fO)} (5) = £{1FS)L O} (5) =~ Fs).

Hence, by the definition of the inverse Laplace transform,

/j@yw:£4{§F@}uy

(Note that the integral in the left-hand side is a continuous function.)

Actually, this statement holds for any continuously differentiable function h(t) on [0, c0)

satisfying h(0) = 0. Indeed, first of all,

t 0
(s 9)©0) = [ he=vigt)do| = [(-v)gle)do =0
0 t=0 0
since the interval of integration has zero length. Next, we apply the Leibniz’s rule to find the

derivative of (h * g)(t).

(hxg)(t) = /h(t—v)g('u) dv :/WdeLh(t—v)g(v)

0 0
t t

:(/Mu—vm@yw+hmm@%j/ﬁu—UMWMw

0 0

v=t

since h(0) = 0. Therefore,

(h+ 9)(0) = / H(~v)g(v) dv =0,

again as a definite integral with equal limits of integration.



Exercises 7.8
EXERCISES 7.8: Impulses and the Dirac Delta Function, page 412

1. By equation (3) on page 407 of the text,

o0

/(t2 — Do) dt = (£ —1)|,_, = —1.

—0o0

3. By equation (3) on page 407 of the text,

o0

/(sin 3t)0 (t - g) dt = sin (3 : g) — 1

— 00

5. Formula (6) of the Laplace transform of the Dirac delta function yields

[e.o]

/6_%5(1& —Ddt=L{o(t—-1)}(2)=¢" }3:2: e 2.

0

7. Using the linearity of the Laplace transform and (6) on page 409 of the text, we get

L{8(t—1)—8(t—3)}(s) = L{8(t — 1)} (s) — L{O(t —3)} (s) = e — 7%,

9. Since §(t —1) =0 for t < 1,

LAt6(t — 1)} (s) := /e—stta(t —1)dt = / ot —1)dt =e 't |,_=e°
0 —00

by equation (3) on page 407 of the text.

Another way to solve this problem is to use Theorem 6 inj Section 7.3. This yields

d d(e™®)

L{8(E = 1)} (s) = = L{8(t = D} (s) = === ="

11. Since 6(t — m) = 0 for ¢t < 7, we use the definition of the Laplace transform and formula (3),

page 407 of the text, to conclude that

L{(sint)8(t — )} (s) = / e~ (sin )3t — ) dt — / e~ (sin)3(t — ) df — e~ sin 7 — 0.
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13. Let W(s) := L{w}(s). Using the initial conditions and Theorem 5 in Section 7.3, we find
that
L{w"} (s) = s*W(s) — sw(0) — w'(0) = s*W(s).

Thus, applying the Laplace transform to both sides of the given equation yields

e

SW(s)+W(s)=L{d(t—7)}(s) =€ = W(s) = 2i1

Taking the inverse Laplace transform of both sides of the last equation and using Theorem 8

in Section 7.6, we get

w(t) = £ {S‘jfl} (1) = £ { ! } (t—m)u(t—) = sin(t—m)u(t—7) = —(sin t)u(t—).

s2+1

15. Let Y := L{y}. Taking the Laplace transform of y” + 2y’ — 3y = d(t — 1) — (¢t — 2) and
applying the initial conditions y(0) = 2, y’(0) = —2, we obtain

[s°Y(s) =25 +2] +2[sY(s) —2] =3V (s) = L{o(t —1) —6(t —2)} (s) = e * —e >
_ 2s+2+4+e 5 —e 28 2s + 2 e’ e~ 2

= Y (s)

s2+2s—3 _(s+3)(3—1)+(s+3)(3—1) (s+3)(s—1)
Lo b e 1 e (1 1
Cs—1 s+3 4 \s—1 s+3 4 \s—1 s+3)’

so that by Theorem 8 on page 387 of the text we get

1
y(t) =e' +e 3+ - (et_1 — 6_3(t_1)> u(t—1) — - (et_2 — e_g(t_2)) u(t — 2).

4

17. Let Y := L{y}. We use the initial conditions to find that

L{y"} (s) = s*Y (s) = sy(0) — y/(0) = s°Y (s) — 2.
Thus taking the Laplace transform of both sides of the given equation and using formula (6)
on page 409, we get

(52 (s) — 2]~ ¥ (5) = 4L {A(t ~ 2)} (5) + L{} (5) = 4> +

de=?  2(sP+ 1) 1 1 2 2 2
N Y(s) = — 2% _ -z
(s) 82—1+83(82—1) ‘ s—1 s+1 +s—1 3 s
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Now we can apply the inverse Laplace transform.
1 1 2 2 2
t — ‘Cfl 2 -2s( - e - "
y(t) {6 (3—1 s+1)+s—1 s3 s}()

= 2(£‘1{8i1}—£—1{8i1}) (t —2)u(t —2)
1

= 2(e"? = u(t —2) + 2" — 7 — 2.

19. Let W (s) := L{w} (s). We apply the Laplace transform to the given equation and obtain
L{w"} (s) +6L{w'} (s) +5W(s) = L{e'd(t—1)} (s). (7.48)

From formula (4) on page 362 of the text we see that

LA{w'} (s) = sW(s) —w(0) = sW(s), (7.49)
LA{w"} (s) = s*W(s) — sw(0) —w'(0) = s*W(s) — 4. .
Also, the translation property (1), Section 7.3, of the Laplace transform yields
L8t —-1)}(s)=L{t -1} (s—1)=e T =el". (7.50)

Substituting (7.49) and (7.50) back into (7.48), we obtain

[s°W (s) — 4] + 6 [sW(s)] +5W (s) =e'~*
4+ el=s 4+ el=s 1 1 ¢ S( 1 1 >

= W(S):32+6s+5:(3+1)(3+5) !

s+1 s+5

s+1 s+5 + 4 c
Finally, the inverse Laplace transform of both sides of this equation yields

w(t)=e 't —e ™ 4 Z [e_(t_l) - 6_5(t_1)] u(t—1).

21. We apply the Laplace transform to the given equation, solve the resulting equation for

L{y} (s), and then use the inverse Laplace transforms. This yields

L{y"} (s) + L{y} (s) = L{8(t = 2m)} (s)

461



Chapter 7

S FLOE - Lh = > Ll =
Sy =L {3211} (6) + £ {5211} (t — 2m)ult — 27)
=sint + [sin(t — 2m)]u(t — 27) = [1 + u(t — 27)] sint.
The graph of the solution is shown in Figure B.49 in the answers of the text.
23. The solution to the initial value problem
y'+y=46(t—2m), y(0)=0, y(0)=1
is given in Problem 21, that is
y1(t) = [1 4+ u(t — 27)] sint.
Thus, if y(t) is the solution to the initial value problem
Y by——8t-m),  y(0)=0, ¥(0)=0, (751)

then, by the superposition principle (see Section 4.5), y(t) = y1(t) + yo(t) is the desired
solution. The Laplace transform of both sides in (7.51) yields

—TSs

SLY () + L{yY () =—™ = L{y}(s)=—

s2+1
1
= t)y=—L£1
a(t) {32+1

} (t —mu(t —m) = —[sin(t — m)]u(t — 7) = u(t — 7)sint.

(We have used zero initial conditions to express £{y”} in terms of £ {y}.) Therefore, the

answer is
y(t) = y1(t) + y2(t) = [1 +u(t — 2m)]sint + u(t — m)sint = [1 + u(t — ) + u(t — 27)] sint.
The sketch of this curve is given in Figure B.50.
25. Taking the Laplace transform of y” + 4y’ 4+ 8y = d(t) with zero initial conditions yields
s2Y (s) +4sY (s) +8Y (s) = L{d(t)} (s) = 1.
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Solving for Y'(s), we obtain

Y= — L _ 1 1 2
VT2 4s+8 (s+22+4 2(s+2)2+22
so that
1 2 1
h(t) =L s b (1) = — e *sin2t.
(0 {Q(SH)MZ}() L g

Notice that H (s) for y"+4y'+8y = g(t) with y(0) = y/(0) = 0is given by H(s) = 1/(s*+4s+8),
so that again

h(t) = LM {H(s)}(t) = % e 2 sin 2t .

The Laplace transform of both sides of the given equation, with zero initial conditions and

g(t) = (1), gives us

s"L{y} (s) = 2sLA{y} (s) +5L{y} (s) = L{d(1)} (s)

1 1
= ['{3/}(5):82_28+5:(8_1)2+22'

The inverse Laplace transform now yields

h(t)=L" {m} (t) = %ﬁ—l {(:S—EW} (t) = %etsin%.

We solve the given initial value problem to find the displacement x(t). Let X (s) := L {z} (s).
Applying the Laplace transform to the differential equation yields

L{z"} (s) +9X(s) =L {—35 <t - g)} (s) = —3e™™/2

Since

L{z"} (s) = s*X(s) — s2(0) — 2/(0) = s*X(s) — s,
the above equation becomes

_ 9,—7s/2
2 —7s/2 S 3e _ S —7s/2 3
(X () =s] +9X(s) = =37 = X(s)=—F =g ¢ ai

Therefore,
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31.
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— cos3t— [sin?;(t—%)} u(t—%) = [1—u<t—g>} cos 3t .

Since, for t > 7/2, u(t — 7/2) = 1, we conclude that

z(t) =0 for t>g.

This means that the mass stops after the hit and remains in the equilibrium position thereafter.
By taking the Laplace transform of
ay” + by =cy=4(t), y(0) = ¢'(0) =0,

and solving for Y := L {y}, we find that the transfer function is given by

1
H(s) = ————.
() as® +bs +c
If the roots of the polynomial as? + bs + ¢ are real and distinct, say ry, ry, then
H(s): 1 :1/(7"1—7"2)_1/(7"1—7"2).
(s —r1)(s —rg) s —r S — 1y
Thus
1
h t) = rit _ _rot
(1) = - (e = ™)

and clearly h(t) is bounded as ¢t — oo if and only if 71 and ry are less than or equal to zero.

If the roots of as® + bs + ¢ are complex, then, by the quadratic formula, they are given by

b n \/4ac—b2i

" 2a 2a
so that the real part of the roots is —b/(2a). Now
R B S R !
as?+bs+c a s+ (b/a)s+ (c¢/a) a [s+b/(2a)]?+ (dac —b?)/(4a?)
) VIae =T/ (2a)
T Viac—B0 s+ b/(20)? + [Vaac — B/ (2a))?
so that

2 Viac — 12
h(t) = (/20 o (Lb t) ,

Vdac — b? 2a

and again it is clear that h(t) is bounded if and only if —b/(2a), the real part of the roots of

as® + bs + c, is less than or equal to zero.
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Let a function f(¢) be defined on (—o0,00) and continuous in a neighborhood of the origin,

t = 0. Since 6(t) = 0 for any ¢ # 0, so does the product f(t)d(t). Therefore,
/ f(&)o(t)dt = /f(t)(i(t) dt for any € > 0. (7.52)

By the mean value theorem, for any £ small enough (so that f(t) is continuous on (—¢,¢))

there exists a point (. in (—¢, ) such that

/ FO8(t) dt = £ (C.) / 5(t)dt = f (¢.) / S(tydt = f(C.).

Together with (7.52) this yields
/ f@)o(t)dt = f(¢), for any € > 0.

Now we take limit, as € — 0, in both sides.

e—0 e—0

iy | [ £(08(2)dt| =m0

Note that the integral in the left-hand side does not depend on ¢, and so the limit equals
to the integral itself. In the right-hand side, since (. belongs to (—¢,¢), ( — 0 as ¢ — 0,
and the continuity of f(¢) implies that f((.) converges to f(0), as ¢ — 0. Combining these

observations, we get the required.
Following the hint, we solve the initial value problem

ElyY(z) = Lé(z =),  y(0)=4'(0) =0, y"(0) = A, y"'(0) = B.
Using these initial conditions and Theorem 5 in Section 7.3 with n = 4, we obtain

£{yD (@)} () = sL {y(2)} (s) — sA — B,
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and so the Laplace transform of the given equation yields
EI [s"L{y(z)}(s) —sA— B] = LL{8(z — \)} (s) = Le ™.

Therefore,

L)) = 25 S + 5+

PR
= y(x)zﬁ_l{%%:s-l—s—é-i—g}@)

— %3!5—1 {z’—i} (x = Nu(z — N + %E—l {i—;} (x) + gﬁ‘l {j—i} (x)

- 6% (z — N)u(z — \) + é:f + %x?’. (7.53)

Next, we are looking for A and B such that y”(2)\) = y”(2)\) = 0. Note that, for x > A,
u(z — A) = 1 and so (7.53) becomes

L A B
y(x) = @(x—)\)3+§x2+ Ex:g.
Differentiating we get
" L " L
y(x):ﬁ(x—)\)jLA—i-Bx and y (x):ﬁ—i-B.

Hence, A and B must satisfy

0=19y"(2)\) = [L/(ED)](2\ — X) + A+ 2B, N A= \L/(EI),

0=vy"(2\)=L/(El)+ B B=—-L/(EI).

Substitution back into (7.53) yields the solution

y() =

= 5EI [(z — N u(z — \) + 3 2” — 2?] .

EXERCISES 7.9: Solving Linear Systems with Laplace Transforms, page 416

1. Let X(s) = L{z}(s), Y(s) = L{y} (s). Applying the Laplace transform to both sides of the

given equations yields

L{a'} (s) = 3X(s) —2Y(s), (7.54)
3 .

LAy} (s) = 3Y(s) = 2X(s).
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Since

LA{z'} (s) = sX(s) —z(0) = sX(s) — 1,

LAy} (s) = sY(s) —y(0) = sY(s) — 1,
the system (7.54) becomes
sX(s) —1=3X(s)—2Y(s), N (s —3)X(s) +2Y(s) =1, (7.55)
sY(s) —1=3Y(s) —2X(s) 2X(s)+ (s —3)Y(s) = 1.

Subtracting the second equation from the first equation yields
(s=5)X(s)+(b—9)Y(s)=0 = X(s) =Y(s).

So, from the first equation in (7.55) we get

(s—3)X(s) +2X(s) =1 = X(s)zsi1 N x(t)zﬁ_l{ ! }(t):et.

Since Y'(s) = X(s), y(t) = z(t) = €.
. Let Z(s) = L{z} (s), W(s) = L{w} (s). Using the initial conditions we conclude that
L2} (s)=5Z(s) —2(0) =sZ(s) — 1, L{w'}(s)=sW(s)—w(0) =sW(s).

Using these equations and taking the Laplace transform of the equations in the given system,

we obtain
[sZ(s) — 1]+ [sW(s)] = Z(s) — W (s), N (s —1)W(s)+ (s+ 1)W(s) =1, (7.56)
sZ(s) — 1] = [sW(s)] = Z(s) — W(s) (s—=1)W(s)—(s—1)W(s) =1

Subtracting equations yields

2sW(s) =0 = W(s)=0 = w(t) =L71{0}(t) = 0.
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5. Denote X(s) = L{z}(s), Y(s) = L{y} (s). The Laplace transform of the given equations

468

yields
LA{a} (s) =Y (s) + L{sint} (s),

LAy} (s) = X(s) + 2L {cos ) (s),
which becomes
sX(s)—2=Y(s)+1/(s*+1), _ sX(s)—Y(s) = (28 +3)/(s* + 1),
sY(s) = X(s) +2s/(s*+1) —X(s) + sY(s) =2s/(s* + 1)

after expressing £ {2’} and £ {y'} in terms of X (s) and Y(s). Multiplying the second equation
by s and adding the result to the first equation, we get

2 45" +3 B 45 +3
E-0YO =577 7 YO -gooerneen

Since the partial fractions decomposition for Y'(s) is

4s* + 3 7/4 7/4 1/2

(s—1)(s+1)(s2+1) s—1 s+1 s2+1’

taking the inverse Laplace transform yields

From the second equation in the original system,

7 7
= ,—2 = — ¢ —_et 2 .
z(t) =y cost 46 +4e 5 cost

We will first write this system without using operator notation. Thus, we have

2 — 4x + 6y = 9e73t
Y (7.57)
r—y +y=>5e",
By taking the Laplace transform of both sides of both of these differential equations and using

the linearity of the Laplace transform, we obtain

LA{x'}(s) —4X(s)+6Y(s) =9/(s+3),

(7.58)
X(s) = L{y'}(s)+Y(s) =5/(s+3),
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where X(s) and Y'(s) are the Laplace transforms of x(t) and y(t), respectively. Using the
initial conditions z(0) = —9 and y(0) = 4, we can express

LA{z'} (s) =sX(s) —x(0) = sX(s) + 9,
LAy} (s) = sY(s) —y(0) = sY(s) — 4.

Substituting these expressions into the system given in (7.58) and simplifying yields

9  —9s—18
— 4)X(s) + 6Y(s) = —9 -
(s —4)X(s) + 6Y(s) T3S a3
5 —ds—7T
X s+ 1)Y(s) = —4 = .
() (o DY) = i T =

By multiplying the second equation above by —(s — 4), adding the resulting equations, and
simplifying, we obtain
4s+T)(s—4) —9s—18 4s* —18s—46

s+3 * s+3 s+3
452 — 185 — 46

(s +3)(s2—5s+10)

(s° = 5s+10) Y (s) = (

= Y(s)=

Note that the quadratic s — 5s + 10 = (s — 5/2)% + 15/4 is irreducible. The partial fractions

decomposition yields

Y(s) 1 46s — 334 n 22
5) = —
17 | (s =5/2)2+15/4  s+3
1 s—5/2 146+/15 V15/2
= — |46 - + 22 ,
17 (s—5/2)24+15/4 5 (s—5/2)24+15/4 s+3
and so
46 15t 146+/15 15t 22
y(t) =LY (s)} (t) = 17 e*? cos <\/2_ ) - 8\5/_ e*/? sin <\/_T> + 7 e 3,
From the second equation in the system (7.57) above, we find that
115 15t
w(t) = 57 +y(t) —y(t) =57 + T e®/2 cos <\/_T>
— 23V15 + 73V15 e?/% gin —\/ﬁt _ 29 e®/2 cos —\/ﬁt — @e’&
17 17 2 17 2 17
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150 s <\/;5t> - 334\5/ﬁ g <\/15t> 3

17 8 2 | 17°

9. Taking the Laplace transform of both sides of both of these differential equations yields the
system
LA{a"} (s) + X(s) +2L{y'} (s) = 0,
—3L{x"} (s) —3X(s)+2L{y"} (s) +4Y (s) =0,
where X (s) = L{x} (s), Y(s) = L{y} (s). Using the initial conditions z(0) = 2, 2/(0) = -7
and y(0) =4, y'(0) = —9, we see that

L{2"} (s) = s*°X(s) — s2(0) — 2/(0) = s> X (s) — 25 + 7,
L4} (5) = $Y(5) — 4(0) = 57 () — 4,
L{y"}(s) = s*Y(s) — sy(0) — y/(0) = s*Y (s) — 45 + 9.

Substituting these expressions into the system given above yields

[$2X (s) — 25+ 7] + X (s) + 2[sY(s) — 4] = 0,
—3[s?X(s) =25+ 7] —3X(s) + 2[s?Y(s) —4s+ 9] + 4Y (s) = 0,
which simplifies to
(s2+1) X(s) +2sY(s) =25+ 1, (7.50)
—3(s*+1)X(s) +2(s*+2)Y(s) =25+ 3.
Multiplying the first equation by 3 and adding the two resulting equations eliminates the

function X (s). Thus, we obtain

4s + 3 5 1
25 +6s+4)Y(s) =85+6 =  Y(s)= = -
(25" + 65 +4) Y (s) = 85 + (5) (s+2)(s+1) s+2 s+1°

where we have factored the expression 2s* + 6s + 4 and used the partial fractions expansion.

Taking the inverse Laplace transform, we obtain

y(t) = LY (s)} (t) =5L7" { ! } (t) — £~ { ! } (t) = 5e 2 — et

s+ 2 s+ 1

To find the solution z(t), we again examine the system given in (7.59) above. This time we

will eliminate the function Y'(s) by multiplying the first equation by s? + 2 and the second
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equation by —s and adding the resulting equations. Thus, we have

(s°+3s+2) (s +1) X(s5) =28 — " + 5+ 2
2s° — s +s5+2

(s+2)(s+1)(s2+1)"

Expressing X (s) in a partial fractions expansion, we find that

4 1 S

= X(s) =

X(s) = — —
(5) s+2 s4+1 s2+1
and so
4 1 S
t) = L1 — — t) =4e 2 — et — cost.
o) = £ g~ g g O e e s

Hence, the solution to this initial value problem is
w(t) =4e* —e ' —cost and y(t)=5e * —e .
. Since
L{z'} (s) =sX(s) —x(0) =sX(s) and
LAy} (s) = sY(s) = y(0) = sY(s),
applying the Laplace transform to the given equations yields

sX(s)+Y(s)=LA{l—u(t—2)}(s)

s s s
X(s)+sY(s)=L{0}(s)=0.
From the second equation, X(s) = —sY'(s). Substituting this into the first equation, we
eliminate X (s) and obtain
1 — —2s
—Y(s) £ Y(s) = — ¢
s

= Y(s):%:(l—e_%)(l—ﬂ— 1/2).

Using now the linear property of the inverse Laplace transform and formula (6) on page 387,
we get

y(t) = 51{1—1—/2— 1/2 }(t)—,cl{l—l—p— 1/2 }(t—2)u(t—2)

s s—1 s+1 s s—1 s+1
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el 4 et el=2 4 o—(t=2)

= 1- — 1= —— | u(t —2).

- ——utt-2)
Since, from the second equation in the original system, © = —y/, we have

bt t—2 | —(t—2)

wt) = —q1-CEC oS Tl

2 2

t_ ot t—2 _ —(t—2)
_ -t e e ult —2).
2 2

Since, by formula (8) on page 387 of the text,

—TS

£{(simt)ut — m)} (s) = ¢ L {sin(t + )} () = ¢ L {—sint} () =~ o

I

applying the Laplace transform to the given system yields

LAz} (s) = L{y'} (s) = L{(sin)u(t — m)} (s),
LAz} (s) + L{y'} (s) = L{0} (s)

= [sX(s) = 1] = [sY(s) ~ 1] = 5~

X(s)+[sY(s)—1] =0,

where we have used the initial conditions, #(0) = 1 and y(0) = 1, and Theorem 4, Section 7.3,
to express L£{x'} (s) and L{y'} (s) in terms of X(s) = L{z} (s) and Y (s) = L{y} (s). The

above system simplifies to

677'('8

Cs(s2+ 1)
X(s)+sY(s)=1.

X(s) =Y(s) =

From the second equation, X (s) = 1 — sY(s), and with this substitution the first equation
becomes
€_7r5

=Y () =Y(9) =~y = VI9) = [1+

e 11 _ 1 e
s(s24+1)]s+1 s+1 s(s+1)(s2+1)

Using partial fractions we express

1 +e”[1— 12 (1/2)s 1/2]

s+1 s s4+1 s24+41 s241

Y(s) =
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and so
—t L ey 1 1.
y(t) = e '+ 1—56 —§cos(t—7r)—§sm(t—7r) u(t —m)
1 1 1
= e '+ [1 —3 e~t=m 4 5 cost + 3 sint] u(t —m).
Finally,
/ N LTI 1
x(t) =—y'(t) =" — 53¢ —ésmt—i—écost u(t —m).

First, note that the initial conditions are given at the point ¢ = 1. Thus, for the Laplace

transform method, we have to shift the argument to get zero initial point. Let us denote
u(t):=z(t+1) and  o(t):=y(t+1).
The chain rule yields
u(t)=2'(t+1D)t+1) =2(t+1), Jt)=y't+1)t+1) =y ({t+1).
In the original system, we substitute ¢ + 1 for ¢ to get
dt+1)=2yt+1) =2,
P4+ +zt+1) -y t+1)=(t+1)+2(¢+1) -1,
and make u and v substitution. This yields
u'(t) —20(t) =2,
w(t)+ult)—vEt) = +1)*+2(t+1) —1=1*+4t+ 2

with initial conditions u(0) = 1, v(0) = 0. Taking the Laplace transform and using formula
(2) on page 361 of the text, we obtain the system

SU(s) ~1] = 2V(5) = =

[sU(s) = 1]+ U(s) —sV(s) ==+ =+ —,

where U(s) = L{u} (s), V(s) = L{v} (s). Expressing

2V(s) 2 1
- + D) +
S S S

U(s)
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from the first equation and substituting this into the second equation, we obtain
2 2V(s) 2 1 2 4 2
) T Tl e W
L + V(s)} + [ o tat J sV (s) staty
which yields
1 2 2 1
V(s) = = Uis)==+—5+-.

s?
Applying now inverse Laplace transforms yields
s?

ult) =t +2t+1=(t+1)7 v(t)zﬁl{l}(t):t.

Finally,
r(t)=ut—1)=t and yt)=ov{t—1)=t—1.

17. As in Problem 15, first we make a shift in ¢ to move the initial conditions to ¢t = 0. Let
u(t) == x(t + 2) and  o(t) =yt +2).

With ¢ replaced by ¢t + 2, the original system becomes

2(t+2) +x(t+2) —y(t+2) = 2te’,
Z(t+2) =2 (t+2) —2y(t+2) = —¢€

0 ) v =
() = (t) = 20(t) = —€', v(0) = 1.

Applying the Laplace transform to these equations and expressing £ {u"}, £{u'}, and L {v'}
in terms of U = L {u} and V = L {v} (see formula (4) on page 362 of the text, we obtain

[sU(s)]+ U(s) — [sV(s) —1] =2L {tet} (s) =

1
s—1°

(s —1)%

[s°U(s) — 1] — [sU(s)] — 2V (s) = —

We multiply the first equation by 2, the second equation by s, and subtract the resulting
equations in order to eliminate V'(s). Thus we get
s 4

[3(32—3)—2(3—1—1)}U(3):3—8_1—(S_1>2+2
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s3— %2 —25—2 1
(s—1)2

= (s° —s* =25 =2)U(s) =

The inverse Laplace transform then yields
1
u(t) = £ {m} (t) = te* = (t) =u(t —2) = (t —2)e 2.

We find y(¢) from the second equation in the original system.

u(t) = 2" (t) — x;(t) + ™2 _ tet™2 — (¢ —21)€t_2 +et2 _ 2

We first take the Laplace transform of both sides of all three of these equations and use the
initial conditions to obtain a system of equations for the Laplace transforms of the solution

functions:
sX(s)+6=3X(s)+Y(s)—2Z(s),
sY(s) —2=—X(s)+2Y(s) + Z(s),
sZ(s)+12=4X(s)+Y(s) —3Z(s).
Simplifying yields
(s —3)X(s) =Y (s) +2Z(s) = —6,
X(s)+(s—2)Y(s)— Z(s) = 2, (7.60)
—4X(s) = Y(s)+ (s+3)Z(s) = —12.
To solve this system, we will use substitution to eliminate the function Y'(s). Therefore, we

solve for Y'(s) in the first equation in (7.60) to obtain
Y(s) = (s—3)X(s)+2Z(s) +6.
Substituting this expression into the two remaining equations in (7.60) and simplifying yields

(s> —=B5s+7)X(s)+ (2s —5)Z(s) = —6s + 14,

—(s+1)X(s) + (s +1)Z(s) = —6. (7.61)

Next we will eliminate the function X (s) from the system given in (7.61). To do this we can
either multiply the first equation by (s + 1) and the second by (s* — 5s + 7) and add, or we
can solve the last equation given in (7.61) for X (s) to obtain

6

— .62
o (7.62)

X(s)=Z(s)+
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and substitute this into the first equation in (7.61). By either method we see that

—12s% + 385 — 28 —125% + 385 — 28

(Sl P e ey P

Now, Z(s) has the partial fraction expansion

—13 1

Z(s) = .
(S) s—|—1+s—1

Therefore, by taking inverse Laplace transforms of both sides of this equation, we obtain

2(t) =L Z(s)} (1) = L7 {s_—i?)l + . i 1} (t) = —13e " + €'

To find X (s), we will use equation (7.62) and the expression found above for Z(s). Thus, we

have

6 —13 1 6 —7 1
X :Z = =
(5) (8)+3+1 3+1+s—1+3+1 3+1+s—1

= x(t) =L {X(s)}(t) =L {3171 + i 1} (t)y=—=Te " +¢'.

To find y(t), we could substitute the expressions that we have already found for X (s) and
Z(s) into the Y(s) = (s — 3)X(s) + 2Z(s) + 6, which we found above, or we could return to
the original system of differential equations and use z(t) and z(t) to solve for y(t). For the

latter method, we solve the first equation in the original system for y(¢) to obtain

y(t) = 2/(t) — 3z(t) + 22(¢)
= Tel4+e +2let —3e" —26e7 !+ 2t =27,

Therefore, the solution to the initial value problem is

z(t) = —Te "+ €, y(t) =277, 2(t) = —13e " + €'\

We refer the reader to the discussion in Section 5.1 in obtaining the system (1) on page 242 of
the text governing interconnected tanks. All the arguments provided remain in force except

for the one affected by the new “valve condition”, which the formula for the input rate for
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the tank A. In Section 5.1, just fresh water was pumped into the tank A and so there was no
salt coming from outside of the system into the tank A . Now we have more complicated rule:
the incoming liquid is fresh water for the first 5 min, but then it changes to a solution having

a concentration 2 kg /L. This solution contributes additional
2 (kg/L) x 6 (L/min) = 12 (kg/min)

to the input rate into the tank A. Thus, from the valve, we have

0, t<5
’ ’ = 12u(t — 5) (keg/min
{12, S (t = 5) (kg/min)

of salt coming to the tank A. With this change, the system (1) in the text becomes

¥ =—x/3+y/12 + 12u(t — b),
y =x/3—1y/3.

Also, we have the initial conditions z(0) = xy = 0, y(0) = yo = 4. Let X := L{z} and

(7.63)

Y := L {y}. Taking the Laplace transform of both equations in the system above, we get

LA{z'} (s) = —% X(s)+ % Y(s)+ 12L {u(t — 5)} (s),
1 1

L{y}s) = 5 X(5) ~ 5 Y ()

Since £ {u(t —5)} (s) = e /s and
£ 2"} (5) = sX(s) — 2(0) = sX(s),
LA} (5) = sY(s) — 4(0) = ¥ (5) — 4,

we obtain

which simplifies to

435+ 1) X (s) — Y(s) = 14486_55 ,

—X(s) + (35 + 1)Y(s) = 12.
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From the second equation in this system, we have X (s) = (3s + 1)Y(s) — 12. Substitution
into the first equation yields

| 14de

s

= [4(3s+ 1) = 1] Y(s) = 48(3s+ 1) +

435+ 1)[(3s + 1)Y (s) — 12] — Y (s)

144¢75

Note that
4(3s+1)* —1=[2(3s+1) +1]-[2(3s + 1) — 1] = (65 + 3)(65 + 1) = 36 (s—l—%) (s—I—é) :
Therefore,
Y(s) — 4(3s +1) A
T 35+ 1/2)(s+ 1/6) ' s(s +1/2)(s + 1/6)
B 2 2 _5s | 48 24 72
T G112 (Grie € {?+ s+1/2 s+1/6] ’

where we have applied the partial fractions decomposition. Taking the inverse Laplace trans-
form and using Theorem 8 in Section 7.6 for the inverse Laplace transform of the term having

the exponential factor, we get

R R
+ [4851 {é} +24L71 {S +11/2} — 7207t {8 +11/6 H (t —5)u(t —5)

2e7t2 4+ 276 4 [48 + 24e~t=5)/2 _ 726_(t_5)/6] u(t —5).

From the second equation in (7.63), after some algebra, we find z(t).

2(t) =3y/(t) +y = —e 2+ 70 4 [48 — 12e779/2 — 36~ =0)/0] y(t — 5).

Recall that Kirchhoft’s voltage law says that, in an electrical circuit consisting of an inductor

of LH, a resistor of R, a capacitor of C'F, and a voltage source of E'V,

E,+ Er+ Ec = E, (7.64)
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where Fp, Fg, and Eo denote the voltage drops across the inductor, resistor, and capacitor,

respectively. These voltage grops are given by

dl q

Er,=L— Er = RI Eo == 7.65
L dta R ’ C C) ( )

where I denotes the current passing through the correspondent element.

Also, Kirchhoff’s current law states that the algebraic sum of currents passing through any

point in an electrical network equals to zero.

The electrical network shown in Figure 7.28 consists of three closed circuits: loop 1 through
the battery, R; = 2 resistor, ;1 = 0.1 H inductor, and L, = 0.2 H inductor; loop 2 through
the inductor Ly and Ry = 12 resistor; loop 3 through the battery, resistors Ry and Ry, and
inductor Ly. We apply Kirchhoft’s voltage law (7.64) to two of these loops, say, the loop 1 and
the loop 2, and (since the equation obtained from Kirchhoff’s voltage law for the third loop is
a linear combination of the other two) Kirchhoff’s current law to one of the junction points,
say, the upper one. Thus, choosing the clockwise direction in the loops and using formulas

(7.65), we obtain

Loop 1:
Ep,+Ep, +E,=FE = 2 +0.11,+0.2I] = 6;

Loop 2:
EL1 —|—E'R2 =0 = 01]§—12:0
with the negative sign due to the counterclockwise direction of the current /5 in this loop;
Upper junction point:
[1 - [2 - [3 - O

Therefore, we have the following system for the currents Iy, I5, and I3:

21, 4 0.1I5 + 0.21, = 6,
0.114 — I, = 0, (7.66)
[1 - [2 - [3 == O

479



Chapter 7

with initial conditions I;(0) = I5(0) = I35(0) = 0.
Let I (s) := L{I} (s), Ia(s) := L {2} (s), and I3(s) := L{I3} (s). Using the initial condi-

tions, we conclude that
LA} (s) = sIi(s) — [(0) = sIy(s),
LA} (s) = sIz(s) — I3(0) = sI(s).
Using these equations and taking the Laplace transform of the equations in (7.66), we come
up with
(0.2s +2)I;(s) + 0.1sI3(s) = g :
0.1sI3(s) — Ix(s) =0,
Li(s) —Ix(s) —I3(s) =0
Expressing I»(s) = 0.1sI3(s) from the second equation and substituting this into the third

equation, we get
Ii(s) — 0.1sI3(s) — I3(s) =0 = Ii(s) = (0.1s + 1)I5(s).
The latter, when substituted into the first equation, yields
(0.2s 4+ 2)(0.1s + 1)I5(s) + 0.1sI3(s) = g

= [2(0.15 + 1)% 4 0.15] I3(s) =
. 6 B 300
= 3(s) = s[2(0.1s +1)2+0.1s]  s(s+20)(s+5)

We use the partial fractions decomposition to find that

» |

3 1 4
I = - —
) =S50 5hs
and so
3 1 4
Liit)=L71¢= — t) =3+ e 20 — 47t
(1) {s+s—|—20 s+5}() e ‘

Now we can find I5(¢) using the second equation in (7.66).
L(t) = 0.175(t) = 0.1 (3 + 72 — de™)" = —2¢72 4 275
Finally, the third equation in (7.66) yields

L(t) = L(t) + I(t) =3 — e — 277",
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REVIEW PROBLEMS: page 418

1. By the definition of Laplace transform,

LA{f}(s)= 76_8tf(t) dt = /26_8t(3) dt + 76_8t(6 —t)dt.

For the first integral, we have

2

3 —st
/ e (3)dt = 25

—S
0

231 — e )

=0 S

The second integral is an improper integral. Using integration by parts, we obtain

=M M efst
/ (—1)dt
2

00 M

—st
/ et 6 —t)dt = lim [e*(6—t)dt= lim |(6—t)

M—o0 M—oo -

S | -5

t=M
t=2

L= deR 73 (1 ! ) |

s s 52

2

- -
S S 52

—2s - —sM —st
— im [46 (6 —M)e e

Thus

s 52

3. From Table 7.1 on page 358 of the text, using the formula for the Laplace transform of e®¢"

with n = 2 and a = —9, we get

9 _ot B 2! B 2
O = P = oy

5. We use the linearity of the Laplace transform and Table 7.1 to obtain

LA =+ 1% —sin5t} (s) = L{e*}(s) = L{*} (5) + L {7} (s) = L {sin 5t} (s)
1 32! 5 1 6 2 5!

s—2 st 3 2452 592 g g8 295
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7. We apply Theorem 6 in Section 7.3 and obtain

L {tcos6bt} (s) = —%E {cos6t} (s) = d [

df s (2 +36) —s(25) s? — 36
ds B

52 + 62 (s2+36)2  (s2+36)2°

9. We apply formula (8), Section 7.6, on page 387 of the text and the linear property of the

Laplace transform to get

L{Put—4)}(s) = e™L{{t+4)}(s)=e"L{t*+8s+16}(s)

= ¥ E—I—E-I—E = 2% i+£+§
a s3 g2 s ) 3 s2 s/

11. Using the linearity of the inverse Laplace transform and Table 7.1 we find

e {rap 0= 8 ) 0=

13. We apply partial fractions to find the inverse Laplace transform. Since the quadratic poly-

nomial s + 4s + 13 = (s + 2)? + 3% is irreducible, the partial fraction decomposition for the

given function has the form

42+ 13s+19 A +B(s+2)+(](3)
(s—1)(s2+4s+13) s—1 (5 +2)2+ 32

Clearing fractions yields
45 +13s+19=A[(s +2)*+ 3} + [B(s +2) + C(3)](s — 1) .
With s = 1, this gives 36 = 184 or A = 2. Substituting s = —2, we get
9=94-9C = C=A-1=1.
Finally, with s = 0, we compute
19=134+ (2B+3C)(-1) =  B=2.

Thus
452 + 135+ 19 2 2(s+2) + (1)(3)

G2 +4ds+13) s—1" (s+22+3
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and so

E_L{w:%SgSTZZEz@}(” S ey IR T femeea i 1

£ o) 0

= 2¢' + 2% cos3t+ e Hsin3t.

The partial fraction decomposition for the given function has the form

2s24+3s—1 A N B C  Als+2)+B(s+1)(s+2)+C(s+1)?
(s+1)2(s+2) (s+1)2 s+1 s+2 (s +1)%(s+2) '
Thus

25> +3s—1=A(s+2)+ B(s+1)(s+2) + C(s +1)°.

We evaluate both sides of this equation at s = —2, —1, and 0. This yields

s=-2: 2(=2)243(-2)—1=C(-2+41?2 = C=1,

s=—1: 2(=1)243(-1)—1=A(-1+2) =  A=-2

s=0: —1=24+2B+C =  B=(-1-24-0)/2=1.
Therefore,

£1{(282+38_1)}(t):£1{(_2 P }(t):—2t6t+et+62t.

s+ 1)%(s+2 s+1)2 s+1 s+2

First we apply Theorem 8 in Section 7.6 to get

L e(@s42) \  af  As+2 it
ey 0= e e e

Applying partial fractions yields

4s+2 2 2 L s
(s—1)(s+2) s—1 s+2 (s —1)(s+2)

Therefore, it follows from (7.67) that

} (t) = 2¢' + 27,

[ e (4s+2) — [9pt—2 o202 1t — 9) — (2642 o420 0 (f —
L {—(8_1)(8+2)}(t) [2e7% 4 2 Jut—2) = (2¢" +2¢* ") u(t — 2).
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19. Applying the Laplace transform to both sides of the given equation and using the linearity of

the Laplace transform yields

LA{y" =Ty +10y} (s) = L{y"} (s) = TL{y'} (s) + 10L {y} (s) = 0. (7.68)
By Theorem 5 in Section 7.3,
LAy} (s) = sLA{y} (s) —y(0) = sL{y} (s),
LAy} (s) =LAy} (s) — sy(0) — y'(0) = s*L{y} (s) + 3,

where we have used the initial conditions, y(0) = 0 and %'(0) = —3. Substituting these

expressions into (7.68), we get
[s°LA{y} (s) +3] = T[sLA{y} (s)] +10L{y} (5) = 0

= (s> = 7s+10)L{y} () +3=0
S O E— - L

32—73—1—10:(3—2)(3—5) s—2 s—5'
Thus

v =c{ - oo { - { o -e- e

21. Let Y (s) := L{y} (s). Taking the Laplace transform of the given equation and using proper-

ties of the Laplace transform, we obtain

2 4 2+ 4s

L/ +2 2} () = L{P + 4t} () = 5+ 5= "3

Since

L{y'}(s) =sY(s) —y(0) =sY(s),  L{y"}(s) =Y (s) —sy(0) —y/(0) = s’V (s) + 1,

we have

[$2Y (s) + 1] + 2 [sY(s)] + 2V (s) = - ;43

2+4s 2445 — 53
= 1=zt °
53 53

= (s + 25+ 2)Y(s)
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N ¥(s) 2+4s—s° 2+4s—s°
s) = = :
$3(s2+2s+2)  s3(s+1)2+ 17

The partial fraction decomposition for Y'(s) has the form

2+4+4s—¢° _é+§+g+D(s+1)+E(1)
S3(s+1)2+12]  s3  s2 s (s+1)24+12 °

Clearing fractions, we obtain
2+4s— s> =A[(s+1)> + 1]+ Bs[(s + 1)? + 1] + Cs*[(s + 1)* + 1] + [D(s + 1) + E]s>.

Comparing coefficients at the corresponding power of s in both sides of this equation yields

s 2=2A = A=1,

st: 4=2A+2B = B=(4-2A4)/2=1,

s*: 0=A+2B+2C = C=—-(A+2B)/2=-3/2,
st: 0=C+D = D=-C=3)2,

s -1=B+20+D+FE = E=-1-B-2C—-D=-1/2.
Therefore,

Y(s) = 1 1 3/2+ (3/2)(s+1) (1/2)(1)

$s2 s  (s+1)24+12 (s+1)2+12
. t2 3 3 1, .
= y(t)=L {Y(s)}(t):§+t—§+§e cost—ie sint.

23. By formula (4) in Section 7.6,

—S

e

LAu(t =1} (s) =

Thus, applying the Laplace transform to both sides of the given equation and using the initial

S .

conditions, we get

—S

1 / €
LAy +3y" +4y}(s) =

—S

e

= [s°Y (s) — 1] + 3 [sY (s)] + 4Y (s) =

1 e’
32+33+4+s(s2+33+4)

S

= Y(s) =
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1 1
= Y(s) = +e? )
O Granr s e S8 T (Vi)
where Y (s) := L {y} (s). To apply the inverse Laplace transform, we need the partial fraction
decomposition of the last fraction above.

1
sl(s +3/22+ (V7/2)2] s (s+3/22+(VT/2)
Solving for A, B, and C' yields

_ A B(s+3/2)+ C(V7/2)

1 1 3
AZZa BZ_&, Cz—m.
Therefore,
Y(s) = ! e |VA L (UNGE32)  BAVIIVI)
(s +3/2)2 + (VT7/2)? s (s+3/22+ (V7/2)?2  (s+3/2)%+ (V7/2)?

and the inverse Laplace transform gives

y(t) = L

1 1
{(s +3/2) + (ﬁ/2>2} (t)
o {1_/4_ (1/4)(s+3/2)  B/4VD(VT/2)

s 3221 (A 51322+ (7/4)} (£ = Lu(t = 1)

2
= ¢ 2gin @
N 2
1

+ [Z — 263("/1)/2 Ccos (\/7(752— 1)> — 4\3/? e 312 gin (@)] u(t —1).

Let Y (s) := L{y} (s). Then, from the initial conditions, we have

25.

L{y'}(s) =sY(s) —y(0) =sY(s),  L{y"}(s) =s"Y(s) = sy(0) —y/'(0) = s’V (s).

Moreover, Theorem 6 in Section 7.3 yields
LAY (5) = — Ly} (5) = — e [sY (5)] = —sY"(s) ~ ¥ (),
LAY (5) = — LA} (3) = o [V ()] = —s2Y'(s) = 25¥ ().
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Hence, applying the Laplace transform to the given equation and using the linearity of the

Laplace transform, we obtain

LA{ty" +2(t = 1)y — 2y} (s) = L{ty"} (s) + 2L {ty'} (s) — 2L{y'} (s) — 2L {y} (s) =

= [—5°Y"(s) — 2sY(s)] +2[—sY"(s) — Y(s)] — 2[sY (s)] — 2V (s) =0
= —s(s+2)Y'(s) —4(s+1)Y(s) =0 = Y'(s) + ;lg i ;;Y(s) =0.

Separating variables and integrating yields

g:—4(8+1)ds:—2(1+ ! )dS
s

Y (s+2) s+ 2
= In|Y|=-2(In|s|+In|s+2[)+C
60 . C1

> YO = T ek

where ¢; # 0 is an arbitrary constant. Allowing ¢; = 0, we also get the solution Y (s) = 0,

which was lost in separation of variables. Thus

C1 a|l 1 1 1
Y = - - |—_Z
(s) s?2(s+2)2 4 |s® s - (s+2)? * s+2

and so
y(t) =LY (s)} (t) = Czl (t—1+te ™ +e™)=c(t—1+te ™ +e™),
where ¢ = ¢;/4 is an arbitrary constant.
. Note that the original equation can be written in the form
y(t) +txy(t) =e .

Let Y(s) := L{y} (s). Applying the Laplace transform to both sides of this equation and

using Theorem 11 in Section 7.7, we obtain

LA{y(t)+txyt)}(s)=Y(s)+ L{t}(s)Y(s) = L {e “}

1 1
= Y()+=Y(s) =
(5)+ 2 Y6 =3

= Y(s) =
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The partial fraction decomposition for Y(s) has the form

s A Bs+C A(s®+1)+(Bs+C)(s+3)

G+ s+3 0 24l G132+ 1)

Thus
s = A(s* + 1)+ (Bs + O)(s + 3).

Evaluating both sides of this equation at s = —3, 0, and —2 yields

s=-3: = 9= A(10) =  A=09/10,
s=0: = 0=A+3C =  C=-4A/3=-3/10,
s=—2: = 4=5A—-2B+C =  B=(5A+C—4)/2=1/10.

Therefore,

_9/10 (1/10)s  3/10

Yy _
S B N
9 1 3
= y(t) =LY (s)} () = Ee_gt + 10 cost — Esint.

29. To find the transfer function, we use formula (15) on page 403 of the text. Comparing given
equation with (14), we find that a =1, b = —5, and ¢ = 6. Thus (15) yields

1 1

H = = .
(5) as?+bs+c s2—5s+6

The impulse response function h(t) is defined as L' {H} (t). Using partial fractions, we see

that
1 1 1 1
H(s) = = — _
(s) s2—55s4+6 (s—3)(s—2) s—3 s-—2
1 1
_ -l _ _ 3t 2
= h(t) =L {3—3 8_2}(15) et —e”.

31. Let X(s):= LA{z} (s), Y(s):= L{y}(s). Using the initial condition, we obtain

L{z'} (s) = sX(s) —2(0) = sX(s),  L{y}(s) = sY(s) —y(0) = sY(s).
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Therefore, applying the Laplace transform to both sides of the equations in the given system

yields
sX(s)+Y(s)=L{0}(s) =0,
1 e 1—e
X(s)+sY(s)=LA{l—ut—2)}(s) =-— = :
s s s
Expressing Y (s) = —sX(s) from the first equation and substituting this into the second
equation, we eliminate Y'(s):
1 — —2s
X(s) — 82X (s5) = — <
5
1—e 2 1 —e 28
= X(s)=— =
(s) s(s2—1) s(s—1)(s+1)
Since
1 1 1/2 1/2

o(t) = 5—1{(1—6—25) G—%—jﬁ)}(ﬂ
. g—l{l-ﬂ— /2 }(ﬂ—z—l{l—ﬂ— /2 }(t—2>u<t—2>

We now find y(t) from the first equation in the original system.

g2 _ oy (t-2)
y(t) = —2'(t) = 5 5 u(t —2).
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CHAPTER 8: Series Solutions of Differential
Equations

EXERCISES 8.1: Introduction: The Taylor Polynomial Approximation, page 430

1. To find Taylor approximations

we need the values of y(0), ¢'(0), ¥”(0), etc. y(0) is provided by the initial condition, y(0) = 1.

Substituting x = 0 into the given differential equation,

y'(z) =2 +y(z)’, (8.1)

we obtain

y(0) =0 +y(0)?=0+1*=1.

Differentiating both sides of (8.1) yields

y'(x) = 22 + 2y(x)y'(2),

and so
y"(0) = 2(0) + 2y(0)y'(0) = 0+ 2(1)(1) = 2.
Hence
1 2 5 2
y(x)zl—i—ix—l—gx +-o=1l+x+a+---.

3. Using the initial condition, y(0) = 0 we substitute z = 0 and y = 0 into the given equation
and find y/(0).
y'(0) = sin(0) + €° = 1.
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492

To determine y”(0), we differentiate the given equation with respect to x and substitute = = 0,

y =0, and 3’ = 1 in the formula obtained:
y"(0) = (siny + ") = (siny)' + (¢") =y cosy + ¢,
y"(0) =1-cos0+ e’ = 2.
Similarly, differentiating y”(x) and substituting, we obtain
y" = (y cosy+ ") = (y cosy) + (¢") =y cosy + (y/)" (—siny) + ¢,
" (0) = y"(0) cos 0 + (/(0))? (= siny(0)) + €® = 2cos 0+ (1)*(—sin0) + 1 = 3.

Thus the first three nonzero terms in the Taylor polynomial approximations to the solution

of the given initial value problem are

y'(0) . y'0) y"(0)

y(z) = YO+ Zre+ S+ =+
1 2 3 1
= O+Ix+§x2+6x3+~-:x+x2+§x3+~-.

. We need the values of z(0), 2'(0), 2”(0), etc. The first two are given by the initial conditions:

Writing the given equation in the form
2 (t) = —tx(t) (8.2)

we find that
2"(0)=—-0-2(0)=-0-1=0.

Differentiating (8.2) and substituting ¢ = 0 we conclude that

2" (t) = — [ta' (t) + z(t)] = 2”(0) = —[0-2/(0) + 2(0)] = —1,
W (t) = — [ta"(t) + 22/ (1)] = @ (0) = —[0- 2”(0) + 22/(0)] =
zO(t) = — [ta”(t) + 32"(t)] = 2®)(0) = —[0-2”(0) + 32"(0)] =
2O(t) = — [ta@(t) + 42" (t)] = 29(0) = — [0 2™ (0) + 42"(0) ]
Therefore, X A P
(t)—1—§t3+6!t6+ =l
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7. We use the initial conditions to find y”(0). Writing the given equation in the form
y'(0) = —y(0)’ +sind
and substituting 0 = 0, y(0) = 0 we get
" 3 :
y"(0) = —y(0)° +sin0 = 0.
Differentiating the given equation we obtain

y" = (") = — (v*) + (sin ) = =3y + cosh

= y"(0) = —3y(0)*y'(0) + cos 0 = —3(0)*(0) + 1 = 1.
Similarly, we get

yW = (y") = =3y*y" — 6y (y')* - sin 6

= y™(0) = =3y(0)%"(0) — 6y(0) (4/(0))* — sin 0 = 0.

To simplify further computations we observe that since the Taylor expansion for y(f) has the

form

1 3

then the Taylor expansion for y(#)® must begin with the term (1/3!)26%, so that

(y(9)3)(’“’)9_020 for  k=01,...8.

Hence
y®) = — (yg)(g) — cosd = y®(0) = — (193)(3) ) —cos0 = —1,
=0
y(6) = — (yg)(4) + sin @ = y(ﬁ)(O) - - (y3) @ 0 —sin0 = 07
=0
v == ()" +cst = yP0)=— ()P | +eos0=1
0=0
Thus, the first three nonzero terms of the Taylor approximations are
1 1 1 1 1 1
)= —0— — 0+ 0" +...= P - — P _— 9 ...
O =g g ot 6" 120" "50a0°

493



Chapter 8
9. (a) To construct ps(x) we need f(1), f'(1), f”(1), and f”(1). Thus we have

f(z) =l
fi(z) =2~
(@) =~
£7(@) = 207"

A
s
m
||H

and so

p3(z) = O+—(x—1)+i(x—1)2+—(x—1)3

(b) To apply formula (6), we first compute

fO(@) = [f"(@)) = (227°) = 67",

Thus, the error formula (6) yields

) o o

Inz — pa() = es(x) = 2 41(5) (& — )" = gi (z—-1)*= - 4541)
_1)4 4

= |In(1.5) —ps(1.5)] = ’_(1'54811) _ ((jl.;)

= [In(1.5) —ps(1.5)] < (05)4 — 6—14 = 0.015625

where we have used the fact & > 1.
(c) Direct calculations yield

(052 (0.5)
2 + 3

In(1.5) — ps(1.5)] ~ '0.405465 - (0.5 - > ’ ~ 0.011202 .

(d) See Figure B.51 in the answers of the text.
11. First, we rewrite the given equation in the form

y'=-py —qy+g.
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On the right-hand side of this equation, the function ¢ is differentiable (y” exists) and the
functions vy, p, ¢, and g are differentiable (even twice). Thus we conclude that its left-hand
side, y”, is differentiable being the product, sum, and difference of differentiable functions.

Therefore, y” = (y")" exists and is given by

n

Y =(—py —qy+9) =0y -py —dy—qy +g.

Similarly, we conclude that the right-hand side of the equation above is a differentiable func-

tion since all the functions involved are differentiable (notice that we have just proved the

differentiability of y”). Hence, y", its left-hand side is differentiable as well, i.e., (y")" = y®

does exist.
With form k =r = A =1 and w = 10, the Duffing’s equation becomes
y' +y+yP=cosl0t or y' = —y—1y*+coslOt.
Substituting the initial conditions, y(0) = 0 and 3/(0) = 1 into the latter equation yields
y"(0) = —y(0) — y(0)* + cos(10 - 0) = —0 — (0)* + cos 0 = 1.
Differentiating the given equation, we conclude that
y" = (—y —y* +cos 10t)" = —y' — 3y*y' — 10sin 10t,
which, at ¢t = 0, gives

y"(0) = —3/'(0) — 3y(0)%y'(0) — 10sin(10 - 0) = —1 — 3(0)*(1) — 10sin 0 = —1.

Thus, the Taylor polynomial approximations to the solution of the given initial value problem

are

y”(O) 2 ym(o) 3 Lo, 13
¢ Bt 234,
T or U U tot gt T

For the Taylor polynomial py(x), we need y(0), ¢'(0), and y”(0). We already know y(0) and

y'(0) from the initial conditions:
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Expressing y”(z) from the given equation yields

J () = — 2y'(x) + ay(z) (8.3)

T

The formal substitution of 2 = 0 in (8.3) gives “0/0”—indeterminate form. On the other hand,
since the differentiability of a function implies its continuity, and we are given that y(z) has
derivatives of all orders at x = 0, we conclude that all the derivatives of y(z) are continuous

at x = 0. Therefore,
y"(0) = lim y" (),

z—0

and we can find the above limit by applying L’Hospital’s rule. Namely,

J(0) = lim {_2y’(x);xy(x)}
24/ () + 2y (x)]
=0 ()

= —lim [2"(2) +2y/(x) + y(2)],

and the last limit can be found by substitution due to the continuity of y(z) and its derivatives

at x = 0. Hence,

y"(0) = = [24"(0) + 0 4'(0) + y(0)] = =2¢"(0) — 1.

Solving for 3”(0) yields y”(0) = —1/3, and so

EXERCISES 8.2: Power Series and Analytic Functions, page 438

1. Since a, = 27"/(n + 1), the ratio test yields

9~ (n+1) 2 2-1 1 1
= lim /(n+ >:1imﬁz—:b

Ap+t1
G,

lim

n—oo

So, the radius of convergence is
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In this power series, o = 1. Hence, the endpoints of the interval of convergence are

=20 +p=1+2=3,
To=x90—p=1—-2=-—1

At the point zq, the series becomes

2 B =2 e

(harmonic series); at the point x5 we have

3

—~

27" = (-1)
-1-1)"= <
- =3 <o

NE

Il
=)

n

by alternating series test. Therefore, the set of convergence is [—1, 3).

. We will use the ratio test given in Theorem 2 on page 432 of the text to find the radius of

convergence for this power series. Since a,, = n?/2", we see that

anp1 _ (n+1)%/2770  (n+1)°

an n?/2n 2n?
Therefore, we have
o 02l 1 2 1 1\ 1
TR USSR Gy of N O G 0 U TN (PR R O
n—oo an, n—oo 277,2 2 n—oo n2 2 n—oo n 2

Thus, the radius of convergence is p = 2. Hence, this power series converges absolutely for

|z + 2| < 2. That is, for
—2<r+2<2 or —4<x<0.

We must now check the end points of this interval. We first check the end point —4 or
x 4 2 = —2 which yields the series

S CR _S e

This series diverges since the nth term, a, = (—1)"n?, does not approach zero as n goes to

infinity. (Recall that it is necessary for the nth term of a convergent series to approach zero
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as n goes to infinity. But this fact in itself does not prove that a series converges.) Next, we

check the end point z = 0 or x 4+ 2 = 2 which yields the series

Z n2n - Z?’L2.

n=0 n=0

Again, as above, this series diverges. Therefore, this power series converges in the open interval

(—4,0) and diverges outside of this interval.

. With a,, = 3/n?, the ratio test gives

1 3 3 3
L tim OFD (Y () 2

Therefore, the radius of convergence is p = 1/L = 1. At the points zg £ p = 2 £+ 1, that is,

r =3 and x = 1, we have the series

(e 9]

3 3(=1)"
TLZ:OE and nZ:O pran

which are known to converge. Therefore, the set of convergence of the given series is the closed

interval [1, 3].

By writing
o o o0
2k 2\ k k
E Qg™ = E agk (2°)" = E brz",
k=0 k=0 k=0

2

where by := ag, and z := x°, we obtain a power series centered at the origin. The ratio test

then yields the radius of convergence to be 1/L, where

bi+1
k

. A2k+2
L = lim 2

k—oo

= lim

k—oo

k—oo | Qo

So, the series >, bgz" converges for |z| < 1/L and diverges for |z| > 1/L. Since z = 22,

2| < % & |2%| < % & 2| <

<l

Hence, the original series converges for |z| < 1/v/L and diverges for |z| > 1/v/L. By the
definition, 1/+/L is its radius of convergence.
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The second statement can be proved in a similar way, since

[oe) [oe) xD
2%k+1 __ Nk Kk
E Ao 41T = E a1 (27)" = E brpz",

where by, := agp4q and z 1= 2%

9. Since the addition of power series reduces to the addition of the coefficients at the correspond-

ing powers of the variable, we make the following changes in indices of summation.

f@): n—k = flo) = 2 [/ (k4 1)]a*,
glx): n-1—-k = g(x) =S50 27 kHhgk,

Therefore,
@) gt = > et e oot =3 [ ]
k}:()k:—‘r_l =0 — k_}_]_

11. We want to find the product f(x)g(z) of the two series

= " 2 ot
e P A A TR

and

o _ = (_1)k 2%+1 __ z® z° x’
g(x)—smx—Z[mx _x_g—i_ﬁ_ﬁjL“"
k=0

Therefore, we have

f(z)g(x) 1+ +x2+x3+x4+ x3+x5 x7+
g 276 24 6 120 7l

S L I Y () D (L L P
N 2 6 6 6 24 12 120

1
= x+x2++§x3+---.

Note that since the radius of convergence for both of the given series is p = 0o, the expansion

of the product f(x)g(x) also converges for all values of x.
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13. Using formula (6) on page 434 of the text, we obtain

fx)g(z) = [Z (_n1!>n x”] [Z(—l)%”]

1 1
= (1—x+§x2—6x3—|—~-) (1—x+:c2—:c3+'--)

d
= 1—2x+§x2—|—---

15. (a) Let g(z) =7, a,z". Multiplying both sides of the given equation by > >~ a"/n!, we

obtain

Thus, the right-hand side, Y7 ;2" /2", is the Cauchy product of ¢(z) and )" > 2" /n!.

(b) With ¢, = 1/2™ and b, = 1/n!, formula (6) on page 434 of the text yields:

1
n=20: ?:Cozaobozao'a:ao;
1 1
n=1: E:clzaobl—kalbozao-ﬁ—kal-&:a0+a1;
1 1 1
n=2: ?:cg:aobg—l—albl—i-agbo:a0~§+a1~ﬂ+a2'a:%+a1+a2;
ap a1
n=3J3: ?203:a0b3+a1b2+a2b1+a360:€+§+a2+a3;
ete.
(c) The system in (b) simplifies to
1 = Qg , a’OZ]-a
1/2 = aot+a, a1:1/2—a0:—1/2,
1/4 = a0/2+a1—|—a2, = 0,2:1/4—0,0/2—0,1:1/4,

1/8 = a0/6+a1/2+a2+a3, as = ]_/8—61,0/6—0,1/2—0,2: —1/24,

500



17.

19.

21.

Exercises 8.2

Thus,
() =1 +1 2_ 1 34+
z)=1— -z ¢ — —x
1 27T 24
Since
n -1 n+1
i |2 = g | =1,
n—oo [ n— 00 (—1)” n— o0

by the ratio test, we find the radius of convergence of the given series to be p=1/1 =1 > 0.

Therefore, Theorem 4 of page 434 of the text can be applied. This yields

(1+2)] =) (D)2t = —(1+a) 2= (-1t

and the radius of convergence of this series is also p = 1.

Here we will assume that this series has a positive radius of convergence. Thus, since we have

f(ff):Zan$n:ao+a1$+a2x2+a3x3+---+an;p"+...’

n=0
we can differentiate term by term to obtain
o0
fl(x) =0+a; +a2r +as3z* +---+apnz™ '+ = Z a,nz™ 1.
n=1
Note that the summation for f(x) starts at zero while the summation for f’(x) starts at one.

Using the ratio test, we find that the radius p of convergence of the given series is

1 1
P T (D (o 1T
Thus, by Theorem 4 on page 434 of the text,
oa) = [ | [Z(—m"t"] ar
0 0o Ln=0
= —D)" [ trdt =) (1) ——= " = i
I R Y e L R P

0
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23.

25.

27.

29.

502

On the other hand,

g(:p):/i:ln(1+t) :

=In(l+2x), ze(-1,1).
0

Setting k = n — 1, we have n = k + 1. Note that £ = 0 when n = 1. Hence, substitution into

the given series yields

Z na,a™ "t = Z(k: + Dap12* .
n=1 k=0

We let n +1 =k so that n = k — 1; when n = 0, then k = 1. Thus,
Z apz™t = Z 12" .
n=0 k=1

Termwise multiplication yields

:L‘2 Z n(n + 1)(1,”;[” — Z n(n —+ 1)anx"x2 = Z TL(TL =+ 1)Cl,nZL‘n+2 .
n=0 n=0 n=0

Now we can shift the summation index by letting & = n + 2. Then we have n = k — 2,

n+1=%k—1, k=2 when n =0, and so

Zn n+ 1)a,x 2:Z(k:—2)(k—1)ak_2xk.
n=0 k=2
By replacing k£ by n, we obtain the desired form.

We need to determine the nth derivative of f(z) at the point x = 7. Thus, we observe that

f(x) = fO(z) =cosz = f(r) = fO(n) = cosm = —1,

f'(x) = —sinzx = f/(r) = —sinm =0,
f"(z) = —cosx = f'(r) =—cosm =1,
f"(z) =sinx = f"(m) =sinm =0,
f@(z) = cosz = f@(7) = cosm = —1.

Since fW(x) = cosz = f(x), the four derivatives given above will be repeated indefinitely.

Thus, we see that f™(r) = 0 if n is odd and f™(7) = 41 if n is even (where the signs



31.

33.
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alternate starting at —1 when n = 0). Therefore, the Taylor series for f about the point

xo = 7 is given by

flz) = —1+0+%(m—w)2+0—%(x—w)4+---+(_1)n+(;%!_ﬂ)2n+---
¢ \mtl(n _ \on
_ nz::o( 1)*(2(;6)! "
Writing
o= e, 1

we can use the power series expansion (3) on page 433 of the text (geometric series) to obtain

the desired Taylor series. Thus we have

_ 1 _ C k __ - k+1
f(:c)—1+2x1_x—1+2xkz_ox _1+kz_02x :

Shifting the summation index, that is, letting k + 1 = n, yields
f(z) = 1+22xk+1 = 1+22x”.
k=0 n=1

Using the formula
9 (2)
J!

for the coefficients of the Taylor series for f(x) about g, we find

Cj:

f(zo) =23+ 32 — 4 ’mzle = co =0,

fllwe) =32 +3| =6 = ¢ =6/11=6,
f'(xo) =62 | _ =6 =  =06/21=3,
f"(x)=6 = =6/3l=1,
fO(z) =0 = c; =0 forj >4

Therefore,

2 +3r—4=6(x—1)+3x -1+ (z—-1)>.
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35. (a) We have
1 (N

T I+(x—-1) 1-s’
Since 1/(1—s) =Y 2, s", the substitution s =

where s=—(x —1).

—(z — 1) into both sides of this equality

yields the expansion

B ST SR e
which is valid for
|s| =z —1] <1 = 0<z<2.

(b) Since the above series has positive radius of convergence p = 1, Theorem 4 on page 434

of the text can be applied. Hence, for 0 < z < 2,

T

mx:/dt/[ tqﬂﬁzi@mﬂpwﬁ

n=0 1
. _1\n . n+1 ; _ S (_1)” n+1l __ G (_1)]671 . k
=Sy e[ = El ey - B ey
n=0 n=0 k=1
37. Forn =0, f©(0) := f(0) = 0 by the definition of f(z).
To find f/(0), we use the definition of the derivative.
i L@ = FO) et
/ p— pum
£(0) = lim ——"— lig ——. (8.4)

We compute left-hand and right-hand side limits by making the substitution ¢ = 1/z. Note

that t — +00 when £ — 0T and t — —o0o when £ — 0~. Thus we have

e~/ t ) 1

lim = lim te” = lim — = lim —7 =0,
t—+oo 2tet

z—0t €T t—=+o0 t—+oo et

where we applied L’Hospital’s rule to the indeterminate form oco/oco. Therefore, the limit in

(8.4) exists and equals 0. For any = # 0,
/
/ - —1/22 ! o —1/x? _i _ 3 —1/22
f(x)-(e )-e ( xQ)—x3€ .
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Next, we proceed by induction. Assuming that, for some n > 1,
1
PO =0 and @) =p (7)o
x

where p(t) is a polynomial in ¢, we show that
1
PO =0 and @) =g (1) oo,
x

where ¢(t) is a polynomial in ¢. This will imply that f(0) = 0 for all n > 0.
Indeed, the substitution ¢ = 1/x in the one-sided limits yields

M () — ™) (0 1/x)e" V=" tp(t
i LU@ = IPO) L pOet
z—0% xr — O z—0% e t—+o0 et t—+oco €

r(t)

t2 )

where 7(t) = agt* +- - - +ay is a polynomial. Applying the L'Hospital’s rule k times, we obtain

t "(t (¢
t—too et t—4o00 (et?) t—+oo 2tet
0 y Klag
= m —— =---= lim =
t—too (42 + 2)et? t—koo (2kth 4 ... )et?

Since both one-sided limits exist and are equal, the regular limit exists and equals to the same

number. That is,

=0.

n ™) — f™(0)
FOI(0) = lim g

For any = # 0,
o = b)) ()
1\ 1 1\ 2] /2 1 s
O EOn RO
x) x r) x x

where q(t) = —p/(¢)t* + p(t)2t3.

EXERCISES 8.3: Power Series Solutions to Linear Differential Equations, page 449

1. Dividing the given equation by (z + 1) yields

2
" z / 3

_x+1y+x—|—1

Y y = 0.
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Thus we see that ,
T 3
p(ﬂf)——x—H, Q(x)—erl-

These are rational functions and so they are analytic everywhere except, perhaps, at zeros

of their denominators. Solving z + 1 = 0, we find that x = —1, which is a point of infinite
discontinuity for both functions. Consequently, x = —1 is the only singular point of the given

equation.

. Writing the equation in standard form yields

2 sin
1 / —
Y +92_2y +92_2y—0.
The coefficients
2 sin 0
p(0) = 25 ond q(0) = 22

are quotients of analytic functions, and so they are analytic everywhere except zeros 6 = 4/2
of the denominator where they have infinite discontinuities. Hence, the given equation has

two singular points, § = ++/2.

. In standard form, the equation becomes

t+1 t—2
" /
- = 0.
ST
Hence
t+1 t+1 t—2 t—2
p(t) = = ,oqt) = —4 =— :
2—t—2 (t+1)(t—-2) 2 —t—2 (t+1)(t—2)
The point ¢ = —1 is a removable singularity for p(t) since, for ¢t # —1, we can cancel (t+1)-term
in the numerator and denominator, and so p(t) becomes analytic at ¢t = —1 if we set
1 1
—1):=1 t)=lim —— = —=
p(=1):= lim p(t) = lim -— = —

At the point ¢ = 2, p(t) has infinite discontinuity. Thus p(¢) is analytic everywhere except
t = 2. Similarly, ¢(t) is analytic everywhere except ¢ = —1. Therefore, the given equation has

two singular points, t = —1 and t = 2.
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7. In standard form, this equation becomes

11.

y,,+ (COS.’L’) y = 0.

sinx
Thus, p(x) = 0 and, hence, is analytic everywhere. We also see that

cos
q(r) = —— = cot x.
sin

Note that g(x) is the quotient of two functions (cosx and sin x) that each have a power series
expansion with a positive radius of convergence about each real number z. Thus, according to
page 434 of the text, we see that ¢(x) will also have a power series expansion with a positive
radius of convergence about every real number x as long as the denominator, sinx, is not
equal to zero. Since the cotangent function is +o0o at integer multiples of 7, we see that ¢(z)
is not defined and, therefore, not analytic at nw. Hence, the differential equation is singular

only at the points nm, where n is an integer.

. Dividing the differential equation by sin 6, we get

Thus, p(f) = 0 and ¢(f) = —1In6/sinf. The function ¢(#) is not defined for # < 0 because
of the logarithmic term and has infinite discontinuities at positive zeros of the denominator.
Namely,

sinf =0 = 0=Fkr, k=1,2,3,....

At all other points 6, ¢(f) is analytic as a quotient of two analytic functions. Hence, the

singular points of the given equation are

<0 and 0=kmr, k=1,2,3,....

The coefficient, = + 2, is a polynomial, and so it is analytic everywhere. Therefore, x = 0 is

an ordinary point of the given equation. We seek a power series solution of the form
o0 o
y(z) = Z anpz" = y'(z) = Zna,pc"’l :
n=0 n=1
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where we have applied Theorem 4 on page 434 of the text to find the power series expansion
of /(x). We now substitute the power series for y and y" into the given differential equation

and obtain

i na,z" '+ (z + 2) i apz" =0
n=1 n=0

= i na,x" ' + i 2a,x" + i a,z" = 0. (8.5)
n=1 n=0 n=0

To sum these series, we make shifts in indices of summation so that they sum over the same
power of . In the first sum, we set k = n — 1 so that n = £ 4+ 1 and k runs from 0 to oo; in
the second sum, we just replace n by k; in the third sum, we let k =n+ 1 and son =k — 1,

and the summation starts from 1. Thus the equation (8.5) becomes

Z(k + Dagp 12" + Z 2a,x" + Z ap_12¥ =0
k=0 k=0 k=1
= ay + Z(k + Dag2® | + |2a0 + Z 2a2" | + Z ap_12" =0

= (a1 + 2ag) + Z [(k + Dagy + 2a5 +ap_1] 2" = 0.
k=1

For the power series on the left-hand side to be identically zero, we must have all zero coeffi-

cients. Hence,
ai + 2a9g =0 and (k+ Dags1 +2ar, +ap_1 =0 forall k>1.
This yields

a; + 2a9 =0 = ay = —2ap,
k=1: 2a3+2a;+a3=0 = agz(—2a1—ao)/2:(4a0—a0)/2:3a0/2,
k=2: 3az+2a3+a;=0 = az = (—2as — ay) /3 = (=3ag + 2a9) /3 = —ay/3,

Therefore,

3 32 3
Vo) = o= 2ar 4 S0 = Wt (1o 20 B ),

where ag is an arbitrary constant (which is, actually, y(0)).
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13. This equation has no singular points since the coefficients p(x) = 0 and ¢(x) = —x? are

analytic everywhere. So, let

o0 o0 o0
T) = Zakxk = 2 (x) = Zkak:ck_l = Zk — Daga®2,
k=0 k=1 k=2

where we used Theorem 4 on page 434 of the text differentiating the series termwise. Substi-
tution z and z” into the given equation yields

o0

Z”—$2Z:Zk(/€—1)akl'k L— iak :ik k— 1Dagr® Zakx
k=2 k=0 k=2

We now shift indices of summation so that they sum over the same power of x. For the first
sum, we substitute n = kK — 2 so that k =n+ 2, k —1 = n + 1, and the summation starts
from n = 0. In the second summation, we let n = k + 2 which yields k =n — 2 and n = 2 as
the starting index. Thus we obtain

[e.o]

2 —x?y = Z(n +2)(n+ 1)an 02" Zan oz

n=0
Next step in writing the right-hand side as a single power series is to start both summations

at the same point. To do this we observe that

e}

Z(n+2)(n+1)an+2x Zan " = 2a2—|—6a3x—|—2 n+2)(n+ 1)a, 02" Zan ox"

n=0 n=2 n=2

= 2ay + 6azx + Z [(n+2)(n+1)apie — an o] z".
n=2

In order for this power series to equal zero, each coefficient must be zero. Therefore, we obtain
2a9 =0, 6as =0 and (n+2)(n+Dapio —ap2=0, n>2.

From the first two equations we find that ay = 0 and a3 = 0. Next we take n =2 and n =3

in the above recurrence relation and get

n=2: (4)(3)ay —ay=0 = as = ap/12,
n=3: (5)(4)as —a; =0 = as = ay/20.
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Hence,
Z(l’) :kz_oakxk — a0+a1{[+(0)l’2—|—(0);[34_%1.4_}_;_6:[5_’_”_

o o
= 1+ = -
(+12+ >—|—a1(x+20—|— )

15. Zero is an ordinary point for this equation since the functions p(z) = z — 1 and ¢(z) = 1
are both analytic everywhere and, hence, at the point x = 0. Thus, we can assume that the
solution to this linear differential equation has a power series expansion with a positive radius

of convergence about the point z = 0. That is, we assume that
y(l‘) =apt+ ax + a21'2 + CL31'3 + .= Zan;p”

In order to solve the differential equation we must find the coefficients a,,. To do this, we must
substitute y(z) and its derivatives into the given differential equation. Hence, we must find
y'(x) and y”(x). Since y(z) has a power series expansion with a positive radius of convergence
about the point x = 0, we can find its derivative by differentiating term by term. We can

similarly differentiate y'(z) to find y”(x). Thus, we have

y'(z) =0+ ay + 2a02 + 3az2z® + - - = Z na,x™ "
= y"(z) = 2ay + 6azx + - - - = Z n(n — 1)a,z" 2.
n=2

By substituting these expressions into the differential equation, we obtain

v+ (x -1y +y= Z n(n —1)a,a" 2 + (r — 1) Znanx”_l + Z apr" =
n=2 n=1 n=0

Simplifying yields

in n—1a,z"" 2—|—Znan —inanxnl—i—ianxnzo. (8.6)
n=2 n=1 n=1 n=0

We want to be able to write the left-hand side of this equation as a single power series. This

will allow us to find expressions for the coefficient of each power of x. Therefore, we first need
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to shift the indices in each power series above so that they sum over the same powers of z.
Thus, we let K = n — 2 in the first summation and note that this means that n = k + 2 and

that £ = 0 when n = 2. This yields

Zn n—1)a,z"? = Z(k +2)(k + Dag 02"
n=2 k=0

In the third power series, we let & = n — 1 which implies that n = £ + 1 and £ = 0 when

n = 1. Thus, we see that

Znanx”_l = Z(k: + 1 ap 2",
n=1 k=0

For the second and last power series we need only to replace n with k. Substituting all of

these expressions into their appropriate places in equation (8.6) above yields

Z (k+2)(k + Dagyoz”™ + Z kapz® — Z(k + Dag12" + Zakxk =0.
k=0 k=1 k=0 k=0

Our next step in writing the left-hand side as a single power series is to start all of the

summations at the same point. To do this we observe that

D (k4 2)(k+ Dargar® = (2)(Daga® + > (k +2)(k + Dagoa”,
k=0 k=1

Z(k + Dagsrz® = (a2’ + Z(k + 1)ags12”,

k=0 k=1

o0 oo
E akxk = aoxo + E akxk.
k=0 k=1
Thus, all of the summations now start at one. Therefore, we have

(2)(1)agz® + i(k‘ +2)(k 4+ D ajpgoz” + i kayx®

k=1 k=1

Dax —Z (k+1) ak+1x + apz® —|—Zakx =0
k=1 k=1

= 2a2—a1+a0—|—z (k+2)(k + Dageoz”® + kaga® — (k + agy12” + ape ) =0
k=1
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= 2ay—ar+ag+ Y ((k+2)(k+ Dagpa + (k + Dag — (k+ Dagp) 2 = 0.
k=1

In order for this power series to equal zero, each coefficient must be zero. Therefore, we obtain

ay — Qo

2a9 — a1 +ag =0 = (g = 9 )

and

(k+2)(k+ Dagso+ (K+ 1)ag — (k+ 1)ags =0, k>1
ax+1 — Ak
k+2 7

where we have canceled the factor (k + 1) from the recurrence relation, the last equation

= Q12 = k>1,

obtained above. Note that in this recurrence relation we have solved for the coefficient with
the largest subscript, namely ag,o. Also, note that the first value for k in the recurrence
relation is the same as the first value for k used in the summation notation. By using the
recurrence relation with £ = 1, we find that
ay — ag
as — a 5 M —(a1 +ag)

a,3: = = s

3 3 6

where we have plugged in the expression for a, that we found above. By letting k = 2 in the

recurrence equation, we obtain

—(a; +ag) a1 — ag

a4:a3—a2 _ 6 Ty _ —2ay + ap)
4 4 12 ’

where we have plugged in the values for ay and a3 found above. Continuing this process will
allow us to find as many coefficients for the power series of the solution to the differential
equation as we may want. Notice that the coefficients just found involve only the variables ag
and a;. From the recurrence equation, we see that this will be the case for all coefficients of the
power series solution. Thus, ag and a; are arbitrary constants and these variables will be our
arbitrary variables in the general solution. Hence, substituting the values for the coefficients
that we found above into the solution

y(l‘) = Zanxn =ap+ a1 +a2x2 + (7,31'3 -+ (7,4{[4 +oee,

n=0
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yields the solution

. . 9
y(zr) = ap+ax+ @ 5 90 2 (a16+ ao) 2+ 7(1;; 0 4

{L‘2 173 174 1'2 {L‘3 1'4
— 1—- = -~ 4+~ ) v (= - o)
( 5 6—1—12—1— >+a1(x—|—2 6 6—1— >

Since x = 0 is an ordinary point for the given equation, we seek for a power series expansion

of a general solution of the form

o0 [e.e]
= E a,z" = y'(x) = g na,z"
n=0 n=1

Substituting y(x) and y'(x) into the given equation, we obtain

o0 o0 x o0
E na,x" ' — 2z E a,r" = E na,x" t — E 2a,z" ! =
n=1 n=0 n=1 n=0

We shift the indices of summations so that they sum over the same powers of x. In the first
sum, we let k =n — 1. Then n = k£ 4+ 1 and the summation starts from k£ = 0. In the second

sum, let k=n+1. Then n =%k —1 and k =1 when n = 0. Thus we have

Zk—i—laka —ZQ% 1T —al—l—z [(k+ Dags1 — 2ax— 1]96 =0.
k=0

In order for this power series to equal zero, each coefficient must be zero. That is,

ay = 0, N ay = O,
(/f —+ 1)ak+1 — 20,].9,1 = 0, k Z 1 Ag+1 = 2&]{,1/(/{ -+ 1) s k 2 1.

Since a; = 0, it follows from this recurrence relation that all odd coefficients are zeros. Indeed,

2a 2a
a3:—1:0, a5:—3:0, etc.

3 3

For even coefficients, we have

k=1: ay=2ay/2,
k=3: as=2ay/4=2[2ay/2]/4 = 2%a0/(2 - 4),
k=5: asg=2a4/6 =2[2%ag/(2-4)]/6 = 23a0/(2-4-6),
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The pattern for the even coefficients is now apparent. Namely,

Qkao 2ka0 ag
T2k M2 k) KD e
This formula remains correct for k = 0 as well with 0! := 1. Thus
Qo T
y(z) = yﬁ’f%—aoz L
k=0 k=

where aq is an arbitrary constant.

21. Since x = 0 is an ordinary point for this differential equation, we will assume that the solution
has a power series expansion with a positive radius of convergence about the point z = 0.

Thus, we have

o0 o0 o0
= E anx” = y'(x) = E na,z" = E n(n — 1)a,z" 2.
n=0 n=1 n=2

By plugging these expressions into the differential equation, we obtain

o0

n=2
o
= E n(n — 1)a,z" E nanx"—l—g 4a,z" =
n=2 n=1 n=0

In order for each power series to sum over the same powers of x, we will shift the index in
the first summation by letting £ = n — 2, and we will let £ = n in the other two power series.

Thus, we have
o0

Z(k+2)(k+ D)agqoz” —Zkakx +Z4akx =0.

k=0 k=0
Next we want all of the summations to start at the same point. Therefore, we will take the

first term in the first and last power series out of the summation sign. This yields

(2)(1)agz® + Z(k: +2)(k + Dag o0* — Z kapx® + 4agx® + Z 4arr® =0

k=1 k=1 k=1
= 2ay + 4ap + Z(k‘ +2)(k + Daggor® — Z kayx® + Z 4arr® =0
k=1 k=1 k=1
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2a5 + 4ag + > [(k+ 2)(k + Dagsa + (—k + 4)ax] 2* = 0.

By setting each coefficient of the power series equal to zero, we see that

—40,0
a2 = 2 =

(k+2)(k+ 1)ags2+ (—k+4)ax =0

2a2+4a020 =

=

—2(10 y

(k:—4)ak
= L oL 1 k= 17
W2 = )kt 1) =

where we have solved the recurrence equation, the last equation above, for a2, the coefficient

with the largest subscript. Thus, we have

—3a —a
k=1 = a3:32.21 721’ ,

9% 2D (—4)ay @
P N a44'32(34).(31'2)0 go’

—a —3)(—1)a a
k=3 = a5:5.i_(5.31(.3.)21 4_6’
k=4 = ag = 0,

a =3)(—1)(1)a a
k=5 = a7_7.56:7(6>'(5-4)('3)12:£107
k=6 = a8—%20,

3a =3)(—1)(1)(3)a
e a9—9,78 (=3)( 9)!( )()1’
k=28 = amZ%:Q

5a =3 (=1)(1)(3)(5)a
k=9 = anzllioz( . )1(1!)()()1'

Now we can see a pattern starting to develop. (Note that it is easier to determine sucha pattern

if we consider specific coefficients that have not been multiplied out.) We first note that ay and

a; can be chosen arbitrarily. Next we notice that the coefficients with even subscripts larger

than 4 are zero. We also see that the general formula for a coefficient with an odd subscript

is given by

(=3)(=D)-

-~ (2n —b)ay

Aop+1 = (

2n 4+ 1)!

5915



Chapter 8

Notice that this formula is also valid for a3 and as. Substituting these expressions for the

coefficients into the solution

y(l’) = Zanfﬂn = a0+a1x—|—a2x2 —I—a3:L‘3 —|—a4;p4_|_ e
n=0
yields
al ao 4

— —9 _ 20 M1

y() ag + a1z — 2a0z” 2:E+3x +4Ox+
+(—3)(—1)(1)...(2n—5)a1 I
(2n +1)!
v 2, 2 (=3)(=1)(1) -+ (20— 5)
= 1—22% + = et el
ao[ x+3}+a1{x 2+40+ + 2+ 1) T +

[e.o]

2k =5 2k;+1
x+z 1)!( ) ]

= |:1—2.%’+ :|—|—0,1

29. Since z = 0 is an ordinary point for this differential equation, we can assume that a solution

to this problem is given by

xD [oe) xD
= E anx"” = y'(x) = E na,z" = E n(n — 1a,a" 2.
n=0 n=1 n=2

By substituting the initial conditions, y(0) = 1 and y’(0) = —2, into the first two equations
above, we see that

y(0) =ag =1, and y'(0) =a; = —2.

Next we will substitute the expressions found above for y(z), ¥'(z), and y”(x) into the differ-
ential equation to obtain

o0

o0
Yy’ + g n(n — Da,z" 2 + E Na,T —xg a,r" =
n=0

n—2
o0

= E nn—lanx"Q—i—g NG, —g a,x" Tt =
n=2 n=1 n=0

By setting k = n — 2 in the first power series above, k = n — 1 in the second power series

above, and £ = n + 1 in the last power series, we can shift the indices so that x is raised to
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the power £ in each power series. Thus, we obtain

Zk—i—Z k+ a0z +Z k+ 1Dagz —Zak 2k =0.
k=0 - —

We can start all of the summations at the same point if we remove the first term from each

of the first two power series above. Therefore, we have

(2)(1)as + i(k +2)(k + Dagyor® + (1)a; + i(lﬂ + Dagy2" — i ap_12" =0

= 2my+ar+ Y [(k+2)(k+ Dagra+ (b + Dagss — ap]2* = 0.
k=1

By equating coefficients, we see that all of the coefficients of the terms in the power series

above must be zero. Thus, we have

200 +a; =0 = GQZT,
(k+2)(k+ 1)agso+ (K + 1)agsr —ag—1 =0

ap—1 — (k + 1)ar

G T T ) (k+ 1) =
Thus, we see that
-2
PR Y
Using the fact that ap = 1 and a; = —2, which we found from the initial conditions, we
calculate
— (-2
oGOy
1 n 2 1
ag3=—-+—=——.
76 6 6

By substituting these coefficients, we obtain the cubic polynomial approximation

3
y(x):1—2x+:p2—%.

The graphs of the linear, quadratic and cubic polynomial approximations are easily generated

by using the software supplied with the text.
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31. The point 2o = 0 is an ordinary point for the given equation since p(z) = 2z/(x* + 2) and

q(x) = 3/(2* + 2) are analytic at zero. Hence we can express a general solution in the form

o0
= E anx"
n=0

Substituting this expansion into the given differential equation yields

(2% +2) in(n — a2 % + 2z i na,z" ' +3 i ap,x" =0
=2 n=1 n=0
= inn—lanx +22n n—1)a,z"~ Q—I—ZQTM”:E —|—Z3anx =0.
n= n=2 n=1 n=0

k

To sum over like powers z*, we put £k = n — 2 into the second summation and k£ = n into the

other summations. This gives
Z k(k — 1)agz® + Z 2(k +2)(k + 1)ag 22" + Z 2kagz” + Z 3apz® = 0.
k=2 k=0 k=1 k=0

Next we separate the terms corresponding to £k = 0 and £ = 1 and combine the rest under

one summation.

(4ay + 3ag) + (12a3 + 5aq)x + Z [k(k — Dag + 2(k + 2)(k + 1)agyo + 2kay, + 3ag] 2 = 0.
k=2

Setting the coefficients equal to zero and simplifying, we get

4das + 3ag = 0,
12a3 + 5a, = 0,
(k* + k + 3)ay, + 2(k + 2)(k + 1)ag42 = 0, k>2
as = —3ap/4,
= az = —bay /12,
arry = —(K> + k+3)ap/[2(k +2)(k+1)],  k>2.

From the initial conditions, we have

ap=y(0)=1 and  a; =y'(0) = 2.
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Therefore,
—3(1)/4 = -3/4,
a3 = —5(2)/12=-5/6,

and the cubic polynomial approximation for the solution is

322 bad
y(x)—ao+a1x+x2x —|—a3{L‘ _1+2x_7_?

In Problem 7, Exercises 8.2 we showed that the radius of convergence of a power series

S a9 is p = 1/V/L, where

A2(n+1)
Q2n,

L = lim

n—~oo

In the series (13), ag, = (—1)"/n! and so

'(—1)”“/(n+ D

L = lim (1) /nl

n—oo

Therefore, VL =0 and p = 00

With the given values of parameters, we have an initial value problem

1

0.1¢"(t) + (1 + 1t0) (1) +54at) =0, 4(0)=10, ¢(0)=0.

Simplifying yields

¢"(t) + (10 +1) ¢'(t) +5q(t) =0,  ¢(0) =10, ¢'(0) =0.

The point ¢ = 0 is an ordinary point for this equation. Let ¢(t) = >~ a,t" be the power
series expansion of ¢(t) about ¢ = 0. Substituting this series into the above differential

equation, we obtain

inn—l ant" 2 + (10 + ) Znant” 1+5Zant”—0
N n(n — 1)a,t"" 24 10nant" Ly nant" + 5ant” =0.

Y
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Setting kK = n — 2 in the first summation, £k = n — 1 in the second summation, and k£ = n in

the last two summations, we obtain

NE

(k+2)(k + Dageat® + > 10(k + Dagat® + > kapt® + )~ 5at* = 0.
0 k=0 k=1 k=0

i

Separating the terms corresponding to k£ = 0 and combining the rest under one sum yields

(243 + 101 + 5ag) + Y _ [(k +2)(k + Dapsa + 10(k + Lag + (k + 5)ag] t* = 0.

00
k=1

Setting the coefficients equal to zero, we obtain the recurrence relations

2a9 + 10a; + 5ayg = 0,

8.7

Next we use the initial conditions to find a¢ and a;.
ag = q(0) = 10, a; =¢'(0)=0.

From the first equation in (8.7) we have

—10a; — 5
ay = % = —25.

Taking £ = 1 and k = 2 in the second equation in (8.7), we find a3 and ay.

k=1: 6a3+20as+6a; =0 =  azy=—(20as+6a;)/6 = 250/3,
k=2: 12a4+ 30a3+ Ta; =0 = ays = —(30as + Tay) /12 = =775/4.

Hence

250¢3 4 250¢3 4
500 775 e 10— 952 + 506 775

t) = 10 + (0)t — 25¢2
q(t) + (0) +—3 1 3 1

EXERCISES 8.4: Equations with Analytic Coefficients, page 456

-3
3. For this equation, p(z) = 0 and ¢(x) = TTor2 Therefore, singular points will occur
when /
1 3
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Thus, x = 1 is an ordinary point for this equation, and we can find a power series solution
with a radius of convergence of at least the minimum of the distances between 1 and points
(—=1/2) £ (+v/3/2)i, which, in fact, are equal. Recall that the distance between two complex

numbers, z; = a + bt and zy = ¢ + di, is given by

dist (21, 22) = /(a — ¢)2 + (b — d)2.

Thus, the distance between (1+0-4) and (—1/2) + (v/3/2)i is
1\12

()]

Therefore, the radius of convergence for the power series solution of this differential equation

about = 1 will be at least p = /3.

2
3
V3

5 = V3.

NCIE
V4 4

. We see that x = 0 and x = 2 are the only singular points for this differential equation and,
thus, x = 1 is an ordinary point. Therefore, according to Theorem 5 on page 451 of the text,
there exists a power series solution of this equation about the point x = 1 with a radius of
convergence of at least one, the distance from 1 to either 0 or 2. That is, we have a general

solution for this differential equation of the form
y(@) =) ap(z = 1)",
n=0

which is convergent for all x at least in the interval (0, 2), the interval on which the inequality
|z — 1] < 1 is satisfied. To find this solution we will proceed as in Example 3 on page 453 of
the text. Thus, we make the substitution ¢ = z — 1, which implies that x = ¢+ 1. (Note that
dx/dt =1.) We then define a new function
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522

Hence, with the substitutions t = 2 — 1 and Y(¢) = y(t + 1), we transform the differential
equation, (2% — 2z)y”(z) + 2y(x) = 0, into the differential equation

[(t+1)°=20t+1)]y"(t+1)+2y(t+1) =0
= [(t+ 1) =2t +1)]Y"(t)+2Y(t) =0
= (P —=1)Y"(t)+2Y(t) = 0. (8.8)

To find a general solution to (8.8), we first note that zero is an ordinary point of equation

(8.8). Thus, we can assume that we have a power series solution of equation (8.8) of the form

o0
= E ant",
n=0

which converges for all ¢ in (—1,1). (This means that x =t + 1 will be in the interval (0, 2)
as desired.) Substituting into equation (8.8) yields

(" —1) Zn(n — 1Dapt"? +2 Zant” =0

n= n=0
[eS)

2
= n(n — 1a,t" — Znn—lant"2+22ant”—0
n=2 n=0

n=2
Making the shift in the index, k¥ = n — 2, in the second power series above and replacing n

with &k in the other two power series allows us to take each summation over the same power

of t. This gives us

D k(k = Dagt® = (k+2)(k + 1)agot" —i—ZQaktk—O
k=2 k=0 k=0

In order to start all of these summations at the same point, we must take the first two terms

out of the summation sign in the last two power series. Thus we have,
> k(k = Dagt® — (2)(1)az — (3)(2)ast = (k +2)(k + ag4ot®
k=2 k=2

+2a0 + 2a1t + Y 2a5t" =0
k=2
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= 2ag — 2as + (2a; — 6as) t + Z [k(k — Day — (k+2)(k + Dagyo + 2a;) t* = 0.
k=2

For this power series to equal zero, each coefficient must be zero. Thus, we have

2a0 — 2a, =0 = as = Qg , 2a1 — 6az =0 = (7,3:%,
]{I(k — 1)ak — (]i] -+ 2)(]€ -+ 1)ak+2 —+ Qak = 0, k Z 2
k’(k’ — 1)ak + Q(Ik (k)z —k -+ Q)Gk

e+ = 7 W= k1) P22

Therefore, we see that

= Ax4+2 =

40,2 a9 Qo

k:2 = — = ——
O - S Y o

80,3 20,1
k= = — = — te.
3 = as 54 15,80

Plugging these values for the coefficients into the power series solution,

o0

Y(t) = Zantn =aqg + a1t + a2t2 + a3t3 —+ a4t4 + e,
n=0
yields
at®  aptt  2a,t°

Y(t) = t 12
(8) = a0 +art + aot” + ==+ = 15

t 3 25
= Yt: ]_ t2 — e t J— N e .
(1) ao(‘l— +3+ )+a1(+3—|—15+ )

Lastly, we want to change back to the independent variable z. To do this, we recall that

Y(t) =y(t+1). Thus, if t = x — 1, then
V() = V(e —1) =y (e — 1]+ 1) = y(a).

Thus, we replace t with x—1 in the solution just found, and we obtain a power series expansion

for a general solution in the independent variable x. Substituting, we have

y(x) = ag 1+(3:—1)2+%(x—1)4+~'}+a1 {(x—l)%—%(x—1)3+12—5(a:—1)5+~--
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17. Here p(z) = 0 and ¢(z) = —sinx both of which are analytic everywhere. Thus, x = 7 is an

524

ordinary point for this differential equation, and there are no singular points. Therefore, by
Theorem 5 on page 451 of the text, we can assume that this equation has a general power
series solution about the point x = 7 with an infinite radius of convergence (i.e., p = 00).

That is, we assume that we have a solution to this differential equation given by

y(@) =) anle—m)" = y(@) =) na,(z—m)""|,

n=0

which converges for all z. If we apply the initial conditions, y(7) = 1 and /(7)) = 0, we
see that ap = 1 and a; = 0. To find a general solution of this differential equation, we will
combine the methods of Example 3 and Example 4 on pages 453-455 of the text. Thus, we

will first define a new function, Y (¢), using the transformation ¢ = x — m. Thus, we define

Y () = y(t+7) = y(a).

Hence, by the chain rule (using the fact that x = ¢ + 7 which implies that dz/dt = 1), we
have dY/dt = (dy/dz)(dz/dt) = dy/dz, and similarly d*Y/dt* = d*y/dx?. We now solve the

transformed differential equation

d*Y d*y
T sin(t 4+ m)Y(t) =0 = vl + (sint)Y (t) =0, (8.9)

where we have used the fact that sin(¢ +7) = —sint. When we have found the solution Y'(¢),
we will use the fact that y(xz) = Y (x — 7) to obtain the solution to the original differential
equation in terms of the independent variable x. Hence, we seek a power series solution to

equation (8.9) of the form

YO =Y at" = Y=Y nat"t = Y1) =Y nn-1at".
n=0 n=1 n=2

Since the initial conditions, y(7) = 1 and y/(7) = 0, transform into Y (0) = 1 and Y’(0) = 0,
we must have

Y(0)=ay=1 and  Y'(0) =a; =0.
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Next we note that ¢(t) = sint is an analytic function with a Maclaurin series given by

o -1 nt2n+1 t3 t5 t7
sint:ZL—t———F—

@nri) 6 120 040

n=0
By substituting the expressions that we found for Y (¢), Y"”(¢), and sint into equation (8.9),

we obtain

in(n—l)ant”_2+ t—ﬁ—l—i— v +--- iant”:(].
6 120 5040 o

n=2
Therefore, expanding this last equation (and explicitly showing only terms of up to order

four), yields

(2&2 + 6&315 + 12@4152 + 20a5t3 + 3Oa6t4 + - ) +1 (0,0 + a1t + GQtQ + a3t3 + - )
t3
_g(a0+a/1t+...>+..-zo

= (2a2 + 6ast + 12a4t* + 20a5t® + 30agt* + - - -) +t (ag + art + ast® + ast® + - - )

By grouping these terms according to their powers of ¢, we obtain

2as + (6az + ag) t + (12a4 + ay) t* + <20a5+a2 — %) ¢ + <30a6+a3 — %) th+---=0.
Setting these coefficients to zero and recalling that ayp = 1 and a; = 0 yields the system of
equations
209 =0 = as =0,
6as +ag = 0 = N
31 Qo 3 6 6
124, +a; = 0 = -2y
ay T~ a; = a4 = 2
Qg 1
ag 6 6 1
20 ——=0 = === —
G50 770 T 20 1200
ai
30a —i—a—ﬂ—o = CL—E_CLB—()—F_—L
CTTE 6 °T 30 30 180
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Plugging these coefficients into the power series solution

:Zant":a0+a1t+a2t2+~--,
n=0

yields the solution to equation (8.9):
3 t5 6 t3 t5 t6

t
Y =1+0+0— — +0 4+ — R e =1 — — - S
() =1H0+0 =5 +0+ 555+ 150 6 "120 " 180 "

Lastly we want to find the solution to the original equation with the independent variable .
In order to do this, we recall that ¢ = 2 — 7 and Y (z — 7) = y(x). Therefore, by substituting

these values into the equation above, we obtain the solution

1

_— — 6 DY
180(96 )"+

1 1 .
y(x)zl—g(:c—ﬁ) +EO( r—7)°+

We assume that this differential equation has a power series solution with a positive radius of
convergence about the point x = 0. This is reasonable because all of the coefficients and the

forcing function g(x) = sinx are analytic everywhere. Thus, we assume that

[e.e] o0
= E anz" = y'(z) = E na,z" "
n=0 n=1

By substituting these expressions and the Maclaurin expansion for sinz into the differential

equation, y'(z) — xy(x) = sinx, we obtain

0 0 2n+1
;nanx —xZanx % 1)”%

In the first power series on the left, we make the shift k = n — 1. In the second power series

on the left, we make the shift £ = n + 1. Thus, we obtain

0 2n+1

> x

E (k + Dagyiz” — E agp_q12* = E (-)"—.
|

prd p (2n + 1)!

n=0
Separating out the first term of the first power series on the left yields

e e 2n+1

o+ Y (k+Dagpa® =) ap12* = Z(_l)nm

k=1 k=1 n=0
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- o . 2+l
N a; + Z [(k+ Va1 — ap1] 2" = Z(_1> @2n+ 1)l
P n=0

Therefore, by expanding both of the power series, we have

ay + (2a3 — ag) © + (3az — a;) 2° + (day — az) 2° + (5as — az) =

3 5 7
6 o 5 7 _ 6 “ e = —x— l‘—_ ZE U
+ (6ag — aq) 2° + (Tar — as) x° + T + 120 5O40jL

By equating the coefficients of like powers of x, we obtain

af1:O7
1
2@2—(10:1 = a2:a0;_7
a1

3ag —a; =0 = a3:§:0,

~1 ar—1/6 ay 1
4 - = — L — -
= a2="g = = 1 s T12
5a5 —az =0 = a5:%:0,
; 1 Cas—1/120 ap 11
%~ 917 790 =T T us 70

Substituting these coefficients into the power series solution and noting that a, is an arbitrary

number, yields

ylx) = Zanx”
n=0
. @ 1 g (00 LY g (B4 1LY 0
= a0+0+<2+2)x +O—|—(8—|—12)x +0+ 48+720 x°+

1 1 1 1 1
= ao {1+§x2+§x4+4—8x6+~-]+[—x2+—x4+—x6—|—~-}.

27. Observe that z = 0 is an ordinary point for this differential equation. Therefore, we can

assume that this equation has a power series solution about the point z = 0 with a positive
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radius of convergence. Thus, we assume that

= Z a,z" = y'(x) = Z na,z" ! = y'(x) = Z n(n — 1)a,z" 2.
n=0 n=1

n=2
The Maclaurin series for tan x is

t LT
anxr =T - —_—
3 15

which is given in the table on the inside front cover of the text. Substituting the expressions
for y(z), y'(z), y"(x), and the Maclaurin series for the function tanz into the differential

equation, (1 — z?)y” — 3 +y = tanx, yields

1—3: inn—lanx inanxnl—i—ianx _x—|—%3+21i5+
= inn—lanx Z (n —1ayz" —Znanxnl—i—Zanx
n= n=2
3 220
EEREEIE T

By shifting the indices of the power series on the left-hand side of this equation, we obtain

- . = 3 220
; (k+2)(k+1)agiox —Zk (k—1)agx —g (k+1)agqx +§ak9€ =r4+ = 3 4+ = 5 +.

Removing the first two terms from the summation notation in the first, third and fourth power

series above yields

[e.9]

(2)(1)ay + (3)(2)asz + Z k+2)(k 4 1)apsz* — Zk — Dagz® — (1)ay — (2)asz
k=2

3 2P

—Z (k+1)agz +a0+a1x+2akx —x+§+ﬁ+
k=2 k=2
= (2a2—a1+a0)+(6a3—2a2+a1)x
= 3 22°
+ (k4 2)(k + Daggs — k(k — Dag — (k + Dagyr + az) 2* o+ o+t

k=2
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By equating the coefficients of the two power series, we see that

2a9 —a;+ag =0 = a2:a1;a0,
200 —a;1+1 1—a
6as — 2a0, + a1 =1 = a3 = 2 ! = O,
6 6
as +3as  a; —2a0+1
4-3a,—2-1las — 3 =0 = — _ .
ay a as + ao ay 19 Y
Therefore, noting that ag and a; are arbitrary, we can substitute these coefficients into the
power series solution y(z) = > "7  a,2™ = ag + a1z + ax* + azx® + aqx* + - -+ to obtain
() =a +ax—|—<ﬂ—@>x2+ 1 % z® + ﬂ—@—ki s
Y o 2 2 6 6 21 12 24

EXERCISES 8.5: Cauchy-Euler (Equidimensional) Equations Revisited, page 460

5. Notice that, since x > 0, we can multiply this differential equation by z? and rewrite it to
obtain ,
d~y dy
2
x*—= —br— 4+ 13y = 0.
dz? dz Y

We see that this is a Cauchy-Euler equation. Thus, we will assume that a solution has the

form

y(x) =2" = y'(z) =ra"? = y'(x) =r(r—1)a"2.
Substituting these expressions into the differential equation above yields
r(r—1)a" —bra" 4+ 132" =0

= (rP—6r+13)2"=0 =  r—6r+13=0.

We obtained this last equation by using the assumption that z > 0. (We also could arrive at
this equation by using equation (4) on page 458 of the text.) Using the quadratic formula, we
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see that the roots to this equation are

_ 6+4/36 52
-y

r =3 £ 2.

Therefore, using formulas (5) and (6) on page 458 of the text with complex conjugates roots
(and using Euler’s formula), we have two linearly independent solutions give by

3 3

y1(x) = x° cos(2Inx), y2(z) = 2°sin(2Inz).

Hence the general solution to this equation is given by

3

y(z) = c12° cos(2In ) + coa® sin(21In ).

This equation is a third order Cauchy-Euler equation, and, thus, we will assume that a solution

has the form y(z) = 2”. This implies that
y(z) =ra"? = y'(z) =r(r—1)a" 2 = y"(x) =r(r—1)(r —2)z" >,

By substituting these expressions into the differential equation, we obtain

[r(r—1)(r—2)4+4r(r— 1)+ 10r — 10] 2" =0

= [r® + 7% 4+ 8r —10] 2" = 0 = 4724+ 8 —10 = 0.
By inspection we see that r = 1 is a root of this last equation. Thus, one solution to this
differential equation will be given by y;(z) = x and we can factor the indicial equation above
as follows:

(r—1)(r* +2r + 10) = 0.

Therefore, using the quadratic formula, we see that the roots to this equation are r = 1, —1£3s.
Thus, we can find two more linearly independent solutions to this equation by using Euler’s
formula as was done on page 458 of the text. Thus, three linearly independent solutions to

this problem are given by
yi(z) =z, yo(z) = 7 cos(3In ), y3(z) = 7 tsin(3Inx).
Hence, the general solution to this differential equation is

y(z) = c12 + cor P cos(3In ) + czzsin(31In ).
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13. We first must find two linearly independent solutions to the associated homogeneous equation.

Since this is a Cauchy-Euler equation, we assume that there are solutions of the form

r—1

y(x) =2" = y'(x) =rz = y'(x) =r(r—1)a"2.

Substituting these expressions into the associated homogeneous equation yields
[r(r—1)—2r+2]2" =0 = r?—3r+2=0 = (r—1)(r—2)=0.

Thus, the roots to this indicial equation are » = 1,2. Therefore, a general solution to the

associated homogeneous equation is
yn(x) = 1w + o
For the variation of parameters method, let y;(z) = x and y»(z) = 22, and then assume that

a particular solution has the form

Yp(2) = v1(2)y1 (z) + v2()ya () = v1(z)x + Vo(z)2”.

In order to find v;(z) and wvy(x), we would like to use formula (10) on page 195 of the text.
To use equation (10), we must first find the Wronskian of y; and y,. Thus, we compute

W ly1, 9o] () = y1(2)ys(2) — yo(2)y) (v) = 22° — 2® = 2.

Next we must write the differential equation given in this problem in standard form. When
we do this, we see that g(z) = 272, Therefore, by equation (10), we have

_—5/2,.2 2
vi(z) = /#dz = /(—x_5/2)dx = gx_gﬂ

T

—5/2 -9
vz () :/x 3 ® dr = /x7/2dx = ?x’5/2.

T

and

Thus, a particular solution is given by

2 _ -2 _ 4 _
yp(z) = (gx 3/2)x+ (?x 5/2) x2:1—5x 12,

Therefore, a general solution of the nonhomogeneous differential equation is given by

4
y(x) = yn(x) + yp(2) = 1w + cow? + R 12,
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19. (a) For this linear differential operator L, we have

532

Lz (z) = 2*[r(r—=1)(r—2)2" "] + 2 [ra""] — 2"
= r(r—=1)(r—2)z"+ra" —a"
= (rP=3r"+3r—1)a" = (r—1)%".

(b) From part (a) above, we see that » = 1 is a root of multiplicity three of the indicial

equation. Thus, we have one solution given by
y1(z) = x. (8.10)

To find two more linearly independent solutions, we use a method similar to that used
in the text. By taking the partial derivative of L [2"] (z) = (r — 1)32" with respect to r,

we have

9 {L[z"](z)} = % {(r—1)%"} =3(r—1)%" + (r—1)%°2"Inx

= % {L[z"] (z)} = % {3(r—1)%2" + (r—1)°2" Inx}
=6(r—Da" +6(r— 12" Inz + (r — 1)°2"(Inz)*.

Since 7 — 1 is a factor of every term in d {L [z"] (z)} /Or and 0 {L [z"] (x)} /Or* above,

we see that

0 r _
p. Lixz"] (x)} = 0, (8.11)
and 5
52 Lz (z)} = 0, (8.12)

We can use these facts to find the two solutions that we seek. In order to find a second
solution, we would like an alternative form for

O{L [2"] (=)}
or

r=1

Using the fact that
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and proceeding as in equation (9) on page 458 of the text with w(r,x) =z, we have

9 r 0 0 363w ow
SALENW) = L) = 5 (e S+ 5 -}

5 0w Pw w4 w Pw  Ow

v 8r8x3+x8r8x_5—x 8x387“+x8x8r_§
_ (0w 0 (w dw o]
-7 ox3 \ or x@x or or or ’

where we are using the fact that mixed partials of w(r, x) are equal. Therefore, combining

this with equation (8.11) above yields

ox”
L
r=1 |: 87"

Thus, a second linearly independent solution is given by

a T
AL (@)}

] =L[z"Inx }r:J = Llzlnz| =0.

r=1

yo2(x) = xInx.
To find a third solution, we will use equation (8.12) above. Hence, we would like to find
an alternative form for 9> {L [z"] (z)} /Or?. To do this, we use the fact that

0 . o, *w Pw  Ow
or Ll](2)} == orox3 T orox  or’

which we found above and the fact that mixed partial derivatives of w(r,z) are equal.

Thus, we have

0? ., o [0 . 0 , O Pw  Ow

or2 L] (=)} = or [E Ll ](x)}] ~or {x orox? +x87“8x B E}
5 Ow N OPw B Pw 5 Pw PBPw 0*w
-7 or20x3 v or20x  0r?

-7 0x30r? T 0xdr2  or?
3 [ 0*w 0 (0*w 0*w 0*w

_ .3 . B - —

-7 8:703(8T2>+x8x(8r2) Or? L[@ﬂ}(x) 0

Therefore, combining this with equation (8.12) above yields

o2 . {a? (a")

AL (@)

r=1 or? r=1

] = L [z(Inz)*] =0,
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where we have used the fact that 9*z" /9r? = 2" (Inz)?. Thus we see that another solution
is

y3(z) = 2(Inx)?,
which, by inspection, is linearly independent from y; and 5. Thus, a general solution to

the differential equation is y(x) = Ciz + CoxInz + Csz(In z)?.

EXERCISES 8.6: Method of Frobenius, page 472

5. By putting this equation in standard form, we see that
(z) r—1 r—1 1
€Tr) == _— = — — —
P @—12 (@-12@+12 (r-D@+ 1)’

and
(2) 3 3
x) = = .
=@~ G-+ 1)
Thus, x = 1, —1 are singular points of this equation. To check if x = 1 is regular, we note

that

1 . 3
(x — Dp(x) = NCES): and  (z—1)7%(z) = SR

These functions are analytic at x = 1. Therefore, z = 1 is a regular singular point for this

differential equation. Next we check the singular point x = —1. Here
1
(x—1)(x+1)

is not analytic at x = —1. Therefore, x = —1 is an irregular singular point for this differential

(z + Dp(zr) = -

equation.

13. By putting this equation in standard form, we see that
-4 (z-2)(x+2) T+ 2
(22 —2—-2)2 (z2—-22x+1)2 (z—2)(z+1)2’
—6x

p(x) =

Thus, we have
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Therefore, x = 2 is a regular singular point of this differential equation. We also observe that

. . r+2 4
lim (z — 2)p(z) —i{%m =g =Po

6x 12 4

Thus, we can use equation (16) on page 463 of the text to obtain the indicial equation

4r 4 5r 4
r(r )+ 9 3 r 9 3

By the quadratic formula, we see that the roots to this equation and, therefore, the exponents

of the singularity x = 2, are given by

54251432 54457

(&1 )
18 18
D — V457
Ty = ——— .
18
Here p(x) = 27! and ¢(z) = 1. This implies that zp(z) = 1 and z?q(x) = x2. Therefore, we

see that x = 0 is a regular singular point for this differential equation, and so we can use the
method of Frobenius to find a solution to this problem. (Note also that x = 0 is the only

singular point for this equation.) Thus, we will assume that this solution has the form

o o0
w(r,z) =" E ap,x" = E a "t
n=0 n=0

We also notice that

Po = lirr(l)xp(x) =lim1l=1,

z—0

qQ = lir% 2?q(z) = lir% 2% = 0.
Hence, we see that the indicial equation is given by
r(r—1)+r=r*=0.

This means that r; = ro = 0. Since x = 0 is the only singular point for this differential

equation, we observe that the series solution w(0,z) which we will find by the method of
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Frobenius converges for all > 0. To find the solution, we note that

w(r,z) = Z anz"t"
n=0
= w'(r,x) = Z(n +7)a,z™ !
n=0
= w'(r,x) = Z(n +7)(n+r—1)a,a" 2
n=0

Notice that the power series for w’ and w” start at n = 0. Substituting these expressions into

the differential equation and simplifying yields

Z(n +r)(n+r—1)az"" + Z(n +1r)a ™t + Z a, " = 0.
n=0 n=0 n=0

k+r

Next we want each power series to sum over z°7". Thus, we let £k = n in the first and second

power series and shift the index in the last power series by letting & = n + 2. Therefore, we

have - N N
Z(k +r)(k+r — Daga™ + Z(k + r)agz™ + Z Qg™ = 0.
k=0 k=0 k=2

We will separate out the first two terms from the first two power series above so that we can

start all of our power series at the same place. Thus, we have

(r — Dragz” +r(1 +r)az'™" + Z(k‘ +r)(k+7r —1)agz™"

=2
+ragr” + (1 +r)ayz'™ + Z(k: + r)agz™T + Z Qo™ =0
k=2 k=2
= [r(r—1) +r]aox” + [r(r+1) + (r + )] arz™™

_'_
+ Z [(k+7r)(k+7r—Dag + (k+r)ay + ap_s] 2" = 0.

By equating coefficients and assuming that ag # 0, we obtain

r(r—1)+r=20 (the indicial equation),
[r(r+1)+ (r+1)]a; =0 = (r+1)%a; = 0,
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and, for £ > 2, the recurrence relation

k=2 s 9

(k‘i"]")(k"_?"—1)ak+(k+7")a,]g+a/k72:0 = ak:m, =

Using the fact (which we found from the indicial equation above) that r = 0, we observe that

a; = 0. Next, using the recurrence relation (and the fact that = 0), we see that

—Qg—2

ap = 12 s k Z 2.
Hence,
—Q
k=2 = Ao = TO ,
k=3 P——
9
_ "%
—Qa9 4 Qo
TG 16 64’
k=5 — 3
= as 25 s
_ G
—a4 64 )
6= 360 T 736 2304

Substituting these coefficients into the solution

o
w(0,z) = g ant" = ag + a1 + asx? + azx® + agxt + azz® + aga® + - -+,

n=0
we obtain the series solution for x > 0 given by

1 1
1— -2+ —z' -

_— 6 TR
1 64 2304 ° T

w(0,x) = ag

For this equation, we see that zp(z) = x/2 and x?q(z) = —(x +3)/4. Thus, z = 0 is a regular
singular point for this equation and we can use the method of Frobenius to find a solution.

To this end, we compute

— 3 -3
=0 el =y = 22
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938

Therefore, by equation (16) on page 463 of the text, the indicial equation is

T(r—l)—Z:O = 4r* —4r —3 =0 = (2r +1)(2r — 3) =0.

This indicial equation has roots r; = 3/2 and ro = —1/2. By the method of Frobenius, we

can assume that a solution to this differential equation will have the form

o)
::E anxn+r
n=0

= w'(r,x) = Z(n +7)a, ™!
n=0

= w'(r,x) = Z(n +r—1)(n+7r)a,z"" 2,
n=0

where r = r; = 3/2. Since x = 0 is the only singular point for this equation, we see that
the solution, w(3/2,x), converges for all > 0. The first step in finding this solution is to
plug w(r, x) and its first and second derivatives (which we have found above by term by term

differentiation) into the differential equation. Thus, we obtain

24(71 +r—1)(n+ T)anx"” + ZQ(n + T)anx"J”"H _ Zanl.nJrrJrl _ Z3anxn+r -0
n=0 n=0 n=0 n=0

By shifting indices, we can sum each power series over the same power of z, namely z**
Thus, with the substitution & = n in the first and last power series and the substitution

k =n 4+ 1 in the two remaining power series, we obtain

iél E+r—1)(k+r)a k+T—I—Z (k+7r—Dap_ 2™ Zak W r—i3ak:pk+ =
k=0 k=0

k=1

Next removing the first term (the k£ = 0 term) from the first and last power series above and

writing the result as a single power series yields

4(r — Dragz” + Z 4k +r — 1) (k + r)apa®™ + Z 20k + 1 — Vaj_ "t
k=1 k=1

— Z Qp_ Lkt — 3agxr” — Z Bakx



Exercises 8.6
= [4(r — 1)r — 3] apx”

+Z (k47— (k+7)ap +2(k +r — Dag_1 — ar_, — 3a] 2" = 0.

By equating coefficients we see that each coefficient in the power series must be zero. Also we

are assuming that ag # 0. Therefore, we have

4r—1)r—-3=0, (the indicial equation),
Ak+r—1)(k+r)a +2(k+r—1ag_1 — a1 — 3ax = 0, k> 1.

Thus, the recurrence equation is given by

(3 —2k —2r)ag_,

= k> 1.
T Ak tr—D(k+r) -3 =
Therefore, for r = r = 3/2, we have
—2kay_q —Qp—1
= k>1 = = —— k>1.
T Ak r1/2)(k+3/2) -3 = Tkt 2) =
Thus, we see that
—ao —ao
k‘ = 1 = — = —
T MT 3T g
—aq Qg Qg
k — 2 = = =
T Ty T34 24y
—as —Aayp
k p— = — =
ST BTy T ey
—az Qo
k=4 = —
T MT s T gl

Inspection of this sequence shows that we can write the nth coefficient, a,,, for n > 1 as

(=1)"ao

= o 1 o)l

Substituting these coefficients into the solution given by

3 o
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27.

540

yields a power series solution for x > 0 given by
3 3/2 )n n+(3/2)
w(2 x) = Qpx —i—aoz o 1(n+2) .
But since substituting n = 0 into the general coefficient, a,,, yields (—1)%/(27'2!) = ay, the

solution that we found above can be written as
n n+(3/2)
wl(=,x a )
( ) 0 Z on— 1 (n +2)!

In this equation, we see that p(z) = —1/x and ¢(z) = —1. Thus, the only singular point is
x = 0. Since zp(z) = —1 and 2%q(z) = —2?%, we see that z = 0 is a regular singular point for
this equation and so we can use the method of Frobenius to find a solution to this equation.
We also note that the solution that we find by this method will converge for all > 0. To
find this solution we observe that

Po = lirr(l)xp(x) =lim(-1) = -1 and qo = lim 2%q(z) = lim(—2?) = 0.

z—0 xz—0 x—0
Thus, according to equation (16) on page 463 of the text, the indicial equation for the point
x=01s

r(r—1)—r=0 = r(r—2)=0.
Therefore, the roots to the indicial equation are r; = 2, r = 0. Hence, we will use the method

of Frobenius to find the solution w(2,x). If we let

o0

w(r,x) = Z ap ™",
n=0
then
w'(r,z) = Z(n +r)ana" and  w'(r,z) = Z(n +r—1)(n+r)a,z"" 2.
n=0 n=0

By substituting these expressions into the differential equation and simplifying, we obtain

> )+ )
n=0 n=0 p—
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Next we shift the indices by letting £k = n—1 in the first two power series above and k = n+1
in the last power series above. Therefore, we have

[e.e] o0

Skt r)(k+r+ Dagpa®™ = Y (k+7r+ Dagpa™ Zak i

k=—1 k=—1

We can start all three of these summations at the same term, the &£ = 1 term, if we separate
out the first two terms (the £ = —1 and k£ = 0 terms) from the first two power series. Thus,

we have

(r — Drage™ ' +r(r + Daa" + Z(k +7r)(k+r+ Dagp 2™
k=1

—ragx" ! — (r+ Dayaz" —Z k+r+1ak+1x Zak Y ans
= [(r—l)r—r]aoxr_l—I—[(7’+1)—(T—|—1]a1x

+ Z [(k+7r)(k+7r+ Dagpy — (k+7+ Dagyy — ap_y] 2" = 0.
k=1

By equating coefficients and assuming that ay # 0, we obtain

r(r—1)—r=0, (the indicial equation),
(r+1)(r—1a =0, (8.13)
(k+r)(k+7r—+1ak1 — (E+7+1ag — a1 =0, k> 1,

where the last equation above is the recurrence relation. Simplifying this recurrence relation

yields
ap—1
(k+r+1)(k+r—1)’

Next we let » = r; = 2 in equation (8.13) and in the recurrence relation, equation (8.14), to

Qi1 = k> 1. (8.14)

obtain

3a; =0 = a1:O,

ap—1
Upy1 = ———o——, k> 1.
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Thus, we have

Qo
k=1 = = —
as 427
k=2 = a—£20
3 53 )
Qa2 Qg Qo Qo
a 6-4 6-4-4-2 24.3.2.2.1-1 24.31.91"7
as
k=4 = =——=0,
=75
k=5 =  ag=—2 2o do

86 8-6-20-31-21 26.41.30

By inspection we can now see that the coefficients of the power series solution w(2, x) are
agp—1 =0

and
Qo

227 (n+1)In!”’

for all n > 1. Thus, substituting these coefficients into the power series solution yields the

Aop =

solution
222

w(2,z) = ag Z; B T il

35. In applying the method of Frobenius to this third order linear differential equation, we will

seek a solution of the form

w(r,z) = Z anz"t"
n=0

= w'(r,z) = Z(n +7)a,z" !

n=0
= w”(r,x) = Z(n +r—1)(n+7r)a,z"t" 2

n=0
= w"(r,x) = Z(n +r—2)(n+r—1)(n+r)a,a" 3,

n=0

where we have differentiated term by term. Substituting these expressions into the differential

equation and simplifying yields
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Z 6(n+r—2)(n+r—1(n+r)a,z""" + Z 1B(n+r—1)(n+r)a,z""

n=0 n=0
o o o0
+ g (n+r)a,z"" + g (n 4 1r)a,z™ T + E apz" T = 0.
n=0 n=0 n=0

By the shift of index £ = n + 1 in the last two power series above and the shift £ = n in all

of the other power series, we obtain

26 (k+r—2)(k+7—1)(k+r)azgz™" + 213 (k+7r—1)(k 4+ r)aga™"
k=0 k=0

+ Z(k + r)agz™ + Z(k — 1+ r)ap_12"" + Z ap_12T = 0.

k=0 k=1 k=1
Next we remove the first term from each of the first three power series above so that all of

these series start at k = 1. Thus, we have

6(r —2)(r — Vragz” + i 6(k+r—2)(k+7r—1)(k+r)apz™"

+13(r — Dragz” + Z 13(k +r — 1)(k + r)apa™™ + ragz” + Z(k + r)aprttT
k=1 k=1

+Z — 1+ r)ap_ 12" +Zak =0
k=1 k=1
= [6(r —2)(r—1)r+ 13(r — )r+r]agz”
+Z (k+r—=2)(k+r—1)(k+r)ax+13(k+7r—1)(k+r)ag
(/f + ’I“)ak + (]{7 -1+ T)ak,1 + ak,l] 2Fr =0, (815)

If we assume that ay # 0 and set the coefficient of z" equal to zero, we find that the indicial

equation is
6(r—2)(r—1r+13(r—1)r+r=20 = r?(6r — 5) = 0.

Hence, the roots to the indicial equation are 0, 0, and 5/6. We will find the solution associated

with the largest of these roots. That is, we will find w(5/6, z). Also, from equation (8.15), we
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see that we have the recurrence relation

6(k+r—2)(k+r—1(k+r)ar+ 13(k+7r—1)(k+1r)ay

+(k+r)ap + (k—1+7r)ag_1 + a1 =0, kE>1
—Qag—1
6(k+r—2)(k+r—1)+13k+r—1)+1’

If we assume that r = 5/6, then this recurrence relation simplifies to

—Qk—1

= k>1.
= k6K +5) =
Therefore, we have
=1 =
k aq 11 s
—ay Qo
k=2 = === —
2730 T3
—Q9 —Qo
k=3 = = .
~ T 69 T 25.806

By substituting these coefficients into the solution w(5/6,z) = 3" a,2"t/9 we obtain

5 ” L1600 17/6 ,23/6
w(é’x)_%(x Tl +374_25,806+”')‘
41. If we let z = 1/x (= dz/dx = —1/x?), then we can define a new function Y (2) as

Y(2) =y (1) — y(2).

z

Thus, by the chain rule, we have

L@@ e

dy dY
22Y _ (8.17)

= — ==,
v dx dz

Therefore, using the product rule and chain rule, we see that

d*y 2y d (dY d 1\ /dy
a2 de d\ar) T w2 ) 1
dax? dx? dx (dx) dr {( xz) (dz )} (by (8.16) above)
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_ 4 <_i) % (g) + <_i) x @ (g) (by product rule)
dz 2 z 2 dr \ dz
2
— (%) X (%) + (—%) X {(%) (%)} (by chain rule)
- (5 (F)+ ()« () (e = 5)
23 dz 72 dz? dx x?
2dy 1 d*%Y

Hence, we have

? Cdr Trde ta T ue

By using the fact that Y(z) = y(z) and equations (8.17) and (8.18) above, we can now

2y dY 18y Ay &Y
308 _ 9 -~ (8.18)

transform the original differential equation into the differential equation

Yy &Y dy
24— Y =0 =  Y'4+3Y Y =0 (8.19)

and

Therefore, z = 0 is a regular singular point of this equation and so infinity is a regular singular

point of the original equation.

To find a power series solution for equation (8.19), we first compute
po = lim zp(z) =3  and ¢ = lim 2q(z) = 0.
Thus, the indicial equation for equation (8.19) is
r(r—1)4+3r=20 = r(r+2)=0.

Hence, this indicial equation has roots r; = 0 and 9 = —2. We seek a solution of the form
o
w(r, z) = Z an 2"
n=0
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Substituting this expression into equation (8.19) above yields

2 Z(n +r—1)(n+r)a,z2""*+3 Z(n +7)a, " — Z a, 2"t = 0.
n=0 n=0 n=0

By simplifying, this equation becomes

Z(n +r—1)(n+r)a,z"" " + Z 3(n+r)a,z"" !t — Z a2t = 0.
n=0 n=0 n=0

Making the shift of index k = n — 1 in the first two power series and k = n in the last power

series allows us to sum each power series over the same powers of z, namely z**". Thus, we

have
Z (k+7)(k 47+ Va2 + Z 3(k+r+ Dag 2" — Z ap2" T =0.
k=—1 k=—1 k=0

By removing the first term from the first two power series above, we can write these three

summations as a single power series. Therefore, we have

(r — Dragz" + Z(k: + 1) (k47 + Dagy, 257
k=0

+3ragz" ! —1—23 k+r+4+ Dag2" —Zakz
k=0

= [(r—1)r+3r]agz" ' + Z [(k+7r)(k+74 Dap +3(k+ 7+ Dage — ap) 257 = 0.
k=0

Equating coefficients and assuming that ag # 0 yields the indicial equation, (r —1)r 4 3r = 0,

and the recurrence relation

(k+7r)k+7r+1ak1 +3(k+7r+1)ag —a, =0, k>0
ag

= I — , kE > 0.
T k+r+ ) (k41 +3)
Thus, with » = r; = 0, we obtain the recurrence relation
L k>3

G = D)k +3)
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Since aq is an arbitrary number, we see from this recurrence equation that the next three

coefficients are given by

a
k=0 = a,l—?o,
ai Qg
k=1 = ===
2= T o
ag ag
=2 - _ L
%= 15 7 360

Thus, from the method of Frobenius, we obtain a power series solution for equation (8.19)

given by

. 1 1 1
Y = O’ = n n— 1 — 2 = 3 _|_ e .
(z) = w(0, 2) nz_oaz a0(+3z+24z +360Z
In order to find the solution of the original differential equation, we again make the substitution
z=1/x and Y(2) = Y(z™!) = y(x). Therefore, in the solution found above, we replace the

2’s with 1/x to obtain the solution given by

_ 1 _ 1 _ 1 _
y(:c):Y(:c 1):a0(1+§x 1—1—%3: 2—1—%95 3+~~-).

EXERCISES 8.7: Finding a Second Linearly Independent Solution, page 482

3. In Problem 21 of Exercises 8.6, we found one power series solution for this differential equation

about the point z = 0 given by

1 1 1
() =1— -2+ —a* —

_— 6 )
1 64 9304° T

where we let ag = 1. We also found that the roots to the indicial equation are ry = ry = 0.
Thus, to find a second linearly independent solution about the regular singular point z = 0,
we will use part (b) of Theorem 7 on page 475 of the text. Therefore, we see that this second

linearly independent solution will have the form given by
yo(x) = y1(x) Inx + Z bx"
n=1
= yh(@) =yi(@) e+ ay(e) + ) nbua!
n=1
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948

o0

= vy (2) = o (x) Ina + 227 Y (z) — 2 2y (x) + Z n(n — 1)b,a"~

Substituting these expressions into the differential equation yields

x? {yi’(x) Inx 4 227 ) (z) — 2 2y (x) + Zn(n — 1)bngg”2}
‘HU{%( JInz + 2y (x anﬂ? 1} 2{y1(x)lnx+anx"}:O,
n=1

which simplifies to
22y (2) Inx + 229/, (z) — y1 (v +Znn—1
n=1

+ayy (@) Inw + g (2) + Z nb,a" + 2%y (z) lnz + 3 byt =
n=1

= (2 (2) +ayi (@) + 2%y (2)) Inw + 22y (2)

+ i n(n — 1)b,z" + i nb,x" + i b,z t? =
n=1 n=1 n=1

Therefore, since y;(x) is a solution to the differential equation, the term in braces is zero and

the above equation reduces to

o0

2y (x) + Z n(n — 1)b,z" + Z nb,z" + Z b,z t? =
n=1 n=1 n=1

Next we make the substitution & = n + 2 in the last power series above and the substitution
k = n in the other two power series so that we can sum all three of the power series over the

same power of x, namely x*. Thus, we have

2wyl (x) + > Kk — Dba® + 3 kba® + 3 b pa* =0,
k=1 k=1 k=3

By separating out the first two terms in the first two summations above and simplifying, we

obtain

22y (1) + 0 4 2by0% + Z k(k — 1)bpa® + byz + 2by2® + Z kbrx® + Z br—2z”® =0
k=3 k=3 k=3
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= 2xyy(z) + byx + 4box® + Z (K2by + by—s) 2* = 0. (8.20)
k=3
By differentiating the series for y;(z) term by term, we obtain
1 1 1
! = —— _ 3 —_ 5 oo
e R TR TR

Thus, substituting this expression for y;(z) into equation (8.20) above and simplifying yields

1 1 o
2 4 6 2 2 ko
{—x +§:c ——19295 +...}+blx+4b2x +I§3 (k bk+bk,2)x =0.

Therefore, by equating coefficients, we see that

b1 = O,
1
4b2 —1=0 = bg = Z ;
9b3+b1:0 = 53:0;
1 -3
a1 - _2.
8+ 604 + by 0 = by 198
25b5 + b3 = 0 = bs = 0;
L 6bg 4 by =0 I S
192 o © 7 13,824°
Substituting these coefficients into the solution
yo(z) = y1(x) Inz + Z b,
n=1
yields
3 4 11

1
Yo(z) = yr () Inw + — 2% — —— by,

17 TR Tz
Thus, a general solution of this differential equation is given by

y(x) = cryi(z) + caya(z),

where

1 1 1
:1__ 2 4_— 6 CECEY
yi(z) 17 +64x 5301~ + ,
1 3 11

yo(2) = y1(z) Inw + = 2> — —— 2

6 .« e
4 28" Tsat T
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7. In Problem 25 of Section 8.6, we found a solution to this differential equation about the regular
singular point z = 0 given by

o0 n n+3/2) 1 1
_ 32 Y s L 70
Z2nln+2 B T R

where we let ag = 1. We also found that the roots to the indicial equation for this problem
are 1y = 3/2 and 7 = —1/2, and so r; — ry = 2. Thus, in order to find a second linearly
independent solution about x = 0, we will use part (c) of Theorem 7 on page 475 of the text.

Therefore, we will assume that this second solution has the form

y2(z) = Cys(z) Inz + Z b M2 bo # 0

n=0

1 1 - 3 1
= yg(:p) = C’yi’(x) Inx + 20; yi(x) — Cp yl(;p) + (TL — _> (TL _ 5) bnxn—(5/2) .

n=0

Substituting these expressions into the differential equation yields

1 1 - 3 1 -
Cyi(z)Inz + 20; yy(z) — C? y1(x) + TLZ:O (n - 5) (n - 5) b,z %/2)
9 / 1 - 1 n7(3/2)—

+2z7 | Cyy(z) Inz + C— () + n=3 bnx
x
n=0 ]
—(x+3) |Cyi(z) Inx + Z bz~ | =

n=0 |

Multiplying through, we get

42°Cyl (x) Inx + 8Czy (z) — 4Cy, (x Z (n — _) (n — _) bz (1/2)]

+ |22°Cyy(z) Inz + 2Cxy () + Z (n _ _) b, +(1/2)

Cry(z)Inzx + Z bzt 2 4 3CY, (x) Inx + Z 3b,a"" 2| =0,

n=0 n=0
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which simplifies to

C [42y{(z) + 227y (2) — 2y (2) = 3y1(2)] Inx + 8Cay;(x) + 2C(x — 2)y(w)

+3 (20— 3) (20 — 1) bya™ V2 £ (20 — 1) b/

n=0
— Z b,x" /2 Z 3b, 2"~ (1/2) = (.
n=0 n=0

Since y;(z) is a solution to the differential equation, the term in brackets is zero. By shifting

indices so that each power series is summed over the same power of z, we have

8Cwy; (x) +2C(x — 2y (w) + Y (2k —3) (2k — 1) b~/
=0

k=
+ > 2k = 3) byt D =N T2 N g2 < o,
k=1 k=1 k=0

By writing all of these summations as a single power series (noting that the k& = 0 term of the

first and last summations add to zero), we obtain

(2k — 3) (2k — 1) byt~ (/2

NE

8Cxy) (x) + 2C(x — 2)y1(x) +

T

0

+> [(2k = 3) (2k — 1) by + (2k — 3) by — by — 3b] 272 = 0.
k=1
Substituting into this equation the expressions for y;(z) and yj(z) given by

i " 2+ (3/2) i "[n + (3/2)]z n+(1/2)
2”1n—|—2" 2”1n+2) ’

n= n=0

yields

i 8C(—1)"[n + (3/2)]x n+(3/2) ©° 20(_1)nl,n+(5/2)
|

2” I( n—|—2) 27 !(n+2)
n n+(3/2

) [
- — — k—(1/2) _
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where we have simplified the expression inside the last summation. Combining the first and

third power series yields

i 80 7’L + 1) n+(3/2) oo 20(_1)711.714—(5/2)
n— 1 n—1 |
— 2 (n+2)! — 2 (n+2)!
+ 3 [4k(k = 2)b + 2(k — 2)be_1] "D =0, (8.21)
k=1

By writing out the terms up to order z7/2, we obtain

1 3 1

+ [(—4by — 2b)z"? + (12b3 + 2by) ™2 + (32b4 + 4b3)2x™* + - -] = 0.

C {xg/ 2

Setting the coefficients equal to zero, yields

—4by — 2by =0 = by = —bo/2;

8C =0 = C = 0;

—(8/3)C +2C +12b5+2b, =0 = by = —b, /6;

(2/3)C — (1/3)C + 32by +4bs =0 = by = —bs /8 = by /48.

From this we see that by and by are arbitrary constants and that C' = 0. Also, since C' = 0, we
can use the last power series in (8.21) to obtain the recurrence equation by = by_1/(2k). Thus,
every coefficient after b, will depend only on by (not on by). Substituting these coefficients
into the solution, N
yo(z) = Cyy(x) Inx + Z b~/
n=0

yields

ya(x) = bo {x—m - ;,;1/2] T {xsm Y T T

The expression in the brackets following by is just the series expansion for y;(z). Hence, in
order to obtain a second linearly independent solution, we must choose by to be nonzero.

Taking by = 1 and by, = 0 gives

-1/2 lxl/Q.

ya(z) = 5
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Therefore, a general solution is

y(x) = iy (z) + caya(z),
where

1 1 1
yl(x):x3/2—6x5/2—|—4—8x7/2+--- and y2(x):$_1/2—§x1/2.

In Problem 35 of Section 8.6, we assumed that there exists a series solution to this problem of
the form w(r,z) = > 7 a,a"". This led to the equation (cf. equation (8.15), of the solution

to Problem 35, Exercises 8.6)
r2(6r — 5)agz” + Z {(k+7)?6(k+r) —5lay + (k+r)ay_} 2" = 0. (8.22)
k=1

From this we found the indicial equation r?(6r — 5) = 0, which has roots r = 0,0,5/6. By

using the root 5/6, we found the solution w(5/6,z). Hence one solution is

11/6 17/6 23/6
56 T x x
— _ + _ 4o
mie) == 11 374 25,806
where we have chosen ag = 1 in w(5/6,z). We now seek two more linearly independent

solutions to this differential equation. To find a second linearly independent solution, we will
use the root r = 0 and set the coefficients in equation (8.22) to zero to obtain the recurrence
relation

k*(6k — 5)ay, + kag_, = 0, k> 1.

Solving for a in terms of a;_; gives

—Aai—1
= k>1.
= k(6K —5) =
Thus, we have
k=1 = a; = —ag,

—ay Qo

= 2 = — = —
b RO VIRV E
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—as —Aayp
=3 = _ 2 _ "%
=39 T Ba6°
—a3 Qg
M6 T 41,496
k=5 = as = —u %0

125 ~ 5,187,000

Plugging these coefficients into the solution w(0, ) and setting ag = 1 yields a second linearly

independent solution

@ 1o+ 1 NP 1
=l—z+-—-2°— =
Y2 14 546 41,496 5.187. 000

$5+...

To find a third linearly independent solution, we will use the repeated root r = 0 and assume

that, as in the case of second order equations with repeated roots, the solution that we seek

ys3(x) = yo(x) Inx + Z "
n=1

Since the first three derivatives of y3(z) are given by

will have the form

W(#) = vhlo) e+ ye(e) + 3 meaa™
=1
(@) = () Iz + 207 44(2) — 2 () + 3 — Dmea .
vy () = v (x) Inz + 327195 (v) — 30 2yh(z) + 22 Py () + Z(n —2)(n — nc,a™?,

n=1

substituting ys(x) into the differential equation yields

62°y" (z) + 132%y" (z) + (z + 2%) y'(z) + zy(z)

= 62" |yy (z) Inz + 3o~ 1yl (z) — 3z~ 2yh(x) + 20 3y (x) + Z n—2)(n — nc,z"?
+132° [yé’(m) Inx + 227 'y (z) — 2 2y () + Z(n — 1)ncp,a™ 2
+ (z+27) |vh(x) Inz + x  ya(x) + Z ne,x™” yo(z)Inx + Z Cn X ] = 0.
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Since yo(x) is a solution to the given equation, this simplifies to

18225 (x) + 8xyhy(x) + wyo () + Z 6(n —2)(n — 1)nc,z"

n=1
+ i 13(n — D)neya” + i ne,x" + i ne,x™ 4 i ™t =0
n=1 n=1 n—=1 =1

By shifting indices and then starting all of the resulting power series at the same point, we

can combine all of the summations above into a single power series. Thus, we have

1822y} (x) + Sryh(z) + ya(x)

+er+ Y [6(k — 2)(k — Dkey, + 13(k — Dkey + key + kepq] 2% = 0. (8.23)

By computing y5(z) and y5(x), we obtain

1 1 1
/ — _1 o 2 3 R
v () It Tt Tig Y T
A P S S

L= 791" T 3458

By substituting these expressions into equation (8.23), we have

182 (Lo 2y = + 48z (—142 x2+ i +
:L. N — . e :L' N — PR
791 3458 7 182 ' 10374
+z(1—2+ v + i + +i [(6k* — 5k*)cx + kej—1] 2 = 0
xr — X — — - . 1T — C Cr—1| X = U.
14 546 41,496 T s A

Writing out the terms up to orderz® we find

19 31
(—7 + Cl) T+ (7 + 2802 + 201) 172 + <_@ + 11703 + 302) 4+ - =0.
By equating coefficients to zero, we obtain
—T4+c =0 = =T
19/7 4 28¢5 + 2¢; =0 = cy = —117/196;

—31/182 + 117¢c3+ 3¢, =0 = c3 = 4997/298116.
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Therefore, plugging these coefficients into the expansion

ys3(z) = yo(x) Inz + Z Cra™
n=1

yields a third linearly independent solution is given by

117 4997
ys(z) = yo(x)Inz + 7o — — x4+ 3

T
196 298116

Thus, a general solution is

y(r) = cy1(x) + caya () + cays(z),

where
11/6 17/6 23/6
_ 56 _ % et

n(w) = 11 T3t T msos T
2 1 xt xd°

le) =l-w+ 7 -gpt 11,496 5.187.000 T

11722 499743
ys(z) = yo(x)Inz + 7o — x ’

196 * 298,116 *
23. We will try to find a solution of the form

00
— E ananrr
n=0

= y'(z) = Z(n 4+ 7)a,z™ !
n=0

= y"(x) Z(n +7r)(n+r—1)a,z™" 2.
n=0

Therefore, we substitute these expressions into the differential equation to obtain

2y +y — xQZn—i—T n+r—1)anx”+r2+2n+ran ntr—1 QZanx

n=0 n=0 n=0

= Zk+r k—l—r—l)akxk”—i—z k474 1)ap ot ZQakx
k=0 k=1
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= rapz” "t + Z [(k+7)(k+7—Vax + (k+7+ Dagp — 2a,] 2" =0,
k=0

where we have changed all of the indices and the starting point for the second summation so
that we could write these three power series as a single power series. By assuming that ag # 0
and ragzr""! = 0, we see that r = 0. Plugging r = 0 into the coefficients in the summation

and noting that each of these coefficients must be zero yields the recurrence relation

k?(k? — 1)ak + (k) + 1)ak+1 - Q(Ik = O, k Z 0

= Q41 = (2 — k)ak, k> 0.

Thus, we see that the coefficients of the solution are given by
k=0 = a1=2ay; k=1 = ay=a; =2ap;
k=2 = a3 =0; k=3 = a4=—a3=0.

Since each coefficient is a multiple of the previous coefficient, we see that a,, = 0 for n > 3. If

we take ag = 1, then one solution is
yi(z) = 1+ 21 + 222,

We will now use the reduction of order procedure described in Problem 31, Section 6.1, on
page 326 of the text to find a second linearly independent solution. Thus we seek for a solution

of the form

y(x) = yi(z)v(z)
= Y(@) = @) + y@)' ()
y'(x) = yi(x)o(x) + 2y1 ()0 (2) + yo ()" (2).

=

Substituting y(x), v'(z), and y”(z) into the given equation yields
2y +y =2y = 2 [yfv+ 250 + ]+ Yo+ yiv] = 2[yo)]
= |2 ] "+ [22%y ] O+ [Py oy - 20 v

= [nyl} v+ [Qx Y1+ yl} v =0
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958

(since y; is a solution, the coefficient at v equals to zero). With w = v/, the last equation
becomes a first order separable equation which can be solved by methods of Section 2.2.
Namely,

[ y1 ()] w'(z) + [22°y; (2) + 1 (2)] w(z) =
dw  22%y(z) + yi(2) dr — (2?/(90) N 1 ) i

= —_— =

w w2y (x) yi(x) a2
= el = - [ 2R [ o)+ g
1 61/z
= w(x) = exp [—21n ly1(z)| + ;] = @R (8.24)

where we have taken zero integration constant and positive function w. Since

[1(2)]? = 42 4 82° + 8% + 4z + 1 and
-2 -3 —4

e _q i l r

e S R v

(we have used the Maclaurin expansion for e* with z = 1/x), performing long division with

descending powers of x in each polynomial, we see that
—2 -3 —4

1 4o+ 242 % L
M 2 "6 o4 R SRUE B DR
[y2(2)]? Azt + 823 + 822 + 4w + 1 1 1 g
Therefore, (8.24) yields
1 1 1
U/(x>:w(x)21$_4 Zx 5—|—§;1;_6_|_
Ly 1 5 1 4 1, 1 ., 1 .
= - [ (= 2 1 e L 1o, 1
v /<4x it TR ) TR Tt Twt T
and so
y(z) = wp(x)v(z) = [1+ 2z + 227 L S VRIS I
' 12 16 40
1 1 |
= —— -1 72__ *3+.

6" 247 1207
is a second linearly independent solution. Thus, a general solution to this differential equation

is given by y(z) = c1y1(x) + caya(x), where

y1(z) =1+ 22 + 222 and yo(z) = ——o - —o P — a4
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EXERCISES 8.8: Special Functions, page 493

1.

13.

For this problem, we see that v = 1/2, a+ 3+ 1/4, and a x f = 2. First we note that  is not
an integer. Next, by solving in the last two equations above simultaneously for o and [, we
see that either « =1 and =1 or a =2 and § = 1. Therefore, by assuming that o = 1 and
B = 2, equations (10) on page 485 and (17) on page 486 of the text yield the two solutions

1 3 5 3
yi () :F(1,2;§;$> and  ya(z) =2'PF (575;5333) :

Therefore, a general solution for this differential equation is given by

1 3 5 3
y(r) = F (1,2;5;:70) + o' /?F (a,é,a,x)

Notice that

F(a’ﬁmx):1+Zo%xn:1+ZO%$RZF(5,Q;7;JJ).

Therefore, letting o = 2 and 3 = 1 yields an equivalent form of the same solution given by

1 5 3 3
y(l’) :ClF (271757.%') +C2.I'1/2F (5,5,57.1') .
This equation can be written as
1

22y + zy + (x2 — Z) y=0.

Thus, v?> = 1/4 which implies that ¥ = 1/2. Since this is not an integer (even though 2v is
an integer), by the discussion on page 487 of the text, two linearly independent solutions to

this problem are given by equations (25) and (26) also on page 487, that is

0 —1)" T\ 2n+1/2
yi(z) = Jipp(z) = ; m (5) ’

o0 (—1)" 7\ 2n—1/2
i) = Lale) =Y o (5)

n=0

Therefore, a general solution to this differential equation is given by
y(ZL‘) = ClJl/g(fL') + CQJ_l/Q(ZL').
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15. In this problem v = 1. Thus, one solution to this differential equation is given by

y1(z) = Ji(z) = i i <g>2n+1 |

“—nll'(2+n)

By the discussion on page 487 of the text, J_i(x) and J;(z) are linearly dependent. Thus,
J_1(x) will not be a second linearly independent solution for this problem. But, a second
linearly independent solution will be given by equation (30) on page 488 of the text with

m = 1. That is we have

yo(z) = Yi(z) = lim cos(vm)J,(z) — J_, () .

v—1 sin(vm)

Therefore, a general solution to this differential equation is given by

y(z) = a1 i(z) + i ().

21. Let y(z) = 2”J,(x). Then, by equation (31) on page 488 of the text, we have
y'(x) =2¥J,_1(x).
Therefore, we see that

y'(x) = D.ly(2)] = Dy (2" J,1(2)] = Dy {x [2" ", (2)] }
= 2" 'J,_1(2) + 2D, [x”’lJ,,,l(x)] =2, 1 (2) + 2V T, ().

Notice that in order to take the last derivative above, we have again used equation (31) on
page 488 of the text. By substituting these expressions into the left-hand side of the first

differential equation given in the problem, we obtain

wy" + (1 =2v)y +ay = [2"7 T, (2) + 2T, a(@)] + (1= 20) [2 T, (2)] + @ [27 ], (2))]
= 2" J,_1(x) + 2" o (x) + 2" T, (x) — 2va” T, (z) + 2", (2). (8.25)

Notice that by equation (33) on page 488 of the text, we have

J,(x) = % Jy1(2) — J,_o(x)
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= P (2) =20 — Da"J, 1 (x) — 2T, ().
Replacing x*™1J,(z) in equation (8.25) with the above expression and simplifying yields
oy + (1 =20y +ay =2 J,_1(x) + 2" T, o (x) + 2V J,_ 1 ()
—2ua¥ J, 1 (z) +2(v — Da’J,_1(z) — 2", o (z) = 0.

Therefore, y(z) = 2¥J,(x) is a solution to this type of differential equation.
In order to find a solution to the differential equation zy” — 2y’ + xy = 0, we observe that this
equation is of the same type as the equation given above with

1-2v=-2 = V= —.

Thus, a solution to this equation will be

3/2 32 - )2/
y(x) = 2% J39(z) = 2% Z m (5) '

n=0

In Legendre polynomials, n is a fixed nonnegative integer. Thus, in the first such polynomial,
n equals zero. Therefore, we see that [n/2] = [0/2] = 0 and, by equation (43) on page 491 of

the text, we have

Ry =20 L 0y
Similarly, we have
n=1 = %:O = P1(x)=2_1%3;2!x1:x,
ot [ = (e )
s e [ = e (G ) o

35z —30x% + 3
— : .
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37. Since the Taylor series expansion of an analytic function f(t) about ¢ = 0 is given by

n.

> f(n)
=31 ,(O)t",

2tx—t2

we see that H(z) is just the nth derivative of y(t) = e with respect to ¢ evaluated at the

point ¢t = 0 (treating x as a fixed parameter). Therefore, we have

(t) = 2tz—t?

(t) = (2z — 2t)eet*

"(t) = [2 + (2 — 2t)%] 2ot

() = [—6(2x — 2t) + (2 — 2t)%] 2o

(0) =€’ =1,
'(0) = 2xe® = 2z,

= [-2+ (22)?] " = 422 — 2,
”(0) = 82 — 12z.

<
Q)

NadN NG
b 4 4 3
=EEE

39. To find the first four Laguerre polynomials, we need to find the first four derivatives of the

function y(z) = 2"e~*. Therefore, we have
yO(z) = 2",
y/(l') — (nxnfl _ xn) 671,
y'(z) = (n(n — 1)z" > — 2na" ' + ") e,

y"(x) = (n(n —1)(n—2)2" % =3n(n — 1)z" > + 3na™ ' —2™) e ™",

Substituting these expressions into Rodrigues’s formula and plugging in the appropriate values

of n yields
Lo(z) = %xoe_“” =1,
Ly(z) = % [L'El_l :El} er=1—u,
i 2—4 2
Ly(z) = % [2(2 — 1?2 —2.22771 ¢ ;pﬂ e % = +—|—x 7
La(z) = % [3(3 -1 - 2)‘%373 —3-3(3— 1)95372 +3.32571 — 373] e *

_6—18ZL‘+9:E2—ZL‘3
= 6 .
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REVIEW PROBLEMS: page 497

1. (a) To construct the Taylor polynomials

approximating the solution to the given initial value problem, we need y(0), y'(0), etc.
y(0) is provided by the initial condition, y(0) = 1. The value of y'(0) can be deduced

from the differential equation itself. We have

Differentiating both sides of the given equation, ¢y = zy — y?, and substituting z = 0

into the resulting equation, we get

y'=y+ay =2y
= y'(0) =y(0) + (0)y'(0) = 2y(0)y'(0) = (1) + (0)(=1) — 2(1)(-1) = 3.
Differentiating once more yields
y/// — y/ +y/ _'_xy// _ 2y/y/ _ ny//
= y"0)=(=1)+(-1) + (0)(3) = 2(-1)(-1) = 2(1)(3) = —10.

Thus,

B -1 3., —10 45 3z*  ba?

(b) The values of z(0) and 2/(0) are given. Namely, z(0) = —1 and 2/(0) = 1. Substituting

x = 0 into the given equation yields
2"(0) — (0)*2/(0) + (0)2(0)> =0 = Z"(0) = 0.
We now differentiate the given equation and evaluate the result at © = 0.
M= 3a2 — a3 4 24 222 =0
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= 2"(0) = 3(0)%2'(0) + (0)*2"(0) — 2(0)* — 2(0)2(0)2'(0) = —1.
One more differentiation yields

2 6ry — 3022 — 322 — 23 4+ 222 + 227 4220 42222 =0
= zM(0) = —42(0)2(0) = 4.

Hence,
3 4

I SR P ST SR
pa(r) = — +F:c+§:c+3 x+5x “ltr -t
3. (a) Since both p(z) = 2% and ¢(x) = —2 are analytic at z = 0, a general solution to the

given equation is also analytic at this point. Thus, it has an expansion

o0
y = Z apx”
k=0
o0
= y = Z kagxh1
k=1

= y' =Y k(k—1)az"2.
k=2

Substituting these expansions for y, ¥/, and y” into the original equation yields
g Y,y Y g

ik‘ k—1 akxk 24 a? ikakx —Qiakxkzo
k=2 k=1 k=0

= Z k(k — 1aga™? + Z kapa*tt — Z 2a,2* = 0.
k=2 k=1 k=0

We now shift the indices of summation so that all three sums contain like powers z”. In
the first sum, we let £ — 2 = n; in the second sum, let kK + 1 = n; and let £ = n in the

third sum. This yields

Z(n +2)(n+ 1D)ay22™ + Z(n — Da, 12" — Z 2a,7" = 0.
n=0 n=2 n=0

Separating the terms corresponding to n = 0 and n = 1, and combining the rest under

one summation, we obtain

(2a9 — 2ap) + (6az — 2a1) x + Z [(n+2)(n+ a2+ (n — 1)a,—1 — 2a,] 2™ = 0.
n=2
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Therefore,

2a9 — 2a9 = 0,

6asz — 2a; = 0,

(n+2)(n+ Dapa + (n—1)ap—1 —2a, =0, n>2.
This yields

a; 2a, — (n — 1)a,_

as = ag, as = —, and Qpyo = , > 2.

2o S AR R TR D
Hence,

y(z) = a0+a1x+a2x2+a3x3+~-:a0+a1x+aox2+%x3+---

2 z®
= a(1+2>+-) +a (x—|—§+'-->.
5. Clearly, x = 2 is an ordinary point for the given equation because p(z) = z —2 and ¢(z) = —1

are analytic everywhere. Thus we seek for a solution of the form

= Z ap(x —2)*

Differentiating this power series yields

= Z kay(x — Q)k—l and w'(z) = Z k(k — 1)ag(z — 2)"“_2
k=1

k=2
Therefore,
w4 (z = 2w —w = Z k(k— Dag(z —2)" 2 + (z - 2) Z kay(z — 2)F!
=2 k=1
—Zak(x—Q)k =0
k=0
= Zk: — Dag(x kQ—FZkakx—Q Zak(:p—Q)k:O.
k=2 k=0
Shifting the index of summation in the first sum yields
Z(n+2)(n+1)an+2(x—2 +Znanx—2 Zanx—Q =0
n=0 n=1
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= 2a2+2n+2(n—|—1)an+2x—2 —I—Znangg—Q —

n=1

ap + Zan(x — 2)”] =0
n=1

= (2a3 — ap) —1—2 [(n+2)(n+ 1)ay2 + na, —a,] (x —2)" =0,
n=1
where we have separated the terms corresponding to n = 0 and collected the rest under one

summation. In order that the above power series equals zero, it must have all zero coefficients.
Thus,

20,2 — Qo — 0,
(n+2)(n+ Dayio+na, —a, =0, n>1

az = ap/2,
Unio = (1 —n)a,/[(n+2)(n+1)], n>1.

=

For n =1 and n = 2, the last equation gives a3 = 0 and ay = —a2/12 = —ay/24. Therefore,

w(x) = ag+ai(z—2)+ax(zr —2)+as(x —2)* +ag(w —2)* + - -
_ ao+a1(x—2)+%(x—2)2+(0)(x—2)3—iao(x—2)4+---

24
x — 2)? xr—2)*
- f1+1 2 - 24) +o | Fa(r - 2).

7. (a) The point x = 0 is a regular singular point for the given equation because

and the limits

Po = lirr(l)xp(x) = lim(—5) = -5,

z—0

go = lim 2%¢(z) = lim (9 — x) = 9

z—0

exist. The indicial equation (3) on page 461 of the text becomes

T(T—1)+(—5)T+9:0 = ”—6r+9=0 = (7«_3)220.
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Hence, r = 3 is the exponent of the singularity x = 0, and a solution to the given

differential equation has the form

o o0
Yy = 3 E apxt = E apxt 3
k=0 k=0

Substituting this power series into the given equation yields

[e.e] " o0 / o0
7’ <Z ak:pHg) — dx <Z ak:pHg) +(9—2) <Z akxk+3> =0
k=0 k=0 k=0

= > (k+3)(k+ 2™ = 5k +3)apat P+ (9 - 2) Y apatt =0
k=0 k=0 k=0
= D [k +3)(k+2) = 5(k+3) + 9 2™ =Y apattt =0
k=0 k=0
- Z k2ak$k+3 _ Z akxk+4 -0
k=0 k=0
= Z nQOJnanriS o Z anilanrB -0
n=1 n=1
= Z (n2an — an_l) " =0.
n=1
Thus,
n’a, —a, 1 =0 or ap = an; , n>1
n
This recurrence relation yields
n=1: a =ay/(1)*=ag,
n=2: ay=a/(2)?=ap/4,
n=3: az=ay/(3)* = (ag/4) /9 = ay/36.
Therefore,
y(x) = 2° (a0 + a1z + axx® + azz® + - - )
5 6
= 2 <a0+a0x+%x2+g—2x3+...) = ag (x3+$4+xz+§_6+”')’
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CHAPTER 9: Matrix Methods for Linear Systems
EXERCISES 9.1: Introduction, page 507

3. We start by expressing right-hand sides of all equations as dot products.

r+y+z=1[1,11][r,y,2], 2z—2x=[-1,0,2] [z,y,2], 4y =1[0,4,0][x,y,z].

Thus, by definition of the product of a matrix and column vector, the matrix form is given by

!/

x 111
= | -1
040

7. First we have to express the second derivative, y”, as a first derivative in order to rewrite the

equation as a first order system. Denoting v’ by v we get

Yy =, y =,
or 2 b
mv' +bv+ky =0 vV=——y——u.
m m
Expressing the right-hand side of each equation as a dot product, we obtain
k b k b
T A Tl e )
m m m’' m

Thus, the matrix form of the system is
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we can rewrite the given system in normal form:

17,1 = I €Ty = T2
xh =14 xh = —3x; — 23
or
xh+ 31+ 223 =0 xh =1y
xy —2x; =0 xy = 2xy .
Since
XTo = [07 17 07 O] : [xla .%'2,33'3,33'4], _3371 - 233'3 = [_37 07 _27 O] : [xla .%'2,33'3,33'4],
xy =[0,0,0,1] - [x1, x2, T3, 24], 2x1 = [2,0,0,0] - [21, 2, T3, T4],

the matrix is given by

T 01 0 0 Ty
T B -3 0 -2 0 Lo
zs | | 00 01| as
T4 20 0 Ty

EXERCISES 9.2: Review 1: Linear Algebraic Equations, page 512

3. By subtracting 2 times the first equation from the second, we eliminate x; from the latter.

Similarly, x; is eliminated from the third equation by subtracting the first equation from it.

So we get
T1 + 229 + 3 = —3, T + 229 + 23 = —3,
—3x3 = 6, or To — 3T3 = 0,
T9 —3x3= 6 (interchanging last two equations) x3 = —2.

The second unknown, x5, can be eliminated from the first equation by subtracting 2 times
the first one from it:
1 + Txg = —15,
T9 — 313 = 0,

T3 = —2.
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Finally, we eliminate z3 from the first two equations by adding (—7) times and 3 times,

respectively, the third equation. This gives

T = —]_,
Lo = Oa
T3 = —2.

7. Subtracting 3 times the first equation from the second equation yields

—I1 —|—3l'2 = 0,
0=0.

The last equation is trivially satisfied, so we ignore it. Thus, just one equation remains:
—x1+ 329 =0 = T = 3Ts.
Choosing x, as a free variable, we get x1 = 3s, 5 = s, where s is any number.

9. We eliminate z; from the first equation by adding (1 — 4) times the second equation to it:
[2—(1+4)(1—1)|zy =0,
Since (1 —i)(1+1i) =1*—i* =1— (—1) = 2, we obtain

0=0, N 1 -1+
To9 = — A xIq .
—z1 — (1 4+ i)z =0 141 2

Assigning an arbitrary complex value to 1, say 2s, we see that the system has infinitely many

solutions given by

xr = 2s, o = (—141)s, where s is any complex number.

11. It is slightly more convenient to put the last equation at the top:

—x1 + X9 + 51’3 = O,
2r1 + 3 = —1,
—333'1 + X9 + 4.1'3 = 1.
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We then eliminate x; from the second equation by adding 2 times the first one to it; and by

subtracting 3 times the first equation from the third, we eliminate z; in the latter.

—X1 + X9 + 51‘3 = 0,
—21‘2 - 1]_1'3 = ]_,
2.%'2 + 1133'3 = —1

To make the computations more convenient, we multiply the first equation by 2.

—2.%'1 + 233'2 + 1033'3 = 0,
—21‘2 - 1]_1'3 = 1,
209 + 11z3 = —1.

Now we add the second equation to each of the remaining, and obtain

—2.1'1 — T3 = 1,
—233'1 — T3 = 1,
—2x9 — 11z =1, or
—2.1'2 — 1133'3 =1.
0=0
Choosing z3 as free variable, i.e., 3 = s, yields zy = —(s +1)/2, o2 = —(11s + 1)/2,

—00 < s < 00,

13. The given system can be written in the equivalent form

(2 —r)z; — 329 = 0,
1 — (24 1)z = 0.
The variable x; can be eliminated from the first equation by subtracting (2 — r) times the

second equation:

(=34 (2=7)(2+ )]s = 0, (1—7r2)zy =0,
1 —(241r)2=0 1 — (24 71)2y =0.

If 1 —72 # 0, i.e.,, 7 # £1, then the first equation implies 7, = 0. Substituting this into
the second equation, we get x;. Thus, the given system has a unique (zero) solution for any

r # 41, in particular, for r = 2.
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If r =1 or r = —1, then the first equation in the latter system becomes trivial 0 = 0, and the

system degenerates to
r1—(2+7r)e, =0 = r = (24 r)r,.
Therefore, there are infinitely many solutions to the given system of the form
r1 = (2+71)s, Ty = 8, s € (—00,00), r==I1.
In particular, for r = 1 we obtain

r1 = 3s, Ty = s, s € (—00,00).

EXERCISES 9.3: Review 2: Matrices and Vectors, page 521

(1 2 1[1 0 1-2 0—2 1 -2
5. (a) AB = — . .
9 3|11 2-3 0-3 ~1 -3

(1 21 =11 —1—-4 1-2 -5 —1
(b) AC = — — .
2 -3 2 1 926 2-3 —8 —1

(c) By the Distributive Property of matrix multiplication given on page 515 of the text, we

S e N

13. Authors note: We will use R; + cR; — R}, to denote the row operation “add row ¢ to ¢ times

have

A(B+C)=AB+AC =

row j and place the result into row k.” We will use cR; — Rj to denote the row operation

“multiply row 7 by ¢ and place the result into row k.”

As in Example 1 on page 517 of the text, we will perform row-reduction on the matrix [A|T].

Thus, we have

2 -1 1] 10 0
Al = 2 1 0]010
3 1 -1l00 1
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[ 2 11|10 0
Ry + Ry — Ry
01110
2R3+3R1—>R3
0 -1 1|30 2
= ol =2 0 -2
Rl—R3—>R1 O O 1 1 1 O
0 -1 1| 30 2
“R\/2 - Ry (1 00| 101
R2—>R3 0 01 1 0
[ 1 0 10 1
—R2+R3—>R2 010 -2 1 =2
0 11 0

Therefore, the inverse matrix is

10 1
Al'=| 21 -2
11 0

To check the algebra, it’s a good idea to multiply A by A~! to verify that the product is the

identity matrix.

19. Authors note: We will use R; + cR; — R}, to denote the row operation “add row ¢ to ¢ times
row j and place the result into row k.” We will use cR; — Rj to denote the row operation

“multiply row 7 by ¢ and place the result into row k.”

To find the inverse matrix X 1(¢), we will again use the method of Example 1 on page 517 of

the text. Thus, we start with

X = | e —et 2e2

o O =
o = O
—_— O O
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R R A et et e 10
— —
32 Rl 32 0 -2t €| -1 1 0
— —
o 0 0 32| -1 0 1
Ry2 — B [ ot et et 1 0 0
— —
’ ’ 0 et —eX/2 | 1/2 —1/2 0
R3/3—>R3
0 0 | —1/3 0 1/3
et et 0| 4/3 0 —1/3 ]
Ry — Rz — Ry
0 et 0| 1/3 —1/2 1/6
RQ—R3/2—>R2
0 0 | -1/3 0 1/3
(et 0 0 1 1/2 -1/2 |
Ry — Ry — Ry 0 et 0 1/3 —1/2 1/6
0 0 | -1/3 0 1/3
etRy — Ry 1 00 et et/2 —e7t)2
e'Ry — Ry 010 e'/3 —e'/2 e'/6
e 2Ry — Ry 0 0 1] —e?/3 0 e /3

Thus, the inverse matrix X~1(¢) is given by the matrix

et e )2 —et)2
X Ht) = et/3 —et/2 e'/6
—e /3 0 e /3

23. We will calculate this determinant by first finding its cofactor expansion about row 1. There-
fore, we have

1 2
5 —2

—04+0=-2-10=—12.

—_ W

0
1 2|=()
5

37. We first calculate X'(t) by differentiating each entry of X(¢). Therefore, we have

X/(t) _ [ 2€2t 3€3t ]

_2€2t _6€3t
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Thus, substituting the matrix X(¢) into the differential equation and performing matrix mul-

tiplication yields

2€2t 3€3t 1 —1 €2t €3t
—2e2 —gedt | |2 4 || e —2e3t |

Since this equation is true, we see that X(¢) does satisfy the given differential equation.

o2t 4 o2t 3t 4 2Bt ]

2€2t _ 4€2t 2€3t _ 8€3t

39. (a) To calculate [ A(t)dt, we integrate each entry of A(t) to obtain

/A(t)dt: [ftdt [ edt

[1ldt [edt

2/24+ ¢ e +cy
t4+c3 e +cy

(b) Taking the definite integral of each entry of B(t) yields

1
/B(t)dt_[fomostdt _folsintdt]_[ sint}é cost}é]_[ sin 1 cosl—l]

J fol sint dt fol costdt —cost }(1) sint }(1) 1—cosl sinl

(c) By the product rule on page 521 of the text, we see that
4
dt

Therefore, we first calculate A’(¢) and B'(t) by differentiating each entry of A(t) and

[A()B(1)] = A(t)B'(t) + A'(t)B(?).

B(t), respectively, to obtain
1 € —sint  —cost
A'(t) = and  B'(t) = :
0 ¢ cost —sint

Hence, by matrix multiplication we have

d

SIAWB()] = AB'(1) + A'OB()

[t e —sint —cost N 1 et cost —sint
1 € cost —sint 0 et sint  cost

cost +elsint elcost —sint ]

[etcost — tsint —tcost — et sint ]

et cost —sint —cost —elsint etsint et cost

B [ (1+et)cost+ (et —t)sint (e — t)cost — (et + 1) sint ]

e cost + (e! — 1) sint (e" —1)cost —e'sint
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EXERCISES 9.4: Linear Systems in Normal Form, page 530

1. To write this system in matrix form, we will define the vectors x(¢) = col[x(t),y(t)] (which

means that x'(t) = col[z/(t),y'(t)]) and f(t) = col[t?, €], and the matrix

A(t):[_i) _;]

Thus, this system becomes the equation in matrix form given by

[x’(t)]_[ 3 —1”33@) t2]
vy | -1 2] | v et |

We can see that this equation is equivalent to the original system by performing matrix

+

multiplication and addition to obtain the vector equation

[f’(t)] _ [ 3x(t) — y(t) ] . [ﬁ] _ [ B (t) —y(t) + 1°
y'(t) —x(t) + 2y(t) e’ —z(t) + 2y(t) + ¢

Since two vectors are equal only when their corresponding components are equal, we see that

this vector equation implies that
'(t) = 3x(t) — y(t) + 2,
y'(t) = —x(t) + 2y(t) + €',

which is the original system.

5. This equation can be written as a first order system in normal form by using the substitutions
x1(t) = y(t) and z5(t) = 3/ (t). With these substitutions this differential equation becomes the
system

2y (t) = 0-z1(t) + zo(t),
xh(t) = 102 (t) 4 3xo(t) + sint.
We can then write this system as a matrix differential equation by defining the vectors x(t) =

col[z1(t), xo(t)] (which means that x'(t) = col[z)(t), x4 (t)]), £(t) = col[0, sint], and the matrix

0 1
A= .
[10 3]
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Hence, the system above in normal form becomes the differential equation given in matrix

i) | | 0 1] | x() 0
2y(t) | 110 3| | (0 sint |

(As in Problem 1 above, we can see that this equation in matrix form is equivalent to the

form by

_|_

system by performing matrix multiplication and addition and then noting that corresponding

components of equal vectors are equal.)

7. This equation can be written as a first order system in normal form by using the substitutions
21(t) = w(t), z2(t) = w'(t), x3(t) = w"(t), and z4(t) = w™(¢t). With these substitutions this

differential equation becomes the system

=0-21(t) +22(t) +0-23(t) + 0 - 24(2),
=0-21(t) + 0 2o(t) + 23(t) + 0 - 24(t),
=0-21(t) +0-29(t) + 0 23(t) + za(t),

= —x1(t) + 0 - 2o(t) + 0 - 23(t) + 0 - z4(t) + 2.

We can then write this system as a matrix differential equation x’ = Ax by defining the vectors
x(t) = collxy(t), xo(t), x3(t), z4(t)] (which means that x'(t) = col[x(t), ) (t), 25(t), 2, (t)]),
f(t) = col|0, 0,0, ], and the matrix

o O O =
o O = O
S = O O

—1

That is, the given fourth order differential equation is equivalent to the matrix system

2 (t) 0 100 x1(t) 0
() | | 0 0 10 ) N 0
zh(t) 0 00 1 z3(t) 0
(1) -1 0 0 0 z4(t) t2
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17. Notice that by scalar multiplication these vector functions can be written as

21.

e2t e2t 0
0 , e2t , €3t
56225 _621‘, 0

Thus, as in Example 2 on page 526 of the text, we will prove that these vectors are linearly

independent by showing that the only way that we can have

622& 622& 0
ca| 0 |4+c| e | +e| et | =0
5€2t _e2t 0

for all £ in (—o0,0) is for ¢; = cg = ¢3 = 0. Since the equation above must be true for all ¢,

it must be true for ¢ = 0. Thus, ¢;, ¢, and c3 must satisfy

1 1 0
c1 | 0| +e 1 +c3| 1| =0,
5 —1 0
which is equivalent to the system
c1+c=0,
co+c3 =0,

501 — Co = 0.
By solving the first and last of these equations simultaneously, we see that ¢; = co = 0.
Substituting these values into the second equation above yields c3 = 0. Therefore, the original

set of vectors must be linearly independent on the interval (—oo, 00).

Since it is given that these vectors are solutions to the system x'(t) = Ax(¢), in order to
determine whether they are linearly independent, we need only calculate their Wronskian.
If their Wronskian is never zero, then these vectors are linearly independent and so form a
fundamental solution set. If the Wronskian is identically zero, then the vectors are linearly

dependent, and they do not form a fundamental solution set. Thus, we observe

%74 [Xl, X9, Xg] (t) = 2et 0 —e¥
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3 — 3 —
_ 0 —e¥ o Qe t —e3t Lo 2¢7t 0
et 2€3t eft 2€3t e t et

= e " (0+e") —e (4e” + ) +¥(2—0) = —2¢™ #0,

where we have used cofactors to calculate the determinant. Therefore, this set of vectors
is linearly independent and so forms a fundamental solution set for the system. Thus, a

fundamental matrix is given by

e et e
X(t)y=1] 21t 0 —e¥ |,
et et 2%

e—t et €3t
x(t)=X(t)c=cy | 2" | +c2| 0 | +c3| —€*
eft et 2€3t

In order to show that X(¢) is a fundamental matrix for the system, we must first show that

each of its column vectors is a solution. Thus, we substitute each of the vectors

Ge ™t —3e % 23t
xi(t) = | —et |, x(t)=] e |, xs(t)=]| &
5ot o2t o3t
into the given system to obtain
(06 0] 6 —Ge~t
Ax(t) = 1 —e bt | = et = x(t),
1 0 —5e~t Set
(06 0] [ -3 G2
Axo(t) = 1 e | = | —2e7% | =x5(t),
1 0 e 2 —2e~ 2
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0 6 0 2e3t 6e3
Axs()=|1 0 1 et | =] 3e* | =x3(t).
1 10 et 3e3!

Therefore, each column vector of X(t) is a solution to the system on (—o0, 00).

Next we must show that these vectors are linearly independent. Since they are solutions to a

differential equation in matrix form, it is enough to show that their Wronskian is never zero.

Thus, we find

et —3e7?t 2e3

W(t) = | —et e e
_5et o2t 3t
—2t 3t —t 3t —t =2t
B e _ — e — e
= 6e 2t 3t +3e t 3t +2¢” t 2t
e e —be ™t e —be v e~

= 6e ! (et — et) + 3e % (—th + 5€2t) + 2e% (—e’Bt + 56’&) =20 # 0,

where we have used cofactors to calculate the determinant. Hence, these three vectors are

linearly independent. Therefore, X(¢) is a fundamental matrix for this system.

We will now find the inverse of the matrix X(¢) by performing row-reduction on the matrix
(X@) — LX),

Thus, we have

[ 6et —3e72 2% | 1 0 0
X = et e Bt 010
—bHet e 2t et 00 1
R A [ et —e72 et 0 —1 0
— —
R2 Rl Ge t —3e72t 23 | 1 00
—
! 2 5et 2 Bt 01
A n -e_t —e 2 et 0 —1 0
— —
R2+5R1 32 0 32 83| 1 6 0
.
K ! s 0 —de 2 —4¢3 | 0 —5 1
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Ru/d R et —e7 e | 0 —1 0
— —
’ ’ 0 e2 |0 5/4 —1/4
R2—>R3
0 3¢2 8*| 1 6 0
P (et 0 0|0 14 —1/4
—
e 0 e2 | 0 54 —1/4
R3—3R2—>R3

0 0 53| 1 9/4 3/4

1 (et 0 0| 0 1/4 —1/4
gRg — Ry 0 e 2 g3t 0 5/4 —1/4
0 0 ¢*| 1/5 9/20 3/20
(et 0 0 0 1/4 —1/4
RQ—Rg — Ry 0 e 2 0 —1/5 4/5 —2/5
0 0 ¢ | 1/5 9/20 3/20
¢'Ry — Ry (10 0 0 €4 —et)d
e Ry — Ry 01 0] —€*/5  4e*/5 —2e%/5
e 3Ry — Ry 0 0 1] e3/5 9e73/20 3e73t/20

Therefore, we see that

0 e'/4 —et /4
X7't)y=| —e*/5 4e*/5 —2e*/5
e 3/5 9e731/20 3e3t/20

We now can use Problem 26 to find the solution to this differential equation for any initial

value. For the initial value given here we note that ¢y = 0. Thus, substituting ¢y = 0 into the

matrix X~ *(¢) above yields

0 1/4 —1/4
X'0)=| —-1/5 4/5 —2/5
1/5 9/20 3/20

Hence, we see that the solution to this problem is given by
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[ et 3¢ 2% | [ 00 14 —1a] ] 1
= —e! e 2t edt —1/5 4/5 =2/5 0
“5et e || 15 9/20 3/20 1
[ et 3¢ 2% | [ —1/4 —(3/2)e" + (3/5)e"% — (1/10)¢
= —et et et -1/5 | = (1/4)e™t — (1/5)et — (1/20)e3
I —be ™t e 2t edt || —1/20 (5/4)e™" — (1/5)e " — (1/20)e®

There are two short cuts that can be taken to solve the given problem. First, since we only
need X~1(0), it suffices to compute the inverse of X(0), not X(¢). Second, by producing
X~1(t) we automatically know that det X(0) # 0 and hence X(#) is a fundamental matrix.

Thus, it was not really necessary to compute the Wronskian.

Let ¢(t) be an arbitrary solution to the system x'(¢) = A(¢)x(t) on the interval 7. We want

to find ¢ = col(cy, ¢a, ..., ¢,) so that
O(t) = e1x1(t) + caxao(t) + - - - + cnXn (1),
where X1, Xs,...,X, are n linearly independent solutions for this system. Since
1X1(t) 4+ coxa(t) + - - - + ¢, x,(t) = X(t)c,

where X(¢) is the fundamental matrix whose columns are the vectors xi,Xa,...,X,, this
equation can be written as

olt) = X(t)e (9.1
Since X1,Xa,...,X, are linearly independent solutions of the system x'(t) = A(¢)x(¢), their

Wronskian is never zero. Therefore, as was discussed on page 528 of the text, X(¢) has an

)
inverse at each point in I. Thus, at ¢y, a point in I, X7!(¢,) exists and equation (9.1) becomes

¢(t0) = X(to)c = )(71 (to)gb(t()) = )(71 (to)X(to)C =cC.

Hence, if we define ¢y to be the vector cg = X (t)é (o), then equation (9.1) is true at the
point to (i. e. ¢(tg) = X(to)X (tg)o(to)). To see that, for this definition of ¢y, equation
(9.1) is true for all ¢ in I (and so this is the vector that we seek), notice that ¢(t) and X(¢)co
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are both solutions to same initial value problem (with the initial value given at the point ty).
Therefore, by the uniqueness of solutions, Theorem 2 on page 525 of the text, these solutions

must be equal on I, which means that ¢(t) = X(t)c, for all ¢ in 1.

EXERCISES 9.5: Homogeneous Linear Systems with Constant Coefficients, page 541

5. The characteristic equation for this matrix is given by

1—r 0 0
—-r 2
A —7rI = 0 —r 2 [=(1-=7r)
2 —-r
0 2 —-r

= (1-r)(?=4)=10-=r)(r—2)(r+2)=0.

Thus, the eigenvalues of this matrix are r = 1,2, —2. Substituting the eigenvalue » = 1, into

equation (A — rI)u = 0 yields

0O 0 0 Uy 0
A-TDu=|0 -1 2||w]|=]|0], (9.2)
0 2 —1 us 0
which is equivalent to the system
—Ug + 2U3 = 0,

2us —uz = 0.
This system reduces to the system uy = 0, ug = 0, which does not assign any value to wu;.
Thus, we can let u; be any value, say u; = s, and us = 0, ug = 0 and the system given by
(9.2) will be satisfied. From this we see that the eigenvectors associated with the eigenvalue

r =1 are given by
u; = col (ug, ug, uz) = col(s, 0,0) = scol(1,0,0).
For r = 2 we observe that the equation (A — rI)u = 0 becomes

—1 0 0 (751
A-2u=| 0 -2 2| |w|=]0],
0 2 =2 us
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whose corresponding system of equations reduces to u; = 0, us = uz. Therefore, we can pick
us to be any value, say us = s (which means that uz = s), and we find that the eigenvectors

for this matrix associated with the eigenvalue r = 2 are given by

uy = col (uq, ug, usz) = col(0, s, s) = scol(0,1,1).

For r = —2, we solve the equation
300 uq 0
(A+2l)u=|0 2 2 up | =101,
0 2 2 us3 0
which reduces to the system u; = 0, us = —ug. Hence, ug is arbitrary, and so we will let ug = s
(which means that uyg = —s). Thus, solutions to this system and, therefore, eigenvectors for
this matrix associated with the eigenvalue » = —2 are given by the vectors

uz = col (uy, ug, usz) = col(0, —s, s) = scol(0, —1,1).

13. We must first find the eigenvalues and eigenvectors associated with the given matrix A. Thus,

we note that the characteristic equation for this matrix is given by

1—r 2 2
|A —rl| = 2 —r 3 |=0
2 3 -r
—r 3 2 3 2 —r
= (I—r) -2 =0
3 —-r —r 3

= (1=r)(r*=9)—2(=2r—6)+2(6+2r)=(1—7r)(r—2)(r+2)=0
= r+3)[(1—r)(r—3)+8 =0 = (r+3)(r—=>5)(r+1)=0.

Therefore, the eigenvalues are r = —3,—1,5. To find an eigenvector associated with the

eigenvalue r = —3, we must find a vector u = col(uy, us, uz) which satisfies the equation

(A 4 3I)u = 0. Thus, we have

42 2| w 2.0 0| | w 0
(A+3Du= |2 3 3| |uw|= = 01 1] ]| u]|= ,
2 3 3| | us 000/ us
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where we have obtained the last equation above by using elementary row operations. This
equation is equivalent to the system u; = 0, us = —u3. Hence, if we let us have the arbitrary
value sq, then we see that, for the matrix A, the eigenvectors associated with the eigenvalue

r = —3 are given by
u = col (uy, ug, usz) = col (0, —s1, s1) = sycol(0, —1,1).

Thus, if we choose s; = 1, then vector u; = col(0, —1, 1) is one eigenvector associated with this
eigenvalue. For the eigenvalue » = —1, we must find a vector u which satisfies the equation

(A +TI)u = 0. Thus, we see that

2 2 2 Uy 0 12 0 Uy
(A+DHHhu=1|2 1 3 uy | =10 = 01 —1 uy | =101,
2 31 U3 0 00 0 us 0
which is equivalent to the system u; = —2us, us = uy. Therefore, if we let us = so, then

we see that vectors which satisfy the equation (A + I)u = 0 and, hence, eigenvectors for the

matrix A associated with the eigenvalue r = —1 are given by
u = col (uy, ug, ug) = col (—2s9, 9, $2) = sgcol(—2,1,1).

By letting s = 1, we find that one such vector will be the vector uy = col(—2,1,1). In
order to find an eigenvector associated with the eigenvalue r = 5, we will solve the equation

(A —5I)u = 0. Thus, we have

—4 2 2 U
(A —5T)u = 2 -5 3 up | =
2 3 =5 U

w N =
|
(I

O =
< <
N =
I

us

which is equivalent to the system wu; = us, us = uz. Thus, if we let ug = s3, then, for the

matrix A, the eigenvectors associated with the eigenvalue r = 5 are given by

u = col (uy, ug, ug) = col (s3, 3, 83) = sgcol(1,1,1).
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Hence, by letting s3 = 1, we see that one such vector will be the vector us = col(1,1,1).
Therefore, by Corollary 1 on page 538 of the text, we see that a fundamental solution set for
this equation is given by

{e’Btul , e’tug , e5tu3} .

Thus, a general solution for this system is

0 —2 1
x(t) = cre ?uy + coetuy + cse’ug = e | =1 | 4t 1| +ee®| 1
1 1 1

A fundamental matrix for this system has three columns which are linearly independent
solutions. Therefore, we will first find three such solutions. To this end, we will first find the

eigenvalues for the matrix A by solving the characteristic equation given by

—r 1 0
A—7rIl=] 0 —r 1 |=0
8§ —14 7—r
—r 1 0 1
= - — =0
14 7—-r 8 7T—r

= -7’ +14r-8=0 = (r—1)(r—2)(r—4)=0.

Hence, this matrix has three distinct eigenvalues, » = 1,2,4, and, according to Theorem 6
on page 538 of the text, the eigenvectors associated with these eigenvalues will be linearly
independent. Thus, these eigenvectors will be used in finding the three linearly independent
solutions which we seek. To find an eigenvector, u = col(uy, us, us), associated with the

eigenvalue r = 1, we will solve the equation (A — I)u = 0. Therefore, we have

(A—Tu= 0 —-11 ug | =10 = 0 -1 1 ug | =101,
8§ —14 6 Us 0 0 00 Us

which is equivalent to the system w; = us, ug = uz. Thus, by letting uz = 1 (which implies

that u; = uy = 1), we find that one eigenvector associated with the eigenvalue r = 1 is given
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by the vector u; = col(1,1,1). To find an eigenvector associated with the eigenvalue r = 2,

we solve the equation

2 10| | w 0 40 -1 | wm
A-2ju=| 0 -2 1| |ul|=1]0 = 02 =1 | u|=]0],
8 —14 5 | | us 0 00 0]/ wus

which is equivalent to the system 4u; = us, 2us = uz. Hence, letting uz3 = 4 implies that
u; = 1 and uy = 2. Therefore, one eigenvector associated with the eigenvalue r = 2 is the
vector uy = col(1,2,4). In order to find an eigenvector associated with the eigenvalue r = 4,

we will solve the equation

-4 10 Uy 0 16 0 —1 Uy 0
(A—4I)ll = 0 —4 1 (%) = 0 = 0 4 -1 (%) = 0 s
8§ —14 3 Us 0 00 O Us

which is equivalent to the system 16u; = wus, 4us = us. Therefore, letting us = 16 implies
that u; = 1 and uy, = 4. Thus, one eigenvector associated with the eigenvalue r = 4 is the
vector uz = col(1,4,16). Therefore, by Theorem 5 on page 536 of the text (or Corollary 1),
we see that three linearly independent solutions of this system are given by e‘u;, e*u,, and
e*us. Thus, a fundamental matrix for this system will be the matrix

et e2t €4t

et 2e?  4e*t

et 4e? 16e*

Since the coefficient matrix for this system is a 3 x 3 real symmetric matrix, by the discussion
on page 540 of the text, we know that we can find three linearly independent eigenvectors for
this matrix. Therefore, to find the solution to this initial value problem, we must first find
three such eigenvectors. To do this we first find eigenvalues for this matrix. Therefore, we

solve the characteristic equation given by

A—rI[=] -2 1—-r -2 [=0
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1—r =2 — — -2 1—r
-2 1—7 2 1-—r 2 =2
= (I—r)[(1=r)?—4] +2[-21—7r)+4]+2[4—2(1—7)] =0

= (I-nr-3)r+1)+8r+1)=—(+1)r—5)(r+1)=0.

= (1—r) + 2

Thus, the eigenvalues are r = —1 and r = 5, with r = —1 an eigenvalue of multiplicity two.

In order to find an eigenvector associated with the eigenvalue r = 5, we solve the equation

-4 -2 2 uq 1 0 —1 Uy 0
(A-=blu=| -2 —4 -2 up | =10 = 01 1 ug | =10
2 =2 —4 us3 00 O us 0

This equation is equivalent to the system u; = ug, us = —us. Thus, if we let us = 1, we see that

for this coefficient matrix an eigenvector associated with the eigenvalue r = 5 is given by the
vector u; = col(uy, us, uz) = col(1, —1,1). We must now find two more linearly independent
eigenvectors for this coefficient matrix. By the discussion above, these eigenvectors will be

associated with the eigenvalue r = 1. Thus, we solve the equation

2 -2 2| | w 0 1 -1 1| |w
A+TDu=| -2 2 =2 ||uw|=[0] =10 00||ul|=]0] (93
2 -2 2| | us 0 0 0 0] | us 0

which is equivalent to the equation u; — us + uz = 0. Therefore, if we arbitrarily assign the

value s to us and v to uz, we see that u; = s — v, and solutions to equation (9.3) above will

be given by
55— 1 —1
u= s =s| 1 |+v]| O
v 0

By taking s = 1 and v = 0, we see that one solution to equation (9.3) will be the vector
uy = col(1, 1,0). Hence, this is one eigenvector for the coefficient matrix. Similarly, by letting
s =0 and v = 1, we find a second eigenvector will be the vector uz = col(—1,0, 1). Since the

eigenvectors uj, uy, and ug are linearly independent, by Theorem 5 on page 536 of the text,
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we see that a general solution for this system will be given by

1 1 —1
x(t)=ce | =1 | +ee | 1| +cge 0
1 0

To find a solution which satisfies the initial condition, we must solve the equation

1 1 ~1 11 -1 |¢q —2
x(0)=c | =1 | +e|1|+e] o0 = 11 0||e|=]-3
1 0 1 10 1]|]e 2

This equation can be solved by either using elementary row operations on the augmented

matrix associated with this equation or by solving the system

01+CQ—03:—2,
_Cl+02:_37
Cl+63:2.

By either method we find that ¢; = 1, ¢ = —2, and ¢3 = 1. Therefore, the solution to this

initial value problem is given by

1 1 —1
x(t) = | -1 | -2 1| +e 0
1 0 1
et —2e7t — et —3e7t + e
= | =" =240 | = | —2¢F €™
5t (0t et et 1 et

37. (a) In order to find the eigenvalues for the matrix A, we will solve the characteristic equation

IA—rI|=| 0 2—-r 5 |=0 = 2—-7r)*=0.
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Thus, r = 2 is an eigenvalue of multiplicity three. To find the eigenvectors for the matrix

A associated with this eigenvalue, we solve the equation

1 6 U1 0
0 5 U9 =
0 0

us

(A —-2T)u=

o o O

This equation is equivalent to the system uy = 0, ug = 0. Therefore, we can assign u; to

be any arbitrary value, say u; = s, and we find that the vector
u = col(uy, us, uz) = col(s, 0,0) = scol(1,0,0)

will solve this equation and will, thus, be an eigenvector for the matrix A. We also notice
that the vectors u = scol(1,0,0) are the only vectors that will solve this equation, and,

hence, they will be the only eigenvectors for the matrix A.

By taking s = 1, we find that, for the matrix A, one eigenvector associated with the
eigenvalue r = 2 will be the vector u; = col(1,0,0). Therefore, by the way eigenvalues
and eigenvectors were defined (as was discussed in the text on page 533), we see that

one solution to the system x’ = Ax will be given by the vector

We know that u; = col(1,0,0) is an eigenvector for the matrix A associated with the

eigenvalue r = 2. Thus, u; satisfies the equation
(A—2Du; =0 = Au; =2u,. (9.4)
We want to find a constant vector uy = col(vy, vo, v3) such that
Xo(t) = te*u; + e*tuy

will be a second solution to the system x’ = Ax. To do this, we will first show that

X, will satisfy the equation x’ = Ax if and only if the vector u, satisfies the equation
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(A — 2I)uy = u;. To this end, we find that
x,(t) = 2te*u; + e*'uy + 2e*uy = 2te*u; + e (u; + 2uy),

where we have used the fact that u; and u, are constant vectors. We also have
Axy(t) = A (te’'u; + e*uy)
= A (te*u;) + A (e¥uy),  distributive property of matrix multiplication
(page 515 of the text)

= te? (Auy) +e* (Auy),  associative property of matrix multiplication
(page 515 of the text)
= 2te’u; + e Auy, by equation (9.4) above.

Thus, if x2(%) is to be a solution to the given system we, must have
x5 (t) = Axy(t)
= 2te*uy 4 e (uy + 2uy) = 2te*u; + e* Auy
= e (ug + 2uy) = e*Au, .
By dividing both sides of this equation by the nonzero term e, we obtain
u; + 2uy; = Auy = (A —-2Duy =uy.

Since all of these steps are reversible, if a vector u, satisfies this last equation, then
Xo(t) = te*u; + e*uy will be a solution to the system x' = Ax. Now we can use the

formula (A — 2I)uy = u; to find the vector uy = col(vy, v2,v3). Hence, we solve the

equation
016 v
(A—2lug= |0 0 5 vy | =
000 U3

This equation is equivalent to the system v, +6v3 = 1, bug = 0, which implies that v, = 1,
vy = 0. Therefore, the vector uy = col(0, 1,0) will satisfy the equation (A — 2I)us = wy
and, thus,

Xo(t) =te* | 0 | +e*
0 0
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will be a second solution to the given system. We can see by inspection x,(t) and
x1(t) = e*u, are linearly independent.

To find a third linearly independent solution to this system we will try to find a solution
2

of the form x3(t) = Ee%ul + te?'uy + e*'uy, where u; is a constant vector that we must
find, and u; and uy are the vectors that we found in parts (b) and (c), respectively.
To find the vector uz, we will proceed as we did in part (c) above. We will first show
that x3(¢) will be a solution to the given system if and only if the vector ug satisfies the

equation (A — 2I)uz = uy . To do this we observe that
x5 (1) = te*u; + t*e*u; + e*uy + 2te*uy + 2e*u; .
Also, using the facts that
(A—2I)u; =0 = Au; =2y (9.5)

and

(A — 21)112 =u = AUQ =u; + 2uy , (96)

we have

t2
AX3(t) = A (56%111 + tthUQ + €2tU3)

t2
- A (Ee%ul) + A (te*'uy) + +A (e*'uy), distributive property

2

= 5@” (Auy) +te* (Auy) + €* (Aus), associative property

2
= Ee% (2u;) + te* (ug + 2uy) + e* Aus, equations (9.5) and (9.6)

= t2e?uy + te®uy + 2te*uy + e**Au; .

Therefore, for x3(t) to satisfy the given system, we must have
x5(t) = Axs(t)
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te®uy + t2e®uy + e*uy + 2te?tuy + 2e*uy = t2e*uy + te*'u; + 2te?uy + e Aug
62t112 + 2€2tU3 = 62tAll3

Us + 2113 = AU3

I

(A — 2]:)113 = Ug.

Again since these steps are reversible, we see that, if a vector ugz satisfies the equation
(A — 2I)u3 = uy, then the vector
t2
Xg(t) = 5 thul + t€2tll2 + 62t113
will be a third linearly independent solution to the given system. Thus, we can use this

equation to find the vector usz = col(vy, v2,v3). Hence, we solve

016w 0
(A-2Duz=[0 0 5 || v |=
000/ wvs 0

This equation is equivalent to the system v, 4+ 6vs = 0, bvg = 1, which implies that

v3 = 1/5, v = —6/5. Therefore, if we let ug = col(0, —6/5,1/5), then

0 0
t2
x3(t) = ) Lo | +te* | 1|+ | —6/5
0 0 1/5

will be a third solution to the given system and we see by inspection that this solution

is linearly independent from the solutions x;(t) and x»(t).

(e) Notice that
(A —2I)°’u3 = (A —20)?[(A — 2I)us]

= (A-2D)’uy = (A —2I)[(A — 2D)uy] = (A — 2)u; = 0.

43. According to Problem 42, we will look for solutions of the form x(¢) = t"u, where r is an

eigenvalue for the coefficient matrix and u is an associated eigenvector. To find the eigenvalues
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for this matrix, we solve the equation

1—r 3
-1 5—r
= (I-=r)5—-7r)+3=0

= r? —6r+8=0 = (r—2)(r—4)=0.

Therefore, the coefficient matrix has the eigenvalues r = 2,4. Since these are distinct eigen-
values, Theorem 6 on page 538 of the text assures us that their associated eigenvectors will
be linearly independent. To find an eigenvector u = col(uq, uy) associated with the eigenvalue

r = 2, we solve the system

womne 2] [2]-[2]

which is equivalent to the equation —u; + 3us = 0. Thus, if we let uy = 1 then, in order to
satisfy this equation, we must have u; = 3. Hence, we see that the vector u; = col(3,1) will
be an eigenvector for the coefficient matrix of the given system associated with the eigenvalue

r = 2. Therefore, according to Problem 42, one solution to this system will be given by

2. _ 2|3
x1(t) =t*uy =1t [1]

To find an eigenvector associated with the eigenvalue r = 4, we solve the equation

o)

which is equivalent to the equation u; = wus. Thus, if we let us = 1, then we must have

-3 3

(A —4)u = [_1 .

u; = 1 and so an eigenvector associated with the eigenvalue » = 4 will be given by the vector

uy = col(1, 1). Therefore, another solution to the given system will be

Xo(t) = t*uy = t* [ ! ] :
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Clearly the solutions x;(t) and x5(¢) are linearly independent. So the general solution to the
!
|

3. To find the eigenvalues for the matrix A, we solve the characteristic equation given by

given system with ¢ > 0 will be

x(t) = e1t? + eot?

EXERCISES 9.6: Complex Eigenvalues, page 549

l—r 2 -1
A-rIl=| 0 1-r 1 |=0

1—r 1
-1 1-r
= (1=r)[Q=rP+1]=0-r)(r*—2r+2) =0.

= (I—7) -04+0=0

By this equation and the quadratic formula, we see that the roots to the characteristic equation
and, therefore, the eigenvalues for the matrix A arer = 1, and r = 14+¢. To find an eigenvector

u = col(uy, us, uz) associated with the real eigenvalue r = 1, we solve the system

0 2 —1||wuw 0
(A-Tu=|0 0 1 u | =101,
0 -1 0 us 0

which implies that us = 0, ug = 0. Therefore, we can set u; arbitrarily to any value, say

u; = s. Then the vectors
u = col(uy, ug, uz) = col(s, 0,0) = scol(1,0,0)

will satisfy the above equation and, therefore, be eigenvectors for the matrix A. Hence, if we
set s = 1, we see that one eigenvector associated with the eigenvalue » = 1 will be the vector

u; = col(1,0,0). Therefore, one solution to the given system will be
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In order to find an eigenvector z = col(zy, 22, 23) associated with the complex eigenvalue

r =14 1, we solve the equation

- 2 -1 21 0
A-(1+dIz=| 0 —i 1 z | =10
0 —1 =4 23 0
This equation is equivalent to the system
—t21 + 229 — 23 =10 and — 129 + 23 = 0.

Thus, if we let z5 = s, then we see that z3 = is and

—i2y = =229+ 23 = =25+ is = (1)(—iz1) = (i)(—2s + is)
= 7 =—-21s— 8= —s5— 218,
where we have used the fact that i> = —1. Hence, eigenvectors associated with the eigenvalue

r = 1414 will be z = scol(—1—2i,1,7). By taking s = 1, we see that one eigenvector associated

with this eigenvalue will be the vector

—1 -2 —1 —2
7z — ]_ == 1 + Z O
l 0
Thus, by the notation on page 545 of the text, we have « = 1, # = 1, a = col(—1,1,0), and
b = col(—2,0,1). Therefore, according to formulas (6) and (7) on page 546 of the text, two

more linearly independent solutions to the given system will be given by
Xo(t) = (e’ cost)a — (e'sint)b and x3(t) = (e'sint)a+ (e’ cost)b.
Hence, the general solution to the system given in this problem will be

xX(t) = e1xa(t) + cox3(t) + c3x4(t)

-1 -2 -1 -2
= cielcost | 1 |—ce'sint| 0 |[+coelsint | 1 |+coelcost| 0 |+eze | 0
0 1 0 1 0

597



Chapter 9

7. In order to find a fundamental matrix for this system, we must first find three linearly indepen-

998

dent solutions. Thus, we seek the eigenvalues for the matrix A by solving the characteristic

equation given by

—r 0 1
A—rIj=| 0 —r —-1[=0
0 1 —r
—r -1 9
e T T S e
—r

Hence, the eigenvalues for the matrix A will be r = 0 and » = 4i. To find an eigenvector

u = col(uy, us, uz) associated with the real eigenvalue r = 0, we solve the equation

00 1 U1 0
(A — OI)U = 0 0 -1 U9 - 0 5
01 O U3 0

which is equivalent to the system usz = 0, us = 0. Thus, if we let u; have the arbitrary value

uy; = s, then the vectors
u = col(uy, ug, uz) = col(s, 0,0) = scol(1,0,0)

will satisfy this equation and will, therefore, be eigenvectors for the matrix A associated with
the eigenvalue r = 0. Hence, by letting s = 1, we find that one of these eigenvectors will be

the vector u = col(1,0,0). Thus, one solution to the given system will be

To find two more linearly independent solutions for this system, we will first look for an
eigenvector associated with the complex eigenvalue r = ¢. That is, we seek a vector, say,

z = col(z1, 29, 23) which satisfies the equation

—i 0 1 2 0
A—ilz=| 0 —i —1 nl=10]1,
0 1 —i 2 0
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which is equivalent to the system
121 = 23 and 129 = —23.

Thus, if we let z3 be any arbitrary value, say z3 = is, (which means that we must have z; = s

and zy = —s), then we see that the vectors, given by
z = col(zy, 22, 23) = col(s, —s,is) = scol(1, —1,1),

will be eigenvectors for the matrix A associated with the eigenvalue r = i. Therefore, by

letting s = 1, we find that one of these eigenvectors will be the vector

1 1 0
z=|-1|=|-1]+¢|0
l 0 1

From this, by the notation given on page 546 of the text, we see that « = 0, § = 1, a =
col(1,—1,0), and b = col(0, 0, 1). Therefore, by formulas (6) and (7) on page 546 of the text,

two more linearly independent solutions for this system will be

cost 0 cost
Xo(t) = (cost)a — (sint)b = | —cost | — | 0 = | —cost
0 sint sint
sint 0 sin t
x3(t) = (sint)a+ (cost)b = | —sint | + 0 = | —sint
0 cost cost

Finally, since a fundamental matrix for the system given in this problem must have three
columns which are linearly independent solutions of the system, we see that such a funda-

mental matrix will be given by the matrix

1 cost sint
X(t)=1|0 —cost —sint

0 —sint cost
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17. We will assume that ¢ > 0. According to Problem 42 in Exercises 9.5, a solution to this

600

Cauchy-Euler system will have the form x(¢) = ¢"u, where r is an eigenvalue for the coefficient
matrix of the system and u is an eigenvector associated with this eigenvalue. Therefore, we

first must find the eigenvalues for this matrix by solving the characteristic equation given by

—1-r -1 0
|A —rI| = 2 —1-—r 1 =0
0 1 —1-—r
—1-—r 1 2 1
= (—1—1r) + =0
1 —1-r 0 —1—r

= (“1=r)[(-1=r=1]+2(-1=7)=—(1+7r) (r*+2r+2) =0.

From this equation and by using the quadratic formula, we see that the eigenvalues for this
coefficient matrix will be r = —1, —1 +4. The eigenvectors associated with the real eigenvalue

r = —1 will be the vectors u = col(uy, ug, u3) which satisfy the equation

0 -1 0 (A}

0 1 0 us

which is equivalent to the system us = 0, 2u; +u3 = 0. Thus, by letting u; = 1 (which means

that uz3 = —2), we see that the vector
u = col(uy, ug, usz) = col(1,0,—2)

satisfies this equation and is, therefore, an eigenvector of the coefficient matrix associated
with the eigenvalue » = —1. Hence, according to Problem 42 of Exercises 9.5, we see that a

solution to this Cauchy-Euler system will be given by

t_l
x((t)=tu=t"| 0 | = 0
—2 —2t~!
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To find the eigenvectors z = col(z1, 29, 2z3) associated with the complex eigenvalue r = —1 + 1,

we solve the equation

— =1 0 21 0
A—-(-1+i))z=| 2 —i 1 | =10
0 1 — Z3 0
— —1 0 21
= 11 zo | = 5
0 0 0 23

which is equivalent to the system —iz; — 2o = 0, 29 + 23 = 0. Thus, if we let z; = 1, we must
let zo = —i and z3 = —1 in order to satisfy this system. Therefore, one eigenvector for the
coefficient matrix associated with the eigenvalue r = —1+i will be the vector z = col(1, —i, —1)
and another solution to this system will be x(t) = t~**'z. We would like to find real solutions

to this problem. Therefore, we note that by Euler’s formula we have
1 = = ¢ let Mt — ¢~ Yeos(Int) + i sin(In )],

where we have made use of our assumption that ¢ > 0. Hence, the solution that we have just

found becomes

x(t) = t 'z =t"cos(Int) +isin(Int)]z
1 t~tcos(Int) t~tsin(Int)
=t '[cos(Int) +isin(lnt)] | —i | = t~tsin(Int) | +i | —t tcos(Int)
-1 —t~!cos(Int) —t'sin(Int)

Thus, by Lemma 2 (adapted to systems) on page 172 of the text we see that two more linearly

independent solutions to this Cauchy-Euler system will be

t~!cos(Int) t~tsin(Int)
Xo(t) = t~tsin(Int) and  x3(t) = | —ttcos(Ilnt) |,
—t~cos(Int) —t~1sin(Int)
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and, hence, a general solution will be given by

tt t~'cos(Int) t~tsin(Int)
x(t) = 0 + ¢ t~tsin(lnt) | +c3 | —t"tcos(Int)
—2t~1 —t~1cos(Int) —t"tsin(Int)

EXERCISES 9.7: Nonhomogeneous Linear Systems, page 555

3. We must first find the general solution to the corresponding homogeneous system. Therefore,
we first find the eigenvalues for the coefficient matrix A by solving the characteristic equation
given by

1—r =2 2
A—7rI[=] -2 1—-7r 2 |[=0
2 2 1-r

-2 1-r

2 1—r 1—r 2 2

= (I—r)[(1=r)—4] +2[-21—r)—4]+2[-4-2(1—71)] =0

= (1—7)(r* —=2r —3) +4(2r —6) =0

= 1= r+1r=3)+8(r—3)=(r—=3)1*-9)=(r—3)(r—3)(r+3)=0.

=  (1-7) +2 +2 —0

Thus, the eigenvalues for the matrix A are r = 3,—3, where r = 3 is an eigenvalue of
multiplicity two. Notice that, even though the matrix A has only two distinct eigenvalues, we
are still guaranteed three linearly independent eigenvectors because A is a 3 x 3 real symmetric
matrix. To find an eigenvector associated with the eigenvalue r = —3, we must find a vector

u = col(uy, us, ug) which satisfies the system

4 =2 2 Uy 1 01 Uy
(A+3)Ju=| -2 4 up | =10 = 011 ug | =101,
2 2 4 U3 0 0 00 us 0
which is equivalent to the system w; + uz = 0, us + us = 0. Hence, by letting uzg = —1, we

must have u; = uy = 1, and so the vector u; = col(1, 1, —1) will then satisfy the above system.
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Therefore, this vector is an eigenvector for the matrix A associated with the eigenvalue r = —3.

Thus, one solution to the corresponding homogeneous system is given by

To find eigenvectors u = col(uy, ug, uz) associated with the eigenvalue r = 3, we solve the
equation given by
-2 -2 2 Uup
(A=3l)u=| -2 -2 2 uy | =10 |,
2 2 =2 us3
which is equivalent to the equation u; + us — uz = 0. Thus, if we let u3 = s and us = v, then
we must have u; = s — v. Hence, solutions to the above equation and, therefore, eigenvectors

for A associated with the eigenvalue r = 3 will be the vectors

where s and v are arbitrary scalars. Therefore, letting s = 1 and v = 0 yields the eigenvector
uy = col(1,0,1). Similarly, by letting s = 0 and v = 1, we obtain the eigenvector uz =
col(—1,1,0), which we can see by inspection is linearly independent from uy. Hence, two more
solutions to the corresponding homogeneous system which are linearly independent from each

other and from x;(t) are given by

Thus, the general solution to the corresponding homogeneous system will be

1 1 —1
xp(t)=cre™™ | 1 | +ee®| 0| +eze®| 1
-1 1 0
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To find a particular solution to the nonhomogeneous system, we note that

2e! 2
ft)=| 4t | =¢€| 4 | =¢g,
—2¢t -2

where g = col(2, 4, —2). Therefore, we will assume that a particular solution to the nonhomo-
geneous system will have the form x,(t) = e'a, where a = col(ay, as, a3) is a constant vector
which must be determined. Hence, we see that x)(f) = e'a. By substituting x,(t) into the

given system, we obtain
ela= Ax,(t)+f(t) = Ac'a+ e'g =e'Aa+e'g.
Therefore, we have

cla=c'Aa+ e'g = a=Aa+g = I-Aa=g

-2 =2 0 as -2
The last equation above can be solved by either performing elementary row operations on the

augmented matrix or by solving the system

2a9 — 2a3 = 2,
2a1 —2a3 = 4,
—2a1 — 2ay = —2.
Either way, we obtain a; = 1, as = 0, and a3 = —1. Thus, a particular solution to the

nonhomogeneous system will be given by

and so the general solution to the nonhomogeneous system will be

1 1 —1
x(t) =x,(t) +x,(t) =cre™® | 1 | +ce® | 0| +ee®| 1 | +e]| 0
—1 1 0 —1
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13. We must first find a fundamental matrix for the corresponding homogeneous system x’ = Ax.
To this end, we first find the eigenvalues of the matrix A by solving the characteristic equation

given by

2—r 1

|A —7I| =
3 27

=0 = 2—7r)(-2—-7)+3=0 = r?—1=0.

Thus, the eigenvalues of the coefficient matrix A are r = £1. The eigenvectors associated

with the eigenvalue r = 1 are the vectors u = col(uy, us) which satisfy the equation

b

This equation is equivalent to the equation u; + us = 0. Therefore, if we let u; = 1, then

1 1

(A—I)u:[_3 .

we have uy = —1, so one eigenvector of the matrix A associated with the eigenvalue r = 1 is

the vector u; = col(1, —1). Hence, one solution of the corresponding homogeneous system is

e — o L | e
x1(t) = e'uy = [—1]—[—6{/].

To find an eigenvector associated with the eigenvalue r = —1, we solve the equation

<A+I>u=[_33 _11] [”:[g]

which is equivalent to the equation 3u; + us = 0. Since u; = 1 and uy = —3 satisfy this

given by

equation, one eigenvector for the matrix A associated with the eigenvalue » = —1 is the

vector uy = col(1, —3). Thus, another linearly independent solution of the corresponding

g ot 1| e’
Xg(t) =€ Uy = [ 3 ] [ _3e—t ] .

Hence, the general solution of the homogeneous system is given by

eft
“3e~t |’

homogeneous system is

ot
xp(t) = ¢ . + ¢y

—€
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and a fundamental matrix is

—el —3e7t

X(t):[ ¢ e ]

To find the inverse matrix X ~1(t), we will perform row-reduction on the matrix [X(¢)|I]. Thus,

1 0 et et 10
—
01 0 —2et 1 1

3/2  1/2 1 0] (3/2et (1/2)e
01 '

~1/2 —1/2 —(1/2)et —(1/2)e
[ (3/2)e”" (1/2)e" ]
~(1/2)e™" —(1/2)e”"

we have

X ()]1] = [

—et —3et

et 0
—
0 et

Therefore, we see that
XHt) =

Hence, we have

Xy = | G (A2 e s
/et —(1/et | | 4o | T | —ae |

/Xl(t)f(t) dt = [ J(5)dt ] = [ ! ] ;
—3 [ e*dt —(3/2)e

where we have taken the constants of integration to be zero. Thus, by equation (8) on page 553

and so we have

of the text, we see that

(t) = et et 5t | 5te' —(3/2)¢
T et =3et || —3/2)er || —htet + (9/2)e! |

Therefore, by adding x,(¢) and x,(¢) we obtain

et ] N [ Ste' — (3/2)et ] .
—3et —5te' 4 (9/2)e

We remark that this answer is the same as the answer given in the text as can be seen by

et

‘ + Co
—e

X(t) = C [

replacing ¢; by ¢; + 9/4.
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15. We must first find a fundamental matrix for the associated homogeneous system. We will do
this by finding the solutions derived from the eigenvalues and the associated eigenvectors for
the coefficient matrix A. Therefore, we find these eigenvalues by solving the characteristic

equation given by

- 2

2 —1—r
= (=4—r)(-1—=r)—4=0 = 25 =0.

—4

Thus, the eigenvalues for the matrix A are r = —5,0. An eigenvector for this matrix associated

with the eigenvalue r = 0 is the vector u = col(uy, ug) which satisfies the equation

e[

This equation is equivalent to the equation 2u; = uy. Therefore, if we let uy = 1 and uy = 2,
then the vector u; = col(1,2) satisfies this equation and is, therefore, an eigenvector for the

matrix A associated with the eigenvalue » = 0. Hence, one solution to the homogeneous

)

To find an eigenvector associated with the eigenvalue r = —5, we solve the equation

e TR IR

which is equivalent to the equation u; + 2uy = 0. Thus, by letting us = 1 and u; = —2, the

system is given by

x1(t) = Oty =

vector up = col(uy, ug) = col(—2, 1) satisfies this equation and is, therefore, an eigenvector for
A associated with the eigenvalue r = —5. Hence, since the two eigenvalues of A are distinct,

we see that another linearly independent solution to the corresponding homogeneous system

_ | =2 —2e70
Xo(t) = e Ptuy = e 5t[ ) ] = [ . ]

is given by
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By combining these two solutions, we see that a general solution to the homogeneous system

_26—5t
6751‘/

and a fundamental matrix for this system is the matrix

X(6) = [ 1 —2e5 ] |

18
1

xp(t) =1 + ¢

2 e ot

We will use equation (10) on page 553 of the text to find a particular solution to the nonho-
mogeneous system. Thus, we need to find the inverse matrix X~*(¢). This can be done, for
example, by performing row-reduction on the matrix [X(¢)|I] to obtain the matrix [I|X~1(¢)].

In this way, we find that the required inverse matrix is given by

X-1(t) = [ 1/5 2/5 ] |
—(2/5)e™  (1/5)e
Therefore, we have
X-UE(E) = [ 1/5 2/5 ¢ ] /) ] |
—(2/5)e%  (1/5)e™ 44 2t1 (4/5)ed

From this we see that

/Xl(t)f(t)dt: JE+(8/5)dt | _ | Inft]+(8/5)t
[(4/5)e dt (4/25)ePt |

where we have taken the constants of integration to be zero. Hence, by equation (10) on

page 553 of the text, we obtain
x,(t) = X(t) [ XN ()f(t) dt

o[ e Y [mp @5 ] [ e+ (8/5) — (3/25)
2 e (4/25)¢ | | 2Int| + (16/5)t + (4/25) |

Adding x;,(t) and x,(t) yields the general solution to the nonhomogeneous system given by

x(t)=c | - |+ —2”] +[ Inft] + (8/5)t — (8/25) ]

e 21n|t| + (16/5)t + (4/25)
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21. We will find the solution to this initial value problem by using equation (13) on page 554 of
the text. Therefore, we must first find a fundamental matrix for the associated homogeneous
system. This means that we must find the eigenvalues and corresponding eigenvectors for the

coefficient matrix of this system by solving the characteristic equation

—r 2
|A —rI| =
-1 3—r
= —r(3—71)+2=0 = r?—3r+2=0 = (r—2)(r—1)=0.

Hence, r = 1,2 are the eigenvalues for this matrix. To find an eigenvector u = col(uy, uy) for

this coefficient matrix associated with the eigenvalue r = 1, we solve the system

-1 2 Ui
(A_Du:[_l 2] [

This system is equivalent to the equation u; = 2us. Thus, u; = 2 and us = 1 is a set of

values which satisfies this equation and, therefore, the vector u; = col(2,1) is an eigenvector
for the coefficient matrix corresponding to the eigenvalue » = 1. Hence, one solution to the

homogeneous system is given by

Similarly, by solving the equation

- | ] -0

we find that one eigenvector for the coefficient matrix associated with the eigenvalue r = 2
is up = col(uy, ug) = col(1,1). Thus, another linearly independent solution to the associated

homogeneous problem is given by
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By combining these two solutions, we obtain a general solution to the homogeneous system

€2t
9
€2t

xo-| % |

€ (&

2¢!
‘ + Co

e

xp(t) = ¢ [

and the fundamental matrix

In order to use equation (13) on page 554 of the text, we must also find the inverse of the
fundamental matrix. One way of doing this is to perform row-reduction on the matrix [X(¢)|I]

to obtain the matrix [I|X~!(¢)]. Thus, we find that

From this we see that

1 _ e’ —e e’ — 2
X (S)f(s) - [ —6_28 26—25 ] [ —e8 ] o [ —3e8 ] )

(a) Using the initial condition x(0) = col(5,4), and t, = 0, we have

X~1(0) = [ b ]

Therefore

Fo e [ s B 2t
/X (s)f(s)ds = /X (s)f(s)ds = [ fot(—Se_s)ds ] = [ gt _ 3 ] ,

from which it follows that

t
2 ot dtet + 3¢t — 3¢
X(t)/x—l(s)f(s) ds—| ¢ ¢ _ | e Tee T
; et e? 3et—3 2te! 4+ 3et — 3e?
0

We also find that
2et % 1 -1 5 et % 1 2¢t 4+ 32t
X ()X (to)x0 = ¢ ot - ¢ o - ¢ 2%
e e -1 2 4 e’ e 3 e’ + 3e
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Hence, by substituting these expressions into equation (13) on page 554 of the text, we

obtain the solution to this initial value problem given by

x(t) = X(t)X_l(to)Xo—f-X(t)/X_l(S)f(S)dS

2et 4 3e?t
el 4 3e%

Atet + 3et — 3e2t
2tet 4+ 3et — 3¢

(b) Using the initial condition x(1) = col(0, 1), and ¢ty = 1, we have
-1 -1
Xy=| ° “ .
—e2 2e72
Therefore

[X e = [ X

to 1

from which it follows that

2t —2

‘ ) [ 9et 2t
X(t)/X (s)f(s)ds = L gomt _ 31
0

[ 4tet — 4et 4 3et — 3621

I 2tet — 2et 4 3et — 321

We also find that

4tet + be!
2te! + 4et

Atet — et — 3e2t1
2tet + et — 3?1

[ 2¢t o2 | [ el —e? 0
XX (to)xo = t 2 -2 9,-2 ] [
e e || e 2e 1
[ 90t 2t 17T el —9et=1 4 922
- I et e2t 1l 2672 - _etfl _'_2621‘,72
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Hence, by substituting these expressions into equation (13) on page 554 of the text, we

obtain the solution to this initial value problem given by

x(t) = X(t)X_l(to)Xo-I—X(t)/X_l(S)f(S) ds
i _9et=1 4 9p2t-2

—etl 4 2e2t2 2tet + et — 3e?1

4tet — et — 3e2t1 ]

_etfl + 2627&72 _1__ Qtet + et _ 3€2t71

i 9=l 4 2622 | fpet — ot _ 3201 ]

(c) Using the initial condition x(5) = col(1,0), and ty = 5, we have

X‘1(5):[ e ]

—6_10 26_10

Therefore

/ . B / . | f2)ds | o2t-10
/X (s)f(s)ds = /X (s)f(s)ds = [ f;(—?)e*s) s ] = [ ot _ 305 ] ,

from which it follows that

el e 3e~t —3e®

X (1) / XU(s)E(s)ds = 2et Qt]

2% — 10 ]

[ atet —20et +- 3¢t =325 | [ dtet — 17et — 3¢
| 2te’ — 10e’ 4 3e! — 3e* 7 | 2tet — et — 3¢5

We also find that

B [2et o2 | [ &5 e b 1
X (X (to)xo = ¢ 2 ~10  9,-10
e e —e 2e 0
[ 9¢t 2t 1T e 9et—5 _ p2t—10
- i ot o2t 1 10 - pt=5 _ p2t—10
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Hence, by substituting these expressions into equation (13) on page 554 of the text, we

obtain the solution to this initial value problem given by

x(t) = X(t)X_l(to)Xo+X(t)/X_1(S)f(S) ds

9pt=5 _ p2t—10

el=5 _ p2t—10

e 2tet — Tet — 325

[ Atet — 17et — 3e2t75 ]
B [ 2et=5 _ 2=10 | fpot _ 176t — 325 ]

el _ o210 4 opet _ 7ot _ 325

25. (a) We will find a fundamental solutions set for the corresponding homogeneous system by
deriving solutions using the eigenvalues and associated eigenvectors for the coefficient

matrix. Therefore, we first solve the characteristic equation

— 1
A—rI=| —0

-2 3-r
= —r(3—r)+2=0 = r?—3r+2=0 = (r—2)(r—1)=0.

Therefore, we see that the eigenvalues for the coefficient matrix of this problem are
r = 1,2. Since these eigenvalues are distinct, the associated eigenvectors will be linearly
independent, and so the solutions derived from these eigenvectors will also be linearly

independent. We find an eigenvector for this matrix associated with the eigenvalue r = 1

-1 1 u |
w2 [0

Since the vector u; = col(uy, uz) = col(1, 1) satisfies this equation, we see that this vector

by solving the equation

is one such eigenvector and so one solution to the homogeneous problem is given by

t _et 1
Xl(t):eul— [1]
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To find an eigenvector associated with the eigenvalue r = 2, we solve the equation

-2 1 u |
e ERIRE

The vector us = col(uy,uz) = col(1,2) is one vector which satisfies this equation and
so it is one eigenvector of the coefficient matrix associated with the eigenvalue r = 2.
Thus, another linearly independent solution to the corresponding homogeneous problem

is given by
1
Xy (t) = e*uy = e* [ ) ] :

and a fundamental solution set for this homogeneous system is the set
{cur,e*uy }, where u; =col(1,1) and wuy = col(1,2).

(b) If we assume that x,(t) = te'a for some constant vector a = col(ay, az), then we have

teta, ] N [ etay ] [ tetay + etay

x,,(t) = te'a+ e'a = [

tetas etas | telag +elay

We also have

0 1 0 1 teta et | tetas + et
xp(t) +£(t) = et = ? .
-2 3 -2 3 teltay 0 —2teta; + 3telasy

Thus, if x,(t) = te'a is to satisfy this system, we must have
B teta, + €'
—9oteta; + 3telay |

t t _ t t
te'a; + e'ap = tetag + €*,

tetas + etas = —2teta; + 3tetas .

[ teta; + ela;

telas + elas

which means that

By dividing out the term e’ and equating coefficients, this system becomes the system

a1 = ag, ay =1,

as = —2a; + 3ay, as =0.
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Since this set of equations implies that 1 = a; = ay = 0, which is of course impossible,
we see that this system has no solutions. Therefore, we cannot find a vector a for which

x,(t) = te'a is a particular solution to this problem.

Assuming that

tet th teta, + e'b
Xp(t):teta—f-etb:[eal]‘f‘[e 1]:[6a1 €01

)

t@taz etbg t@taz + €tb2

where a = col(ay, az) and b = col(by, by) are two constant vectors, implies that

tetay + eta; + etb
x,(t) = te'a+e'a+e'b = [ ! ! '

tetas + etas + elasy
We also see that

[ 0 1]xp(t)+f(t) _ 0 1] [teta1+etbl

-2 3 -2 3 tetas + €etby

tetas + etby + €
—2teta; — 2etby + 3tetas + 3elby |

Thus, if x,(¢) is to satisfy this system, we must have

[ teta, + eta; + e'b; 0.7)

tetay + etay + €tby

_ tetas + etby + €t
—2tetay — 2etby + 3telas + 3etby |

which implies the system of equations given by

tela; + ela; + etby = telay + etby + et

tetas + etas + e'by = —2teta; — 2etby + 3tetas + 3eth, .

Dividing each equation by e! and equating the coefficients in the resulting equations

yields the system

a; = ag, a1 + b = b -+ 1 5
1 2 1101 2 (9.8)
a9 = —2&1 + 3&2 , Q9 + bg = —2b1 + 3b2 .
Taking the pair of equations on the right and simplifying yields the system
b —by = 1—ay,
1= 02 1 (9.9)
2[)1 — 2[)2 = —Q9.
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(d)

By multiplying the first of these equations by 2, we obtain the system

2b; — 2by = 2 — 2ay,

2by — 2by = —as,
which when subtracted yields 2 — 2a; 4+ a; = 0. Applying the first equation in (9.8) (the
equation a; = ay) to this equation yields a; = as = 2. By substituting these values for

a; and asy into equation (9.9) above we see that both equations reduce to the equation
b2 - b1 + 1.

(Note also that the remaining equation in (9.8) reduces to the first equation in that set.)
Thus, by is free to be any value, say b; = s, and the set of values a; = as = 2, by = s,
by = s+ 1, satisfies all of the equations given in (9.8) and, hence, the system given

in (9.7). Therefore, particular solutions to the nonhomogeneous equation given in this

)

But, since the vector u = efcol(1,1) is a solution to the corresponding homogeneous

problem are

x,(t) = te' [ z ] + €'

2
2

S 0

s+ 1

= te + et + set

system, the last term can be incorporated into the solution x,(t) and we obtain one

il

To find the general solution to the nonhomogeneous system given in this problem, we

particular solution to this problem given by

2
2

x,(t) = te' + €'

first form the solution to the corresponding homogeneous system using the fundamental

1
+ Cg€2t .
2

By adding the solution found in part (c) to this solution, we obtain the general solution

il

solution set found in part (a). Thus, we have

1
xp(t) = cie!

given by

+ tet + €
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EXERCISES 9.8: The Matrix Exponential Function, page 566

3. (a) From the characteristic equation, |A — rI| = 0, we obtain

2-r 1 ~1
A—rI|=| -3 —1—¢7 1 |=0
9 3 —d—y
—1—r 1 3 1 3 —1—7
= (2-7) = +(=1) —0
3 —d—r 9 —d-—7 9 3

= 2-=r)(-1=r)(-4—=r)=3]-[-3(-4—r)—9]—-[-9—-9(—-1—7r)] =0
= 3?4+ 3r+1=(r+1)°=0.

Therefore, for the matrix A, r = —1 is an eigenvalue of multiplicity three. Thus, by the

Cayley-Hamilton theorem as stated on page 561 of the text, we have
(A+I)°=0

(so that r = —1 and k = 3).

(b) In order to find eA?, we first notice (as was done in the text on page 560) that

eAt = l-IHADIE - commutative and associative properties of matrix addition
= e MeADE - property (d) on page 559 of the text [since (A + I)I = I(A +1)]

= eIt property (e) on page 559 of the text
= e te(ADE

A+D! then multiply the resulting expression

Therefore, to find eA we need only to find e
by e~t. By formula (2) on page 558 of the text and using the fact that (A + 1) = 0

(which implies that (A 4+ I)" = 0 for n > 3), we have
2

t ¢
A = T4+ (A+Dt+ (A+1)? (5) ++(A+T)" (E) +---

= I+ (A+Dt+ (A+1) (g) (9.10)
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Since
31 -1 3.1 -1 -3 0
A+I)’=| -3 0 1 30 1 |=]0 00],
9 3 -3 9 3 -3 -9 0
equation (9.10) becomes
(10 3ttt S3(12/2) 0 #2/2
A = Lo 1 0|+ | =3t 0 t |+ 0 0 0
001 9 3t -3t —9(t%/2) 0 3(¢*/2)
(143t -32/2 t 422
= —3t 1 t
9t —9t?/2 3t 1—3t+3t%/2

Hence, we have

1+3t—3t2/2 t  —t+1t*/2
Al =t —3t 1 t

9t —9t?/2 3t 1-—3t+3t%/2

9. By equation (6) on page 562 of the text, we see that eA = X(¢)X71(0), where X(t) is a
fundamental matrix for the system x’ = Ax. We will construct this fundamental matrix from
three linearly independent solutions derived from the eigenvalues and associated eigenvectors

for the matrix A. Thus, we solve the characteristic equation

—r 1 0
A—rIl=| 0 — 1 |[=0
1 -1 1—r
N (=r) —r 1 B 0 1 _9
-1 1-—r 1 1—-7r
= —r[—r(l=r)+1+1=—4+r —r+1=—(r—-1)(*+1)=0.

Therefore, the eigenvalues of the matrix A are r = 1 and » = +¢. To find an eigenvector
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u = col(uy, ug, ug) associated with the eigenvalue r = 1, we solve the system

(A—Thu=0 = 0 -1 1||lu|=]0] = 0 -1 1{|lu |=]0
1 -1 0 U3 0 0 0 U3 0

This system is equivalent to the system u; = us, us = uz. Hence, ug is free to be any arbitrary
value, say ug = 1. Then u; = us = 1, and so the vector u = col(1,1,1) is an eigenvector

associated with » = 1. Hence, one solution to the system x’ = Ax is given by

1 e
x(t)=cu=¢c|1|=|¢
1 e

Since the eigenvalue r = ¢ is complex, we want to find two more linearly independent solutions
for the system x’ = Ax derived from the eigenvectors associated with this eigenvalue. These

eigenvectors, z = col(zy, 22, 23), must satisfy the equation

—1 1 0 21 0
(A — ZI)Z = 0 —1 1 Z9 - )
1 -1 1—4 23
which is equivalent to the system z; = —z3, 20 = —iz3. Thus, one solution to this system is
z3 =1, 21 = —1, and 2z = —i and so one eigenvector for A associated with the eigenvalue

r =1 is given by

1 —1 -1 0
Z= |2 | =| — | = 0 +1| —1
z3 1 1 0

By the notation on page 546 of the text, this means that & =0, f =1, a = col(—1,0, 1) and
b = col(0, —1,0). Therefore, by equations (6) and (7) on page 546 of the text we see that two

more linearly independent solutions to the system x’ = Ax are given by

—cost 0 —cost
x5(t) = eV(cost)a — e@!(sint)b = 0 — | —sint | = | sint |,
cost 0 cost
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—sint 0 —sint
x3(t) = eV¥(sint)a + eV (cost)b = 0 + | —cost | = | —cost
sint 0 sin t
Thus, a fundamental matrix for this system is
e’ —cost —sint 1 -1 0
X(t)=| e sint —cost = X0)=1[{1 0 -1
el cost  sint 1 1 0

To find the inverse of the matrix X(0) we can, for example, perform row-reduction on the

matrix [X(0)[I] to obtain the matrix [I|X~'(0)]. Thus, we see that

12 0 1/2
X'0)=|-1/2 0 1/2
1/2 -1 1/2
Hence, we obtain
el —cost —sint /2 0 1/2
A =X(H)X0) = | e sint —cost -1/2 0 1/2
e!  cost  sint /2 -1 1/2

et +cost —sint 2sint e' —cost —sint
= 5 et —cost —sint 2cost €' —cost+sint

et —cost+sint —2sint el + cost +sint

11. The first step in finding eA using a fundamental matrix for the system x’ = Ax is to find the

eigenvalues for the matrix A. Thus, we solve the characteristic equation

S—r —4
|A —rI| = 1 —r 2 |=0
0 2 5—r
— 2 2
= (5—r) =0
2 b5—r 0 5—r
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= BG-—r)-r(5—r)—4+4(—-r)=—r(r—572>=0.

Therefore, the eigenvalues of A are r = 0, 5, with » = 5 an eigenvalue of multiplicity two.
Next we must find the eigenvectors and generalized eigenvectors for the matrix A and from
these vectors derive three linearly independent solutions of the system x’ = Ax. To find the

eigenvector associated with the eigenvalue r = 0, we solve the equation

5 —4 0 Uy 0 1 0 2 Uy 0

Au=1|1 0 2 uy | =10 = 0 25 uy | =10

0 2 5 Us 0 000 Us 0
This equation is equivalent to the system u; = —2us, 2us = —5ug and one solution to this
system is ug = 2, u; = —4, us = —5. Therefore, one eigenvector of the matrix A associated

with the eigenvalue r = 0 is given by the vector
u; = col (ug ugug) = col(—4, —5,2),

and so one solution to the system x’ = Ax is

xi(t) =e'uy = | =5
2

To find an eigenvector associated with the eigenvalue r = 5, we solve the equation

0 -4 0] [w 0
(A-b5lu=|1 -5 2 up | =101,
0 2 0 Us 0
which is equivalent to the system us = 0, u; = —2us. One solution to this system is uz = 1,
uy; = —2, ug = 0. Thus, one eigenvector of the matrix A associated with the eigenvalue r =5

is the vector

uy = col (ug ug ug) = col(—2,0,1),

and so another linearly independent solution to the system x’ = Ax is given by

-2 —2¢5t
Xo(t) =euy =€ | 0 | = 0
1 6515
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Since r = 5 is an eigenvalue of multiplicity two, we can find a generalized eigenvector (with
k = 2) associated with the eigenvalue r = 5 which will be linearly independent from the vector

u; found above. Thus, we solve the equation

(A —5I)*u=0. (9.11)
Because
0 -4 0 0 -4 0 -4 20 -8
(A=50)°=|1 —5 2 1 -5 2|=|-5 25 —10 |,
0 2 0 0 2 0 2 —-10 4
we see that equation (9.11) becomes
-4 20 -8 Uy 0 -1 5 =2 Uy
-5 25 —10 ug | =10 = 0 0 0 U | =
2 —-10 4 us 0 0 0 0 us 0

This equation is equivalent to the equation
—u1 + dug — 2u3 =0

and is, therefore, satisfied if we let uys = s, u3 = v, and u; = 5s — 2v for any values of s and

v. Hence, solutions to equation (9.11) are given by

U1 5s — 2v 5 —2
u= | uy | = s =s|1]|+wv 0
U3 v 0 1

Notice that the vectors vcol(—2,0,1) are the eigenvectors that we found above associated
with the eigenvalue r = 5. Since we are looking for a vector which satisfies equation (9.11)
and is linearly independent from this eigenvector we will choose s = 1 and v = 0. Thus, a
generalized eigenvector for the matrix A associated with the eigenvalue r = 5 and linearly

independent of the eigenvector u, is given by

uz = col(5, 1,0).
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Hence, by formula (8) on page 563 of the text, we see that another linearly independent

solution to the system x’ = Ax is given by

x3(t) = eMug = € [ug + t(A — 5I)uy]
[ 5 | (0 4 0] 5
= | 1|+t |1 =5 2 1
0 0 2 0o
[ 5 | [ 4 Bt — 4fedt
= 1|+t ] 0 | = et :
0 2 2te

where we have used the fact that, by our choice of uz, (A —5I)*uz = 0 and so (A —5I)"uz = 0
for n > 2. (This is the reason why we used the generalized eigenvector to calculate x3(t).
The Cayley-Hamilton theorem, as given on page 561 of the text, states that A satisfies its
characteristic equation, which in this case means that A(A — 5I)> = 0. However, we cannot
assume from this fact that (A — 5I)2 = 0 because in matrix multiplication it is possible for

two nonzero matrices to have a zero product.)

Our last step is to find a fundamental matrix for the system x’ = Ax using the linearly
independent solutions found above and then to use this fundamental matrix to calculate eA?.

Thus, from these three solutions we obtain the fundamental matrix given by

—4 —2e% Hedt — 4t —4 -2 5
X(t)=| -5 o0 et ~  X(0)=|-5 0 1
2 e 2te® 2 1 0

We can find the inverse matrix X(0) by (for example) performing row-reduction on the

matrix [X(0)[I] to obtain the matrix [I|X~'(0)]. Thus, we find

X 1 -5 2
X 10) = 5 -2 10 21
5 0 10
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Therefore, by formula (6) on page 562 of the text, we see that

. —4 =27 5ePt — 4tedt 1 -5 2
A = X(t)X*l(O):% -5 0 e -2 10 21
2 edt 2ted! 5 0 10

. —4 + 29 — 20te® 20 — 20t —8 + 8¢ — 40te™
= %5 —5 + hedt 25 —10 + 10e°t
2 —2e% + 10te®  —10 + 10e® 4 + 21 + 20ted

17. We first calculate the eigenvalues for the matrix A by solving the characteristic equation

—r 1 0
|JA—rIl=| 0 —r 1 =0
-2 =5 —4-r
N (=r) —r 1 B 0 1 _9
-5 —4-r -2 —4-—r
= —r[-r(=4=7r)+5] =2=— (P +4r* +5r +2) = —(r + 1)*(r +2) = 0.
Thus, the eigenvalues for A are r = —1, —2, with r = —1 an eigenvalue of multiplicity two.
To find an eigenvector u = col(uy, ug, u3) associated with the eigenvalue r = —1, we solve the
equation
1 1 0 U
(A+4DHHhu=| 0 1 1 up | =101,
-2 -5 -3 U3
which is equivalent to the system u; = us, ug = —us3. Therefore, by letting uz = 1 (so that
u; = 1 and ug = —1), we see that one eigenvector for the matrix A associated with the
eigenvalue » = —1 is the vector

u; = col(uy ,ug,us) = col(1,—1,1).

Hence, one solution to the system x’ = Ax is given by
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Since r = —1 is an eigenvalue of multiplicity two, we can find a generalized eigenvector
associated with this eigenvalue (with k& = 2) which will be linearly independent from the

vector uy. To do this, we solve the equation

(A+T)*u=0
1 1 o[ 1 1 o U
- 0 1 1 0 1 1 ug | =
2 5 3| | -2 =5 =3|| us
1 2 1 | [ 12 1] [ w
. 2 4 2| |w|= - 00 0] |ul= ,
4 8 4 U3 000 Ug

which is equivalent to the equation u; + 2us 4+ us = 0. This equation will be satisfied if we let

ug = 8, us = v, and u; = —2v — s for any values of s and v. Thus, generalized eigenvectors
associated with the eigenvalue r = —1 are given by
Uy —2v —s —1 —2
u= | u | = v =s| 0 | +v| 1
U3 s 1 0
Hence, by letting s = 2 and v = —1, we find one such generalized eigenvector to be the vector

uy = col(0,—1,2),

which we see by inspection is linearly independent from u;. Therefore, by equation (8) on
page 563 of the text, we obtain a second linearly independent solution of the system x’ = Ax

given by

Xo(t) = ePMuy=e " [uy + (A +uy)
0 1 1 0 0
= e’ —1|+te'| 0 1 1 -1
2 -2 =5 -3 2
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0 —1 —t
= e | 1| +tet| 1 | =et| —1+¢
2 —1 2—1

In order to obtain a third linearly independent solution to this system, we will find an eigen-

vector associated with the eigenvalue r = —2 by solving the equation
2 1 0 (751
(A+2l)u=| 0 2 1 uy | =10
-2 -5 =2 U3 0

This equation is equivalent to the system 2u; + us = 0, 2us + u3 = 0. One solution to this
system is given by u; = 1, us = —2, and uz = 4. Thus, one eigenvector associated with the

eigenvalue r = —2 is the vector
uz = col(uy ,ug,uz) = col(1,—2,4),

and another linearly independent solution to this system is given by

Hence, by combining the three linearly independent solutions that we have just found, we see

that a general solution to this system is

1 —t 1
x(t)=cre | =1 | +ee | =14t | +eze® | =2
1 2—1t 4
23. In Problem 3, we found that
1+3t—3t2/2 t —t+1%/2
A =e —3t 1 t

9t —9t*/2 3t 1—3t+3t%/2
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In order to use the variation of parameters formula (equation (13) on page 565 of the text),
we need to find expressions for eA'x, and fg eAt=9)f(s) ds, where we have used the fact that

to = 0. Thus, we first notice that

t t t

/eA(t_S)f(S) ds = /eAt_ASf(S) ds = eM / e A f(s) ds.

0 0 0

Since f(s) = col(0, s,0), we observe that

1—-3s5s—3s%/2 —s s+ s%/2 0
e Mf(s) = ¢f 3s 1 - s

—9s—9s%/2  —3s 1+ 3s+3s%/2 0

—5? —s%e®
= ¢° s = se®
—32 —352%¢*

Therefore, we have

¢ ¢

/eA(t_S)f(s) ds = eM / e Af(s) ds

0 0

[ 3 (—s%*)ds

= M fot(ses)ds
fot(—33265)ds

[ 2 et —2t+2)

= 1+ ef(t—1) :
6 — 3e'(t? — 2t + 2)

where we have used integration by parts to evaluate the three integrals above. Next, since

xo = col(0, 3,0), we see that

1+3t—3t2/2 t —t+1%/2 0 3t
eAlxg =e! —3t 1 t 3| =e¢"]| 3
9t —9t*/2 3t 1-—3t+3t%/2 0 9t
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Finally, substituting these expressions into the variation of parameters formula (13), page 565

of the text, yields

t
x(t) = eAtxo—l—/eA(ts)f(s) ds
0

3t 2 —el(t? — 2t +2)
= e'| 3 | +eM 1+t —1) :
9t 6 — et (t* — 2t + 2)
where eA? is given above.
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CHAPTER 10: Partial Differential Equations

EXERCISES 10.2: Method of Separation of Variables, page 587

5. To find a general solution to this equation, we first observe that the auxiliary equation asso-
ciated with the corresponding homogeneous equation is given by 7> — 1 = 0. This equation

has roots » = £1. Thus, the solution to the corresponding homogeneous equation is given by
yn(z) = Cre® + Coe™ .

By the method of undetermined coefficients, we see that the form of a particular solution to

the nonhomogeneous equation is

yp(l‘) = A + Bl’,

where we have used the fact that neither y = 1 nor y = x is a solution to the corresponding

homogeneous equation. To find A and B, we note that
y(x)=B  and gy, (x)=0.
By substituting these expressions into the original differential equation, we obtain
yy(z) —yp(r) = —A— Br =1-2x.

By equating coefficients, we see that A = —1 and B = 2. Substituting these values into the
equation for y,(x) yields

yp(z) = =14 22.

Thus, we see that

y(@) = yn(@) + yp(a) = Cre” + Coe™ — 1+ 2.
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Next we try to find Cy and Cj so that the solution y(z) will satisfy the boundary conditions.
That is, we want to find C; and C} satisfying

y(0)=C1+Cy—1=0 and y(1) =Cre+Coe ' +1=1+e.

From the first equation we see that C5 = 1 — ;. Substituting this expression for C5 into the

second equation and simplifying yields
e—e =0 (e—e’l).
Thus, C; =1 and C5 = 0. Therefore,
y(r) =€ —1+42x
is the only solution to the boundary value problem.

First note that the auxiliary equation for this problem is 72+ X = 0. To find eigenvalues which

yield nontrivial solutions we will consider the three cases: A <0, A =0, and A > 0.

Case 1, A < 0: In this case the roots to the auxiliary equation are r = £+/—\ (where we

note that —\ is a positive number). Therefore, a general solution to the differential equation
y" + Ay = 0 is given by
y(x) = CreV™2 4 Che V7

In order to apply the boundary conditions we need to find y'(x). Thus, we have
y'(z) = V=ACie¥™ — V/ZXChe VT
By applying the boundary conditions we obtain

y(0) = y/(0) = C1 + Cy — V=AC1 + V=ACy = 0
= (1—\/—_)\>C1+<1+\/——/\>02=0a

and
y(ﬂ') = C’le\/j’\” + C’ge_\/j‘” =0 = 02 = —0162\/j>\7r.



Exercises 10.2

By combining these expressions, we observe that

(1= v=X) & = (14 V=) GV =0
= G|(1-VA) - (14 v=R) ] o (10.1)

This last expression will be true if C; = 0 or if

2w _ L= vVoA
1+ VoA

But since v/—X > 0, we see that €2V~>" > 1 while (1 — v/=X)/(1++v/—=\) < 1. Therefore, the
only way that equation (10.1) can be true is for C; = 0. This means that Cy must also equal

zero and so in this case we have only the trivial solution.

Case 2, A = 0: In this case we are solving the differential equation y” = 0. This equation has

a general solution given by
y(z) = Cy + Cox = y'(x) =Cs.
By applying the boundary conditions we obtain
y(0)—y'(0)=C;—Cy=0 and  y(r)=C)+ Cymr = 0.

Solving these equations simultaneously yields C; = C5 = 0. Thus, we again find only the

trivial solution.

Case 3, A > 0: In this case the roots to the associated auxiliary equation are r = £+v/\i.

Therefore, the general solution is given by

y(x) = C cos (\/Xx> + Cysin <\/Xx>
= y'(r) = —VACy sin <\/Xx> + VO, cos (ﬁx) .

By applying the boundary conditions, we obtain
y(0) =y (0)=C, —VAC, =0 = C; =V,
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-7

Figure 10—A: The intersection of the graphs y = —z and y = tan(7x), x > 0.

and

y(m) = Cy cos <\/X7r> + Cysin (\/X7r> = 0.

By combining these results, we obtain
Cy [\/X cos (\/X7r> + sin (\/Xﬂ)] =0

Therefore, in order to obtain a solution other than the trivial solution, we must solve the

equation

VA cos <\/X7r> + sin (\/X7r> =0.

By simplifying this equation becomes

tan <\/X7T> = -V

To see that there exist values for A > 0 which satisfy this equation, we examine the graphs
of the equations y = —x and y = tan(wz). For any values of z > 0 where these two graphs
intersect, we set A = x2. These values for A\ will be the eigenvalues that we seek. From
the graph in Figure 10-A, we see that there are (countably) infinitely many such eigenvalues.

These values satisfy the equations

tan (\/)\7”7r> + \/Ain = 0.
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As n becomes large, we can also see from the graph that these eigenvalues approach the square

of odd multiples of 1/2. That is,
(2n —1)?
>\n ~ Y
4

when n is large. Corresponding to the eigenvalue A, we obtain the solutions

Yn(x) = C,, cos <\/)\7nx) + Oy, sin (@x) = /A, Cay cos <mx) + O, sin <\//\7nx>

(since C1,, = vA,Cay). Thus

yn(z) = C) [\/)TL oS <\/)\7nx> + sin <\/)\7nx>] :
where C), is arbitrary.

We are solving the problem

Ou(z,t) OPu(z,t)
=3 0 t>0
o el <z<m t>0,

u(0,t) = u(m,t) =0, t>0,

u(z,0) = sinz — 7sin 3z + sin 5z.

A solution to this partial differential equation satisfying the first boundary condition is given
in equation (11) on page 582 of the text. By letting § = 3 and L = 7 in this equation we
obtain the series -
u(z,t) = Z cne " sinn . (10.2)
n=1

To satisfy the initial condition, we let £ = 0 in this equation and set the result equal to

sinx — 7sin 3z + sin 5z. This yields

u(z,t) = Z Cpsinnx = sinx — 7sin 3z + sin bz.
n=1
By equating the coefficients of the like terms, we see that ¢; = 1, ¢cg = —7, ¢5 = 1, and all

other ¢,’s are zero. Plugging these values into equation (10.2) gives the solution

w(z,t) = e *Wtsing — 7¢ 3 sin 3z + ¢ 30 sin 5z

= e sing — Te 7 sin3x + e ™ sin 5.
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21.

23.
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By letting @ = 3 and L = 7 in formula (24) on page 585 of the text, we see that the solution

we want will have the form

u(z,t) = Z la,, cos 3nt + by, sin 3nt| sin nx . (10.3)
n=1
Therefore, we see that
Ou i[:& in 3nt + 3nb, cos 3nt] si
— = —3nay, sin 3n nb,, cos 3nt] sin nx .
o

In order for the solution to satisfy the initial conditions, we must find a,, and b, such that

u(z,0) = Z a, sinnxr = 6sin 2z + 2 sin 6z,
n=1
and
ou(r,0)
u((;’ ) = ; 3nb,, sinnx = 11sin 9z — 14 sin 15z.

From the first condition, we observe that we must have a term for n = 2, 6 and for these terms
we want a, = 6 and ag = 2. All of the other a,’s must be zero. By comparing coefficients in
the second condition, we see that we require

11 14
3(9)bg =11 or by = 77 and 3(15)bys = —14 or b5 = I

We also see that all other values for b, must be zero. Therefore, by substituting these values
into equation (10.3) above, we obtain the solution of the vibrating string problem with av = 3,

L =m and f(z) and g(x) as given. This solution is given by

. . 11 . 14 ‘
u(z,t) =6cos(3-2-t)sin2x+2cos(3-6-t) sin 6z + 77 sin(3-9-t) sin9z — 1 sin(3-15-¢) sin 15z.
Or by simplifying, we obtain

11 14
u(z,t) = 6 cos 6t sin 2z + 2 cos 18¢ sin 6x + > sin 27t sin 9z — VT sin 45t sin 15z.

We know from equation (11) on page 582 of the text that a formal solution to the heat flow

problem is given by

u(z,t) = Z cne 2 sin (10.4)
n=1
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where we have made the substitutions § = 2 and L = 1. For this function to be a solution to
the problem it must satisfy the initial condition u(z,0) = f(z), 0 < x < 1. Therefore, we let
t =0 in equation (10.4) above and set the result equal to f(x) to obtain

o0 o0 1
u(z,0) = E Cpsinnrr = E — sinnmz.
n=1 n=1 n

By equating coefficients, we see that ¢, = n~2. Substituting these values of ¢, into equation

(10.4) yields the solution

[e.e]
—92 _ 2¢ .
u(z,t) = E n~2e 2 sin nr
n=1

EXERCISES 10.3: Fourier Series, page 603
5. Note that f(—xz) = e” cos(—3z) = e€” cos 3x. Since
f(—z) = e®cos3x # e *cos 3z = f(x)
unless x = 0 we see that this function is not even. Similarly since
f(=z) = e®cos3x # —e “ cos3x = — f(x),
this function is also not odd.

13. For this problem 7" = 1. Thus, by Definition 1 on page 594 of the text, the Fourier series for

this function will be given by
% + ; (@, cosnmx + by, sinnrx) . (10.5)

To compute ay, we use equation (9) given in Definition 1 in the text noting that cos(0-7z) = 1.

Thus, we have
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To find a, for n =1,2,3, ..., we again use equation (9) on page 594 of the text. This yields
1 1
a, = /x2 cosnmr dr = 2 / x? cosnmz dz,
“1 0
where we have used the fact that 2? cosnmz is an even function. Thus, using integration by
parts twice, we obtain

1 1

. 1
sin nmwx .
a, = 2 [ 2?cosnmaxdr =2 |2*——| — = [ zsinnrxdr
nmw |, nw
0 0

1
i 2 1 1
= 2 (smmr_o) - — _xcosmrx) +—/cosmrxdx

nm nm nm 0 nm

2 _ + 2 ( 0) 2 L 1

= cosnm — Q) — — sinnrr
272 n2m? \ nrw 0
4 g 4 i

= n27r2(_1> ~ 5 (sinnm —0) = = (—1)

To calculate the b,’s, note that since z? is even and sin n7x is odd, their product is odd (see
Problem 7 in this section of the text). Since x?sinnmz is also continuous, by Theorem 1 on
page 590 of the text, we have
1
b, = /x2 sinnrxrdr =0.
“1
By plugging these coefficients into equation (10.5) above, we see that the Fourier series asso-

ciated with 22 is given by

[e.e] 4 .
+ Z n27r2(_1) COSNTTX .
n=1

Wl =

21. We use Theorem 2 on page 600 of the text. Notice that f(x) = z? and f/(z) = 2z are
continuous on [—1,1]. Thus, the Fourier series for f converges to f(x) for —1 < =z < 1.

Furthermore,

f (—1+) = lim 2*=1 and f (1*) = lim 2% = 1.

z——1+t z—1—
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Hence,
1

U+ =500 =1,

and so, by Theorem 2, the sum of the Fourier series equals 1 when x = £1. Therefore, the

Fourier series converges to
f(z) = 2? for —1<z<1.

Since the sum function must be periodic with period 2, the sum function is the 2-periodic

extension of f(x) which we can write as

gx)=(x—2n)%, 2m—1<z<2n+1, n=0+1,42,....

To calculate the coefficients of this expansion we use formula (20) on page 599 of the text.

Thus we have .
L f@de 0
1P 1]

where we have used the fact that f(x) is an odd function. To find ¢; we first calculate the

Co

I

denominator to be
1 1

P = [ Preyde = [ oPda = T
1 11‘ X X €T 3

-1 -1

1

-1

Therefore, we obtain

1

1

3 3 x?

¢ 2/f(a:) () dx 5 /xd:c 3 5
.

0

1

3
. 2

Notice that in order to calculate the above integral, we used the fact that the product of the
two odd functions f(x) and P;(z) is even. To find co, we first observe that, since f(x) is odd

and P,(z) is even, their product is odd and so we have

/1 F(2)Py(z) da = 0.

Hence 1
[ @R de 0
1P 1P

Cy =
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31. We need to show that

/ Hp(z)Hy(z)e™ dz =0,

for m # n, where m,n = 0,1, 2. Therefore, we need to calculate several integrals. Let’s begin

with m = 0, n = 2. Here we see that

/ Hy(z)Hy(z)e ™ do = / (42% — 2) e da
- - N 0
= lim (4ZL‘2 - 2) e de + lim (4ZL‘2 — 2) e de .
N—oo M—oo
0 M

We will first calculate the indefinite integral using integration by parts with the substitution

_ 2
u=x, dv =2xe ™ dx

.2
du=dr, v=—e".

That is we find

/ (4.752 — 2) e dr = 2 / 922%™ dx — 2 / e dx
= 2 {—xer + / e~ dx] - 2/6“2 dr = —2ze™® +C.

Substituting this result in for the integrals we are calculating and using L’Hospital’s rule to

find the limits, yields
N 510
) + lim (—er_“” )
0 M—o0 -M

: —2N . 2M
— e 10 0 e

= li 2N li M 0-0=0
N Neao eN? Mono eM? e

N—oo

/Ho(x)Hg(x)e_’”2 dr = lim (—21‘6_362

When m =0, n =1 and m = 1, n = 2, the integrals are, respectively,

/[{0(36)1'171(.75)63”2 de = /2:cex2 dx
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-3  —bm/2 —2r —3w/2 —m —m/2 /2 T 3m/2  2r  bm/2 3w T

Figure 10—B: The graph of the m-periodic extension of f.

and
/ Hy(2)Hy(z)e ™™ da = / 2a(42% — 2)e ™ dux .

In each case the integrands are odd functions and hence their integrals over symmetric intervals
of the form (—N, N) are zero. Since it is easy to show that the above improper integrals are

convergent, we get

o) N

/...:hm o= lim 0=0.
N—o0 N—oo

e N

Since we have shown that the 3 integrals above are all equal to zero, the first three Hermite

polynomials are orthogonal.

EXERCISES 10.4: Fourier Cosine and Sine Series, page 611

3. (a) The m-periodic extension f(z) on the interval (—m, ) is

0, —m<z<—7/2,
~ 1, —7m/2<z<0,
flz) =

0, 0<z<m/2,

1, n/2<z<m,

with f(z + 2m) = f(z). The graph of this function is given in Figure 10-B.

(b) Using the formula on page 607 of the text, the odd 2m-periodic extension f, on the
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Yy
L) L J 1 L J L J
1 1 ; 1 1 1 1 1 1 ; 1 1
-3t —-57/2 -2 —3x/2 —m @ —m/2 /2 ™ 3m/2 2m 5m/2 3r X
L J L J L J L]

Figure 10—C: The graph of the odd 27-periodic extension of f.

interval (—m,7) is

-1, —Tm<zr<-—-7/2,

£(2) —f(—x), —w<z<0, 0, —-7/2<x<0,
Ol‘ = =
f(z), O<z<m 0, O0<z<m/2,
1, 7/2<z<m,

with f,(z + 2m) = f,(z). The graph of f,(z) is given in Figure 10-C.

(c) Using the formula on page 608 of the text, the even 2m-periodic extension f. on the

interval (—m,7) is

I, -m<z<-7/2,
) f=2), —m<2<0, )0, —7w/2<x<0,
fe(x)—{f(x), O<z<m  |oO, 0<z<m/2,
1, 7/2<z<m,

with fe(x +27) = f.(z). The graph of f.(z) is given in Figure 10-D.

7. Since f is piecewise continuous on the interval [0, 7], we can use equation (6) in Definition 2 on
page 609 of the text to calculate its Fourier sine series. In this problem 7' = 7 and f(x) = 2.
Thus we have

™

- 2
=Y by ith b, == [ 2®sinnvdz.
f(x) > sinnz wi W/x sinnx dx
n= 0
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L J L J 1 L J L J

—3r  —5m/2 -2m —3m/2 —m —m/2 /2 « 3%/2 2r 5%/2 3%  Tx/2 X

Figure 10—D: The graph of the even 27-periodic extension of f.

To calculate the coefficients, we use integration by parts twice to obtain

™ . 2 ™
zbn = /xQSinnzpd:p:—xQCOSHx +—/xcosmcdx
2 n lo n
0 0
72 cosnm 2 sinnz|” 1 )
= —+0+— — — [ sinnzdx
n n n |, n
0
72 cosnw 2[ 1 / cosnx|™
- e 2 (e
n n n n lo
2
2
_ reosnm —; (cosnm — cos0),
n
where n = 1,2,3,.... Since cosnm = 1 if n is even and cosnm = —1 if n is odd for all
n=1,2,3,..., we see that
2= 2= —1
NGV (Yt
2 n n3
Therefore, for n =1,2,3, ..., we have
2r(=1)"*tt A4l(—-1)" -1
L (8
n ™

Substituting these coefficients into the Fourier sine series for f(z) = 2, yields

G P

n=1

Since f(x) = 2? and f/(z) = 2z are piecewise continuous on the interval [0, 7], Theorem 2

on page 600 of the text implies that this Fourier series converges pointwise to f(x) on the
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642

interval (0, 7). Hence, we can write

fla) = a? = g {%(_711)%1 pAE ] } sinna,

mn3

for = in the interval (0, 7). But since the odd 27-periodic extension of f(x) is discontinuous at
odd multiples of 7, the Gibbs’ phenomenon (see Problem 39 on page 606 of the text) occurs

around these points, and so the convergence of this Fourier sine series is not uniform on (0, 7).

Since f(x) = € is piecewise continuous on the interval [0, 1], we can use Definition 2 on
page 609 of the text to find its Fourier cosine series. Therefore, we have

- 1

ap x

> + E a, COSNTI, where a, =2 [ e*cosnmxdx.
n=1

0

Using the fact that cos0 = 1, we find the coefficient ay to be

1
a0:2/€xdl‘:2(€—1).
0

We will use integration by parts twice (or the table of integrals on the inside cover of the text)

to calculate the integrals in the remaining coefficients. This yields

. e”(cosnmx + nwsinnrx)
e’ cosnmrdr = 55 ,
1+n*m
where n = 1,2, 3,.... Thus, the remaining coefficients are given by

1
an:2/6xcosn7m:dx =

0

. 2
2e”(cosnmx + nwsin nwr)
1+ n2m?

0

2e(cosnm) 2¢(1) 2[(—1)" — 1] as
B N - n =
1 + TL27T2 1 —+ n277-2 1+ 7’L27T2 ) ) Ly 9y 5

where we have used the fact that cosnm = 1 if n is even and cosnm = —1 if n is odd. By

substituting the above coefficients into the Fourier cosine series for f given above, we obtain

(-1 -1
ef=e—14+2 ~— — cosSnmx
+ ; 1+ n2m2 e
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for 0 < z < 1. Note that we can say that e* for 0 < x < 1 equals its Fourier cosine series
because this series converges uniformly. To see this, first notice that the even 2w-periodic

extension of f(x) =e", 0 <z < 1, is given by

f(2) = {ex, -1 <z<0,

e, O<ux<l,

with fe(x+2m) = fe(z). Since this extension is continuous on (—oo, 00) and f!(z) is piecewise
continuous on [—1, 1], Theorem 3 on page 601 of the text states that its Fourier series (which is
the one we found above) converges uniformly to f.(z) on [—1, 1] and so it converges uniformly

to f(x) =¢e” on (0,1).

This problem is the same as the heat flow problem on page 580 of the text with 3 =5, L =7
and f(z) = 1 — cos2z. Therefore, the formal solution to this problem is given in equations

(11) and (12) on pages 582 and 583 of the text. Thus, the formal solution is

u(z,t) = che’5n2tsin nx O<z<m t>0, (10.6)
n=1
where -
f(x) =1—cos2zx = chsinnx.
n=1

Therefore, we must find the Fourier sine series for 1 —cos 2z. To do this, we can use equations
(6) and (7) of Definition 2 on page 609 of the text. Hence, the coefficients are given by

™

2
Cn = —/(1—0052x)sinnxdw
T
0
2 ) 2 .
= — [ sinnxdr — — | cos2xsinnxdx, n=123,....
T ™
0 0

Calculating the first integral above yields

™

2 2 2

2 [ sinnwdr = —— )= 1 (=1)"

7T/Slnnxfzc mr(cosmr ) mr[ (=1)"],
0
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where we have used the fact that cosnm = 1 if n is even and cosnm = —1 if n is odd. To

calculate the second integral, we use the fact that 2 cosasinf = sin(f — a) + sin(f + «), to

obtain
2 [ | L7 [
—— /cos 2rsinnrdr = —— /sm[(n — 2)z]dx + /sm[(n—I— 2)x| dx
™ ™
0 0 0
1 1
= — -] -1} + — 2)m] — 1
S {cos[(n —2)7] — 1} + p—) {cos[(n +2)7] — 1}
1 1
= ——[(-1)" =1+ —[(-1)" —1].
oy (=1 1
Combining these two integrals yields
2 1 1
= —N1-(-D)"4+—-=[-D)"=-1+ —=[(-1)" =1
B 0, if n is even,
4/(nr) = 2/[r(n —2)] — 2/[w(n+2)], if nis odd,
forn =1,2,3,.... Hence, we obtain the formal solution to this problem by substituting these

coefficients into equation (10.6) above and setting n = 2k — 1. Therefore, we have

2 — 2 1 1 2
t — _ - *5(2]{71) t .. 2]{: o 1 )
uz,t) w; [%—1 %k —3 2k+1]° sin Jz

EXERCISES 10.5: The Heat Equation, page 624

3. Ifwelet 5 =3, L =, and f(x) = x, we see that this problem has the same form as the
problem in Example 1 on page 613 of the text. Therefore, we can find the formal solution to
this problem by substituting these values into equation (14) on page 615 of the text. Hence,

we have

u(z,t) = Z ¢ cos e cosna where flz) = Z Cp COSNT . (10.7)
n=0 n=0

Thus, we must find the Fourier cosine series coefficients for f(z) = x, 0 < x < 7. (Note that

the even 2m-extension for f(z) =z, 0 < < 7, which is given by

—x, for —m <2 <0,
fe(z) =
r, forO0<ax<m,
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with f.(x 4+ 2m) = fe(x), is continuous. Also note that its derivative is piecewise continuous
on [—m.mw|. Therefore, the Fourier series for this extension converges uniformly to f.. This
means that the equality sign in the second equation given in formula (10.7) above is justified
for 0 <z < 7.) To find the required Fourier series coefficients, we use equations (4) and (5)

given in Definition 2 on page 609 of the text. Hence, we have

o0
ag
T = 5—1— E a, COSNT ,
n=1

(so that ¢o = ap/2 and ¢, = a,, for n =1,2,3,...) where

2 [ 2 22
aoz—/xdx:—x—
T T 2

0

forn =1,2,3,.... To calculate the second integral above we use integration by parts to obtain

- s
2
=7 and a,=— | xcosnxdx,
0 T
0

™ m

2 2 ™ 1 .
a, = rcosnrdr = — — — [ sinnxdx
s T 0o n

0 0

x

— sinnz

n

} 2

2 1 COS NT n
= = [O - ﬁ - — (cosnm — 1) = — [(—1)"™ —1].
Combining these results yields
, if n=0,
a, = § —4/(7n?), if nis odd,
0, if n is even and n # 0,
where n = 0,1, 2,.... The formal solution for this problem is, therefore, found by substituting

these coefficients into the first equation given in formula (10.7) above. (Recall that ¢y = ao/2

and ¢, = a, forn =1,2,3,....) Thus, we have
u(x,t) = T e0cos0 — Z __ 4 stk cos(2k + 1)z
2 — m(2k + 1)?
m - 4 —3(2k+1)2t
= —— _ 2k +1
2 ; T2k +1)2° cos(2k + L)z
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7. This problem has nonhomogeneous boundary conditions and so has the same form as the

646

problem in Example 2 on page 616 of the text. By comparing these two problems, we see that
for this problem g =2, L = w, Uy = 5, Uy = 10, and f(z) = sin3z — sin 5z. To solve this
problem, we assume that the solution consists of a steady state solution v(x) and a transient
solution w(z,t). The steady state solution is given in equation (24) on page 617 of the text

and is

The formal transient solution is given by equations (39) and (40) on page 619 of the text. By

using these equations and making appropriate substitutions, we obtain

w(z,t) = ch6_2”2t sinnz, (10.8)

=1

3

where the coefficients (the ¢,’s) are given by

o0

5
— =sin3z —sinbr — 5 — —x = 1 Si , O<z<m.
f(x) —v(x) = sin3x — sin bz —T T?:lc sin nx r<m

Therefore, we must find the Fourier sine series coefficients for the function f(z) — v(z) for
0 < z < 7. Since the function f(z) = sin 3z — sin 5z is already in the form of a sine series, we
only need to find the Fourier sine series for —v(z) = —5 — 5z /7 and then add sin 3z — sin 5z
to this series. The resulting coefficients are the ones that we need. (Note that the Fourier sine
series for —5 — 5z /7 will converge pointwise but not uniformly to —5 — 5z /7 for 0 < z < 7.)
To find the desired Fourier series we use equations (6) and (7) in Definition 2 on page 609 of

the text. Thus, with the appropriate substitutions, we have

[e.9]

2 5
—5—5—x:ansinnx, where bn:—/(—5——x> sin nx dx .
m — m m

To find the b,’s, we will use integration by parts to obtain

™ ™

10 .

b, = ——/smnxdac——2 rsinnz dx
T

0 0
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ke 1) - —
7ﬂm(cosmr ) —
10 10
LU
mr(cosmr ) -

0 10
—(2cosnmr —1) = —
nm nm
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™

T ™ 1/
—— cosnx| + — [ cosnxdx
n 0o n
0
—zcosmr—i—O]
n
2(-1)" —1], n=123,....

Thus, the Fourier sine series for sin 3x — sin 5x — 5 — 5x /7 is given by

sin3x —sindr —H — —

5%
T

=, 10
in3x —sin H —2(=1)" — 1] si
sin 3z — sin x—l—;mr[( ) ] sin nx
1
sin3:p—sin5x—@sinx—l——osirﬂx—@sin&r—k—sinélx
T 2T 3T 47
30 | = 10 . ,
—¢_sin bx + 26 - [2(—=1)" — 1] sinnx

30

™ ™

™ ™

5 10 5
——sinx + —sin 2z + (1 — —) sin 3z + 2—sin4x

6 — 10
— |14 —|sind — [2(=1)" — 1]si .
( +7T>sm x—l—;nﬂ[( ) | sin nz

We therefore obtain the formal transient solution by taking the coefficients from this Fourier

series and substituting them in for the ¢, coefficients in equation (10.8) above. Thus, we find

30 ) 10 D
w(z,t) = —=e 2D sing + Ze 2@ gin 27 + (1 - —) e 26 gin 3 + 2—6_2(4)2t sin 4z
T

™

™

_<1+§)e

7

= 10
=20)*t gip B + Z — [2(=1)" — 1] e "' sinnx,
n=>6

and so the formal solution to the original problem is given by

u(z,t)

v(z) + w(z,t)

o+

5%

___6_

™

30

™

2

5 10 5
tsing + —e 8 sin 22 + (1 — —) e 18 gin 3z + 2—6_32t sin4x

™

(-

™ ™

10 2
50t _: n —2n4t _:
5 E —|2(—1 -1 .
e Sin ox + o [ ( ) ] e S nx

n=>6
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9. Notice that this problem is a nonhomogeneous partial differential equation and has the same

648

form as the problem given in Example 3 on page 618 of the text. By comparing these problems,
we see that here = 1,P(x) =e*, L=m,U; = Uy =0, and f(z) = sin2z. As in Example 3,
we will assume that the solution is the sum of a steady state solution v(z) and a transient

solution w(z,t). The steady state solution is the solution to the boundary value problem
V'(x) = —e7", 0<zx<m, v(0) = v(m) = 0.

Thus the steady state solution can be found either by solving this ODE or by substituting
the appropriate values into equation (35) given on page 618 of the text. By either method we
find

1
'U(x):e - r—e "4 1.

The formal transient solution is then given by equations (39) and (40) on page 619 of the

text. By making the appropriate substitutions into this equation, we obtain
o
2t .
w(z,t) = Z cne "t sinna (10.9)
n=1

where the ¢,’s are given by

e ™"—1

f(z) —v(x) =sin2z — -

o
r4+e?—-1= E Cp SINNT .
n=1

Hence, the problem is to find the Fourier sine coefficients for f(x) — v(x). The first term,
f(z) = sin 2z, is already in the desired form. Therefore, the Fourier sine series for f(z) —v(x)
is - -

sin 2z + an sinnx = by sinz + (by + 1) sin 2z + an sin nx ,

n=1 n=3

where the b,’s are the Fourier sine coefficients for —v(z). This implies that if n # 2, then
¢n = by, and if n = 2, then ¢, = b, + 1. The b, coefficients are given by equation (7) on
page 609 of the text. Thus, we have

2 T—1
b, = _/[_e r+e ¥ —1|sinnrdr
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™ ™ ™

2 m—1 2 2
= = (—6 )/xsinnxdw—l——/e‘xsmnxdw——/sinnxdw.
7 7 T 7
0

0 0

We will calculate each integral separately. The first integral is found by using integration by
parts. This yields

2 1\ [ —2(e™™ —1
_(_e )/:Esinnxdx = M —Ecosnx
0

™

™ 1
+ —/Cosmcdx
0o n

T T 2 n
0

—2(e™ -1 2
= # [—zcosmerO—i-O] =
T n
To find the second integral we use the table of integrals on the inside front cover of the text

(or use integration by parts twice) to obtain

2 [ 2 |—e™ncosnm+n 2n
4 —z . de = 2 _ —T(_1 n+1 1] .
77/6 SR A 7T|: 1+ n? ] (1+n2)7r[€ (=" + }
The last integral is found to be
2 [ 2 2
—= /Sinnxd:ﬂ = —|[cosnm — 1] = —[(-1)" —1].
T nm nm

0

By combining all of these results, we find that the Fourier coefficients for —v(x) are given by

b, =

Therefore, the coefficients for the formal transient solution are

2(e7 ™ —1) 2n _ 2 ‘
(1) e (=)™ 1 1 —|(-1)" =1 f 2
e e el L e e LAl CL S o
Cp =
e"—=1 4 o e
- +5—7T(1—e )+1, if n=2.

Since the formal solution to the PDE given in this problem is the sum of its steady state
solution and its transient solution, we find this final solution to be

e T—1

u(z,t) = v(x) + w(x,t) = -

o
_ 2t .
r—e  +1+ g cpe " tsinna
n=1
where the ¢,’s are given above.
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11. Let u(x,t) = X (x)T'(t). Substituting u(z,t) = X (x)7T'(¢) into the PDE yields

650

) _ X'"(x)
AT(t) X(x)

T'()X(z) = 4X"(2)T(t) = - K,

where K is a constant. Substituting the solution u(x,t) = X (z)7T'(¢) into the boundary

conditions, we obtain
X'(0)T(t) =0, X(m)T(t)=0, t>0.

Thus, we assume that X’(0) = 0 and X (7) = 0 since this allows the expressions above to be

true for all £ > 0 without implying that u(z,t) = 0. Therefore, we have the two ODE’s

X"z)=KX(z), 0<z<m,

(10.10)
X'(0) = X(m) =0,

and
T'(t) = AKT(t), t>0. (10.11)
To solve boundary value problem (10.10), we will examine three cases.

Case 1: Assume K = 0. Now equation (10.10) becomes X" = 0. The solution is X (z) = az+b,

where a and b are arbitrary constants. To find these constants we use the boundary conditions

in (10.10). Thus, we have

and so

Therefore, in this case we have only the trivial solution.

Case 2: Assume K > 0. In this case the auxiliary equation for equation (10.10) is r* — K = 0.
The roots to this equation are r = +£4/ K. Thus, the solution is

X(z) = C1eVE" 4 CyeVET
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where C and Cy are arbitrary constants. To find these constants we again use the boundary

conditions in (10.10). We first note that
X'(z) = O.WVEKeVE* — Cyv/Ke VE®,
Therefore,
X'(0) = CWVK — WK =0 = C; =0y = X(z)=0C (e\/m” + e_\/?“’) )
The other boundary condition implies that
X(m)=C, <e‘/E” + e‘ﬁ”> =0 = 4 (ewﬁr + 1) = 0.

The only way that the final equation above can be zero is for C; to be zero. Therefore, we

again obtain only the trivial solution.

Case 3: Assume K <0, so —K > 0. Then the auxiliary equation for equation (10.10) has the
roots r = +v/ K = +iv/—K. Therefore, the solution is

X(x) = C}sin <\/jx> + Cy cos <\/jx>
= X'(z) = C1vV/—=K cos (\/jyg) — CyvV/—K sin (ﬁx) :

Using the boundary condition X'(0) = 0, we obtain

0=X"(0) = C;vV—K cos0 — Cy/—K sin0 = C;v/—K = C; =0.
Hence, X (z) = C5 cos (\/j x) Applying the other boundary condition yields

0= X(m)=Cscos <\/j7r>

2 1)
= \/—KW:(Zn—i—l)g = K:_w

. n=012...

Therefore, nontrivial solutions to problem (10.10) above are given by

2n+1

Xn(x):cncos( x), n=0,1,2,....
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By substituting the values of K into equation (10.11), we obtain
T(t) = —(2n+1)°T(), t>0.

This is a separable differential equation, and we find

dT dT
T = —(2n+1)*dt = ?:—(Qn—l—l)Q/dt
=  W|T|=-@n+1%+A = T(t)=be V% n=01,2...,

(where b, = +e?). Hence, by the superposition principle (and since u, (z,t) = X, (2)T,(t)),

we see that the formal solution to the original PDE is

. 2n +1 - 1
u(l" t) = Z bn€7(2n+1)2tcn CcOS ( n; x) = Z a/nei(2n+1)2t COS |:(/n/ _'_ 5) x:| 9 (1012)
n=0

n=0

where a,, = b, c,,. To find the a,,’s, we use the initial condition to obtain

u(z,0) = f(z) = i ay coS Kn + %) x} . (10.13)

n=0
Therefore, the formal solution to this PDE is given by equation (10.12), where the a,’s are
given by equation (10.13).

This problem is similar to the problem given in Example 4 on page 619 of the text with g =1,
L =W =, and f(z,y) = y. The formal solution to this problem is given in equation (52)
on page 621 of the text with its coefficients given on pages 621 and 622 in equations (54)
and (55). By making appropriate substitutions in the first of these equations, we see that the

formal solution to this problem is

oo o0

u(z,y,t) = Z Z Ame” T cos ma sin ny . (10.14)

m=0 n=1
We can find the coefficients, agn, n = 1,2,3, ..., by using equation (54) on page 621 of the
text with the appropriate substitutions. This yields

2 2
Qo = —2//ysinnydxdy:—2/ysinny /d:p dy
T T
0 0 0 0
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2
= — / y sinny dy (use integration by parts)
s
0

2 ny
= cos ny +—/cosnydy
T n 0o n
| 0
2 [ 1 i 2 2
= 2T cosnm+ (—2 sin ny )] = — <—I cosmr) = —(—=1)".
T n n 0 T n n

We will use equation (55) on page 622 of the text to find the other coefficients. Thus for

m > 1and n > 1, we have

4
Qmn = —2//ycosmxsinnydxdy
T

™

4 ™
= —Q/ysinny /cosmxdaﬁ dy = — /ysmny y = 0.
T
0

0 0

The formal solution to this problem is found by substituting these coefficients into equation
(10.14). To do this we first note that the coefficients for any terms containing m # 0 are zero.
Hence, only terms containing m = 0 will appears in the summation. Therefore, the formal

solution is given by

0 n+1 2
u(x,y,t) E Z(=1)" e sinny = 2 E “sinny .
n=1 n=1

3 [\

EXERCISES 10.6: The Wave Equation, page 636

1. This problem has the form of the problem given in equations (1)—(4) on page 625 of the text.
Here, however, « = 1, L = 1, f(z) = (1 —z), and g(z) = sin 7wz. This problem is consistent
because

f(0)=0= f(1), and  ¢(0) =sin0 =0 =sin7r = g(1).

The solution to this problem was derived in Section 10.2 of the text and given again in equation

(5) on page 625 of the text. Making appropriate substitutions in equation (5) yields a formal
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solution given by

u(z,t) = Z [ay, cos nmt + by, sinnrt] sinnwx . (10.15)

n=1
To find the a,’s we note that they are the Fourier sine coefficients for z(1 — z) and so are
given by equation (7) on page 609 of the text. Thus, for n =1,2,3,..., we have
1 1 1
a, = 2/3:(1 —z)sinnrrdr = 2 /xsinnm;dw - /x2 sinnrx dr

0 0 0
We will use integration by parts to calculate these two integrals. This yields

1

1 1
/:Esinmmdx = —— cosnm = ——(—1)"
nm nm
0

and

1
1 2 1 1 1 2

/x2 sinnmr dr = - COSNT — 22 (—% cosnm + a) = —a(—l)nﬂL 33 [(=1)" —1].

0

Therefore, for n =1,2,3, ..., we see that

=2 L - - 1 = - - 1

nm nm n3mw3 n3mw3

This can also be expressed as

)0, if n is even,
! 8/(n*m3), if n is odd.

The b,’s were found in equation (7) on page 626. By making appropriate substitutions in this

equations we have
o0

sin Trx = E nmb, sin nwx.

n=1

From this we see that forn =7

Tnb; =1 = b; = —,
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and for all other n’s, b, = 0. By substituting these coefficients into the formal solution given

in equation (10.15) above, we obtain

1
u(z,t) = —— sin Trtsin Trx + cos[(2k + 1)mt] sin[(2k + 1)7z].

- 8
s % [(2k + 1)7]3
. First we note that this problem is consistent because

9(0)=0=g(L) and  f(0)=0=f(L).

The formal solution to this problem is given in equation (5) on page 625 of the text with the
coefficients given in equations (6) and (7) on page 626. By equation (7), we see that

glx)=0= an nzoz sin <n7;x) :
n=1

Thus, each term in this infinite series must be zero and so b, = 0 for all n’s. Therefore, the

formal solution given in equation (5) on page 625 of the text becomes

- t
u(z,t) = Zan oS (mTLOé ) sin (?) . (10.16)
n=1

To find the a,’s we note that by equation (6) on page 626 of the text these coefficients are the

Fourier sine coefficients for f(x). Therefore, by using equation (7) on page 609 of the text,

forn=1,2,3,... we have
L h a L
2 nwr 2 0 . T T nmT
a, = z/f(x)sm(—)dx—z ;/x51n<—>dx+ho/L_a51n< 7 )dx
0 0 a
a L L
= 2_]10 l/xsm <@> dx L /sin <@> dx — /xsm <@> dx
L |a —a —a
0 a a
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Therefore, for n = 1,2, 3, ..., the coefficients become

2ho (1 [ aL (mra) N Lz . <n7m> L? [ (mraﬂ
W = — 13— |—— cos sin — cos nm — cos [ ——
¢ L |a| nm L n2m?2 L nr(L — a) L

1 [ L2 al nmwa L? 1. . /nma
— —— cosnm + — COS< ) + [smmr—sm (—)] .

L—a nw nm L n2m? L

After simplifying, this becomes

2hoL? nmwa
L= g (T2 —1,2,3,....
“ n?m?a(L — a) sm< L ) "

By substituting this result into equation (10.16) above, we obtain the formal solution to this

problem given by

2hoL? .1 . /nma nrat\ . /naT
)= gy 2 o (5 eos () s ().

n=1

If we let a =1, h(z,t) =tx, L =, f(z) =sinz, and g(z) = 5sin 2z — 3sin 5z, then we see
that this problem has the same form as the problem given in Example 1 on page 627 of the
text. The formal solution to the problem in Example 1 is given in equation (16) on page 628
of the text. Therefore, with the appropriate substitutions, the formal solution to this problem
is

t
00

1
u(z,t) = E a, cosnt + b, sinnt + — / hy(s)sinn(t — s)]ds p sinnx. (10.17)
n
n=1 0
The a,’s are shown in equation (14) on page 628 of the text to satisfy

o0

sinx = g a, Sinne .

n=1
Thus, the only nonzero term in this infinite series is the term for n = 1. Therefore, we see
that a; = 1 and a, = 0 for n # 1. The b,’s are given in equation (15) on page 628 of the text

and so must satisfy
o0
5sin2x — 3sin bx = annsinnx,

n=1

which implies that

3
262 =5 = bg and 5b5 = -3 = b5 = —g ,

I
M| Ot
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and b, = 0 for all other values of n. To calculate the integral given in the formal solution we
must first find the functions h,(t). To do this, we note that in Example 1, the functions h,,(t),
n=1,2,..., are the Fourier sine coefficients for h(x,t) = tx with ¢ fixed. These functions are
given below equation (13) on page 628 of the text. (We will assume proper convergence of
this series.) Thus, we have

m ™

2 2t
ho(t) = — /txsinm:dx = — /xsinm:dx
T T
0 0
2t 1 2t 2t
= — {—I cosnm + 0+ — sinnm — sinO] = —= cosnm = —(—1)"",
T n n T T
n=1,2,3,..., where we have used integration by parts to calculate this integral. Substituting

this result into the integral in equation (10.17) above yields

t t

/hn(s) sin[n(t — s)]ds = / E(—l)’“rl sin[n(t — )| ds

m
0 0
2(—=1)"t [t sinnt 2(—1)"+! ,
= || T s (nt — sinnt) ,

where n = 1,2, 3, .... By plugging the a,’s, the b,’s, and the result we just found into equation
(10.17), we obtain the formal solution to this problem given by

2(—1)m+!

5 3 — 1
u(z,t) = costsinz + 5 sin 2¢ sin 2x — R sin5tsin5x+;E [ 3

(nt — sin nt)] sin nx

5 3 = (=1t in nt
= costsinx + — sin2¢tsin2x — — sin5tsin5x+22i t_smn sin nx .
2 5 — n3 n

We will assume that a solution to this problem has the form u(x,t) = X (x)T'(t). Substituting
this expression into the partial differential equations yields

X(2)T"(t) + X (2)T'(t) + X (2)T(t) = o2X"(2)T(t).

Dividing this equation by o?X (z)T'(t) yields

") +T' () +T(t)  X'(x)
a?T(t) X (x)
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Since these two expressions must be equal for all  in (0, L) and all £ > 0, they can not vary.
Therefore, they must both equal a constant, say K. This gives us the two ordinary differential

equations
T"(t)+T'(t) +T(t)

2T (1) =K = T'O+T{)+(1-a*K)T(t)=0 (10.18)

and
X//

—~

x)
(x

X
Substituting u(z,t) = X (x)7T'(t) into the boundary conditions, u(0,t) = u(L,t) =0, t > 0, we

—K =  X"(2)-KX(z)=0. (10.19)

~—

obtain
X(0)T(t) =0=X(L)T(t), t> 0.

Since we are seeking a nontrivial solution to the partial differential equation, we do not want
T(t) = 0. Therefore, for the above equation to be zero, we must have X(0) = X (L) = 0.
Combining this fact with equation (10.19) above yields the boundary value problem given by

X"(z) - KX(z) =0, with  X(0) =X (L) =0.

This problem was solved in Section 10.2 of the text. There we found that for K = —(nw/L)?,

n=1,2,3,..., we obtain nonzero solutions of the form
Xo(z) = A, sin (%) . n=1,23,.... (10.20)

Plugging these values of K into equation (10.18) above yields the family of linear ordinary

differential equations with constant coefficients given by

12
The auxiliary equations associated with these ODE’s are
2,2 2
9 a‘n T\
r+r+(1+ i )—O.

By using the quadratic formula, we obtain the roots to these auxiliary equations. Thus, we

a’n?m?
—1j:\/1—4(1+ 2 >

1 VL2 —4L2 — 4a2n?72
r= = ——=x
2 2 2L

2,22
T"(t) + T'(t) + (1 20 >T(t) —0, n=123,.... (10.21)

have
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:I: V3L2 + 4a2n2n? |
— )
2L ’

n=1,2.3,....

Hence, the solutions to the linear equations given in equation (10.21) above are

2 2,22 2 2,22
BnCOS<\/3L + da*n?m t) +Cnsin<\/3L + da*n?m t)],

To(t) = e 2

2L 2L

forn=1,2,3,.... By letting

V3L2 + 4a2n272

B, = 5T , (10.22)

forn=1,2,3,..., this family of solutions can be more easily written as
T,(t) = e t/? [B,, cos Bt + C,, sin (1] .

Substituting the solutions we have just found and the solutions given in equation (10.20) above
into u(z,t) = X (x)7T'(t), yields solutions to the original partial differential equation given by

Un (2, 1) = X, (2)TH(t) = Ape/?[B, cos Bt + C, sin f,t] sin (nzx) , n=123,....

By the superposition principle, we see that solutions to the PDE will have the form

Ze t/z [a,, cos Bt + by, sin (,t] sin <nzx)’

n=1
where (3, is given in equation (10.22) above, a, = A,B,, and b, = A,C,. To find the
coefficients a,, and b,, we use the initial conditions u(z,0) = f(z) and Ou(z,0)/0t =

Therefore, since

Z { (—1/2)e —t/2 [a,, cos Bt + by, sin (]
n=1
Lo t/? [—a, B, sin B3,t + b, 3, cos Bt } sin <nzx> ,

we have

(7 i{———i—bnﬁn}sin <n_zx>

n=1
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Hence, each term in this infinite series must be zero which implies that

a

a
— 24 b,3,=0 = b, = — , =1,2,3,....
5 T 23, "
Thus, we can write
- 1
u(z,t) = ;ane—tﬂ {cos Gt + T sin Bnt] sin (nLLx> , (10.23)

where (3, is given above in equation (10.22). To find the a,’s, we use the remaining initial

condition to obtain -
nmTT
u(z,0) = f(x) ngla sin { —

Therefore, the a,’s are the Fourier sine coefficients of f(x) and so satisfy

L

ap = g/f(:zc) sin (ﬂ;) dx . (10.24)

0

Combining all of these results, we see that a formal solution to the telegraph problem is given

by equation (10.23) where (3, and a,, are given in equation (10.22) and (10.24), respectively.

This problem has the form of the problem solved in Example 2 on page 631 of the text with
f(z) = g(x) = x. There it was found that d’Alembert’s formula given in equation (32) on
page 631 of the text is a solution to this problem. By making the appropriate substitutions
in this equation (and noting that f(z + at) = x + at and f(z — at) = x — at), we obtain the

solution
rx+at
(x,1) 1[( + at) + ( t)]+1 d +1 cl
u(x = — |(r+ o r— « — sds=x+ — | —
’ 2 2x 200 | 2|,
r—at

1 1
= o+~ [(@+at) = (e —at)’] = o+ [date] = v + 12

EXERCISES 10.7: Laplace’s Equation, page 649

3. To solve this problem using separation of variables, we will assume that a solution has the

660

form u(x,y) = X ()Y (y). Making this substitution into the partial differential equation yields

X'(z)Y (y) + X(2)Y"(y) = 0.
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By dividing the above equation by X (x)Y (y), we obtain

X"(z)  Y"(y)
X(x)  Y(y)

Since this equation must be true for 0 < x < 7 and 0 < y < 7, there must be a constant K

=0.

such that
X'(z) Yy

X(z)  Y(y)
This leads to the two ordinary differential equations given by

=K, O<z<m and O0<y<m.

X"(z) - KX(x)=0 (10.25)
and
Y'(y)+ KY (y) =0 (10.26)

By making the substitution u(z,y) = X ()Y (y) into the first boundary conditions, that is,
u(0,y) = u(m,y) = 0, we obtain

Since we do not want the trivial solution which would be obtained if we let Y (y) = 0, these
boundary conditions imply that
X(0)=X(m)=0.

Combining these boundary conditions with equation (10.25) above yields the boundary value

problem

X"(z) — KX (x) =0, with X (0) = X(7) = 0.
To solve this problem, we will consider three cases.

Case 1: K = 0. For this case, the differential equation becomes X" (z) = 0, which has solutions

X(x) = A+ Bz. By applying the first of the boundary conditions, we obtain
X(0)=A=0 = X(x) = Bx.

The second boundary condition yields
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Thus, in this case we obtain only the trivial solution.

Case 2: K > 0. In this case, the auxiliary equation associated with this differential equation
is 72 — K = 0, which has the real roots r = &/ K. Thus, solutions to this problem are given
by

X(z) = AeVE® 4 BeVE®,
Applying the boundary conditions yields
X0)=A+B=0 = A=-B =  X(z)=-Be5* 4 Be Vv
and
X(r)=-BeVE" 4 BeVEr =0 =  _B (Wﬂ . 1) ~0.

This last expression is true only if K = 0 or if B = 0. Since we are assuming that K > 0, we
must have B = 0 which means that A = —B = 0. Therefore, in this case we again find only

the trivial solution.

Case 3: K < 0. The auxiliary equation associated with the differential equation in this case

has the complex valued roots r = £/ —Ki, (where —K > 0). Therefore, solutions to the

ODE for this case are given by
X(x) = Acos (\/jyg) + Bsin <\/jx> )
By applying the boundary conditions, we obtain
X(0)=A=0 = X(x)zBsin(ﬁx)
and
X(W)zBSiﬂ(ﬁﬂ)zO = V—K =n = K=-n* n=123...,

where we have assumed that B # 0 since this would lead to the trivial solution. Therefore,

nontrivial solutions X,,(z) = B, sinnx are obtained when K = —n? n=1,2,3....
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To solve the differential equation given in equation (10.26) above, we use these values for K.

This yields the family of linear ordinary differential equations given by
Y"(y) — n*Y (y) =0, n=123,....

The auxiliary equations associated with these ODE’s are r? — n? = 0, which have the real
roots r = 4+n, n =1,2,3,.... Hence, the solutions to this family of differential equations are
given by

Y, (y) = Cpe™ + Dpe™™ | n=123,....

With the substitutions K, = C,, + D,, and K,, = C,, — D,,, so that

K, + Ky, Ky, — Ko,
Cpn = Ban % Ron ; and D, = —n 2
2 2
we see that these solutions can be written as
K n K n K n - K n _
Yo(y) = —dn B ny  San = Bon ony
2 2
ny —ny ny _ ,—ny
= Kln% +K2n€ 26 = K, coshny + Ky, sinhny .

This last expression can in turn be written as
Y, (y) = A, sinh (ny + E,,)

where A, = K2, — K? and E, = tanh™' (K}, /K>,). (See Problem 18.)

The last boundary condition u(z,7) = X(2)Y(7) = 0 implies that Y (w) = O(since we do
not want the trivial solution). Therefore, by substituting 7 into the solutions just found, we

obtain

Y, (m) = A, sinh (nw + E,,) .

Since we do not want A, = 0, this implies that sinh (n7m + E,,) = 0. This will be true only if
nm + E, = 0 or in other words if F,, = —nm. Substituting these expressions for F,, into the

family of solutions we found for Y (y), yields
Y, (y) = A, sinh (ny — nr) .
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Therefore, substituting the solutions just found for X (x) and Y (y) into u,(z,y) = X, (2)Y,(y)
we see that

un(z,y) = aysin nz sinh(ny — nr),

where a,, = A, B,. By the superposition principle, a formal solution to the original partial
differential equation is given by
u(z,y) = Z un(z,y) = Z ay, sin na sinh(ny — nr). (10.27)
n=1 n=1
In order to find an expression for the coefficients a,,, we will apply the remaining boundary

condition, u(z,0) = f(z). From this condition, we obtain

u(z,0) = f(z) = i a, sin nx sinh(—n),

n=1
which implies that a, sinh(—nr) are the coefficients of the Fourier sine series of f(z). There-

fore, by equation (7) on page 609 of the text, we see that (with 7" = )

2 ™ 2 ™
ay, sinh(—nm) = — /f(x) sinnz dx = ap = ———— / f(z)sinnz de.
m
0

~ msinh(—nm)
0

Thus, a formal solution to this ODE is given in equation (10.27) with the a,’s given by the

equation above.

. This problem has two nonhomogeneous boundary conditions, and, therefore, we will solve two

PDE problems, one for each of these boundary conditions. These problems are

Pu  0u
gz top =0 O<wT<m O<y<i
8u(0, y) au(ﬂ-7 y)
- =0 0<y<i1
ox Ox ’ =d=0
u(z,0) = cosx — cos 3z, u(x,1) =0, O<z<m,
and
’u  0*u
a2 T = O<osm O<y<d
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Ou(0,y) _ du(r,y)
or 0w
u(z,0) =0, u(z, 1) = cos 2z, 0<z<m.

=0, O0<y<1,

If u; and wuy are solutions to the first and second problems, respectively, then u = uy 4 ug will

be a solution to the original problem. To see this notice that

82u 82u 62U1 82u2 82U1 82u2
—t 5 = - + -
ox? = Oy? 0x? ox? Oy? 0y?
82’&1 82U1 82’&2 82u2
:<aﬁ—rmﬂ)+(aﬁ—+mﬂ):o+oza

au(oa y) o aul (07 y) au2(07 y) _ _

or Oz + or 0+0=0,
au(ﬂ-a y) . aul (ﬂ-a y) au2(ﬂ-a y) _ _

or Oz + or 0+0=0,

u(z,0) = uy(x,0) + uz(z,0) = cosx — cos 3z + 0 = cosx — cos 3z,

u(z,1) = uy(x,1) + ug(z, 1) = 0+ cos 2x = cos 2z .

This is an application of the superposition principle.

The first of these two problems has the form of the problem given in Example 1 on page 639
of the text with a =7, b =1, and f(z) = cosx — cos 3z. A formal solution to this problem is
given in equation (10) on page 641 of the text. Thus, by making the appropriate substitutions,

we find that a formal solution to the first problem is

ui(z,y) = Eo(y — 1) + Z E,, cos nz sinh(ny — n).

n=1

To find the coefficients F,,, we use the nonhomogeneous boundary condition
u(z,0) = cosx — cos 3x .
Thus, we have

uy(x,0) = cosz — cos 3z = —FEy + Z E,, cosnzsinh(—n).

n=1
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From this we see that for n =1,

1
Eisinh(—1) =1 E, =
sinh(—1) ~ ' sinh(—1)
and for n = 3,
-1
E5sinh(—3) = —1 = EL=——-—.
3sinh(=3) "7 sinh(=3)

For all other values of n, F,, = 0. By substituting these values into the expression found above

for uy, we obtain the formal solution to the first of our two problems given by

(2.9) cosxsinh(y — 1)  cos3zsinh(3y — 3)
u(z,y) = —
WY sinh(—1) sinh(—3)

(10.28)

To solve the second of our problems, we note that, except for the last two boundary conditions,
it is similar to the problem solved in Example 1 on page 639 of the text. As in that example,

using the separation of variables technique, we find that the ODE

X"(z) — KX (x) =0, X'(0) = X'(7) =0,

has solutions X,,(z) = a, cosnx, when K = —n? n=1,2,3,.... By substituting these values

for K into the ODE
Y'(y) + KY(y) =0,

we again find that a family solutions to this differential equation is given by

Yo(y) = Ao + Boy,
Y,(y) = Cysinh [n (y+ D,)], n=123....

At this point, the problem we are solving differs from the example. The boundary condition
u(z,0) = X(2)Y(0) =0, 0 < z < 7, implies that Y (0) = 0 (since we don’t want the trivial
solution). Therefore, applying this boundary condition to each of the solutions found above

yields
Yb(O):AQ+0:0 = A():O,
Y,(0) = C,sinh (nD,)) =0 = D, =0,
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where we have used the fact that sinhx = 0 only when = = 0. By substituting these results

into the solutions found above, we obtain

}/E](y) = Boya
Y, (y) = C,, sinhny, n=123....

Combining these solutions with the solutions X,,(z) = a, cosnz yields

us,0(z,y) = Xo(2)Yo(y) = agBoy cos 0 = Epy,
U p(z,y) = X (2)Y,(y) = a,C,, cosnxsinhny = E,, cosnz sinh ny,
where Ey = agBy and E,, = a,,C,,. Thus, by the superposition principle, we find that a formal

solution to the second problem is given by

us(x,y) = Eoy + Z E, cosnx sinhny .

n=1
By applying the last boundary condition of this second problem, namely u(z, 1) = cos 2z, to

these solutions, we see that

us(x,1) = Eo + Z E,, cosnzsinhn = cos 2z ..

n=1
Therefore, when n = 2,

1

250 - 2~ Sinh2’
and for all other values of n, £, = 0. By substituting these coefficients into the solution

us(x,y) that we found above, we obtain the formal solution to this second problem

cos 2z sinh 2y

ua(,y) = sinh 2
By the superposition principle (as noted at the beginning of this problem), a formal solution
to the original partial differential equation is the sum of this solution and the solution given

in equation (10.28). Thus, the solution that we seek is

coszsinh(y —1)  cos3zsinh(3y —3)  cos2zsinh2y
sinh(—1) sinh(—3) sinh2

u(z,y) =
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11. In this problem, the technique of separation of variables, as in Example 2 on page 642 of the
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text, leads to the two ODE’s
rR'(r) +rR'(r) = AR(r)=0 and  T"(9) + \T(6) = 0.

Again, as in Example 2, we require the solution wu(r,d) to be continuous on its domain.
Therefore, T'(#) must again be periodic with period 27. This implies that T'(—7) = T'(7) and
T'(—m) = T'(m). Thus, as in Example 2, a family of solutions for the second ODE above

which satisfies these periodic boundary conditions is
To(0) =B and T,(0) = A, cosnb + B, sinnb , n=123,....

In solving this problem, it was found that A = n?, n = 0,1,2.... Again, as in Example 2,

substituting these values for A into the first ODE above leads to the solutions
Ro(r)=C+ Dlnr and R.(r)=Cur™ + D,r ", n=123,....

Here, however, we are not concerned with what happens when » = 0. By our assumption that

u(r,0) = R(r)T'(0), we see that solutions of the PDE given in this problem will have the form
uo(r,0) = B(C + Dlnr) and un(r,0) = (C’nr” + Dnr_”) (A, cosnb + B, sinnf),

where n = 1,2,3,.... Thus, by the superposition principle, we see that a formal solution to

this Dirichlet problem is given by

u(r,0) = BC+ BDlInr + Z (Cur™ + Dyyr™™) (A, cosnf + B, sinnd)
n=1

or

u(r,0) =a+blnr + Z [(cnr" + enr’") cosnb + (dnr" + fnr’") sin ne] , (10.29)

n=1
where a = BC, b= BD, ¢, = C,A,, e, = D,A,, d, =C,B,, and f, = D, B,. To find these
coefficients, we apply the boundary conditions u(1,6) = sin46 — cosf, and u(2,6) = sin 0,

—m < 0 < 7. From the first boundary condition, we see that

uw(1,0) =a+ Z [(cn + €n) cosnb + (d,, + fn)sinnb] = sin46 — cos 0,

n=1
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which implies that a = 0, dy + f4 = 1, ¢; +e; = —1, and for all other values of n, ¢, + ¢, =0

and d, + f, = 0. From the second boundary condition, we have

u(2,0) =a+bln2+ Z [(CnQ” + en2_”) cosnb + (dn2” + fn2_”) sin nQ} = siné,

n=1
which implies that a = 0, b = 0, 2d, +271 f; = 1, and for all other values of n, 2"c; +27"¢; =0
and 2"d; + 27" f; = 0. By combining these results, we obtain a = 0, b = 0, and the three

systems of two equations in two unknowns given by

dy+ fa =1, ¢ +e = —1, di+ f1 =0,
and and
2'dy + 274 =0 2c1+27'e1 =0 2, + 271, = 1,

(where the first equation in each system was derived from the first boundary condition and
the second equation in each system was derived from the second boundary condition), and
for all other values of n, ¢, =0, e, =0, d, =0, f, = 0. Solving each system of equations

simultaneously yields

1 256 1 4 2
— = == = dy = = ———
255 Ja “ €1 =73 h

dy = —
4 255’ 3’

By substituting these values for the coefficients into equation (10.29) above, we find that a

solution to this Dirichlet problem is given by

1 4 2 2 1 256
u(r,0) = (gr - grl) cosf + (gr — grl) sin 6 + (_ﬁ rt — ﬁr‘*) sin 46 .

Here, as in Example 2 on page 642 of the text, the technique of separation of variables leads

to the two ODE’s given by
r?R'(r)+rR'(r) = AR(r)=0 and  T"(9)+ AT(#) = 0.

Since we want to avoid the trivial solution, the boundary condition u(r,0) = R(r)7'(0) = 0
implies that 7'(0) = 0 and the boundary condition w(r,7) = R(r)T(m) = 0 implies that

T'(m) = 0. Therefore, we seek a nontrivial solution to the ODE
T"(0) + \T(9) = 0, with  7(0)=0 and T(m)=0. (10.30)
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To do this we will consider three cases for \.

Case 1: A =0. This case leads to the differential equation 7”(f) = 0, which has solutions
T(0) = A0+ B. Applying the first boundary condition yields 0 = T'(0) = B. Thus, T'(§) = A6.
The second boundary condition implies that 0 = T'(7) = An. Hence, A = 0. Therefore, in

this case we find only the trivial solution.

Case 2: A < 0. In this case, the auxiliary equation associated with the linear differential equa-

tion given in equation (10.30) above is 72+ A = 0, which has the real roots r = ++v/—\ (where
—A > 0). Thus, the solution to this differential equation has the form

T(0) = Cre¥V=2 4+ Che VN,
Applying the first boundary condition yields
0=T0)=C,+Cy, = Ci=-C, =  TO)=—-CoeV 4 Che VN,
From the second boundary condition, we obtain
0=T(m)=Cs (—e*/__)‘” +e _)‘”) = Cy <62‘/__’\” — 1) =0.

Since we are assuming that A < 0, the only way that this last expression can be zero is for

Cy = 0. Thus, ¢y = —C5 = 0 and we again obtain the trivial solution.

Case 3: A > 0. In this case, the roots to the auxiliary equation associated with this differential

equation are r = +v/Ai. Therefore, the solution to the differential equation given in equation
(10.30) is
T(h) = Cysin VA + Cy cos V.

From the boundary conditions, we see that
0=T0)=C, = T =CisinV\,

and

0="T(r) = CysinVAr.
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Since we do not want the trivial solution, this last boundary condition yields sinvAr = 0.
This will be true if VA = n or, in other words, if A = n2, n = 1,2,3,.... With these values
for A\, we find nontrivial solution for the differential equation given in equation (10.30) above
to be

T,(0) = B, sinnd, n=123,....

Substituting the values for A that we have just found into the differential equation
r?R"(r) +rR'(r) — AR(r) = 0,
yields the ODE
rR"(r) +rR'(r) — n*R(r) = 0, n=1,273....

This is the same Cauchy-Euler equation that was solved in Example 2 on page 642 of the

text. There it was found that the solutions have the form
Rn(T):OnTn—l—Dnr_”’ n=123,....

Since we require that u(r, ) to be bounded on its domain, we see that u(r,0) = R(r)T(0)
must be bounded about r = 0. This implies that R(f) must be bounded. Therefore, D,, = 0

and so the solutions to this Cauchy-Euler equation are given by
R, (r) = C,r", n=1223,....

Since we have assumed that u(r,0) = R(r)T'(f), we see that formal solutions to the original

partial differential equation are
U (r,0) = B,Cpr" sinnf = ¢,r" sinnf ,

where ¢, = B,C,,. Therefore, by the superposition principle, we obtain the formal solutions

to this Dirichlet problem
u(r,0) = Z cprtsinnd.
n=1

The final boundary condition yields

u(1,0) = sin 30 = ch sinnf .

n=1
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This implies that ¢c3 = 1 and for all other values of n, ¢,, = 0. Substituting these values for the
coefficients into the formal solution found above, yields the solution to this Dirichlet problem
on the half disk

u(r,8) = r*sin 36

As in Example 2 on page 642 of the text, we solve this problem by separation of variables.

There it was found that we must solve the two ordinary differential equations

r?R"(r) +rR'(r) — AR(r) = 0, (10.31)

and
T"0)+ AXT(0)=0  with T(x)=T(nw) and T'(r)=T (nn). (10.32)
In Example 2, we found that when A = n?, n = 0,1,2,..., the linear differential equation

given in equation (10.32) has nontrivial solutions of the form
T, (0) = A, cosnf + B, sinnf , n=0,1,2,...,
and equation (10.31) has solutions of the form
Ro(r)=C+ Dlnr and R,(r)=Cur" + Dyr, n=1,23....

(Note that here we are not concerned with what happens to wu(r,#) around r = 0.) Thus,
since we are assuming that u(r,0) = R(r)T(0), we see that solutions to the original partial

differential equation will be given by
ug(r,0) = Ag(C + Dlnr) =ag+ bolnr,
and

up(r,0) = (Cnr" + Dnr’") (A, cosnb + B, sinnh)
= (anr” + bnr_”) cos nb + (cnr” + dnr_”) sinnf ,
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where ag = AgC, by = AgD, a, = C,A,, b, = D,A,, ¢, = C,B,, and d, = D,B,,. Thus, by
the superposition principle, we see that a formal solution to the partial differential equation

given in this problem will have the form
u(r,0) = ag+bgInr + i [(anrn + bnr_”) cosnb + (cnrn + dnr_”) sin nQ} ) (10.33)
n=1
By applying the first boundary condition, we obtain
uw(1,0) = f(0) = ao + i [(an + byn) cosnb + (¢, + d,,) sinnb)]
n=1
where we have used the fact that In1 = 0. Comparing this equation with equation (8) on

page 594 of the text, we see that ag, (a, +b,), and (¢, + d,,) are the Fourier coefficients of
f(8) (with T' = 7). Therefore, by equations (9) and (10) on that same page we see that

ap + b, = = /f(@) cosnéd db, (10.34)
m

1 ™
cn+dn:—/f(9)sinn9d9, n=123....
T

To apply the last boundary condition, we must find du/0dr. Hence, we find

ou(r,0) b ad - o . o
or = ?O + ; [(annr Y p.nr 1) cos nb + (cnnr Y d,nr 1) sin n@] )

Applying the last boundary condition yields

WO gy ="+ > [(oun"™ = buns™ ) cosn+ (can'™  dun ™) sina].

Again by comparing this to equation (8) on page 594 of the text, we see that

bo

3 (n3"’1an - n?f"’lbn) , and (n3"’1cn - n3’"’1dn)
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are the Fourier coefficients of g(f) (with 7" = 7). Thus, by equations (9) and (10) on that
same page of the text, we see that

™

3
bo=— [ g0)do.
2m
n—1 —n—1 1
n3" "a, —n3 b, = — /g(&) cosnb db, (10.35)
7T

—T

1
n3" e, —n3™"d, = — /g(&) sinnf df , n=123....
T

—T

™

Therefore, the formal solution to this partial differential equation will be given by equation

(10.33) with the coefficients given by equations (10.34) and (10.35).
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CHAPTER 11: Eigenvalue Problems and

Sturm-Liouville Equations

EXERCISES 11.2: Eigenvalues and Eigenfunctions, page 671

1.

13.

The auxiliary equation for this problem is r? + 2r + 26 = 0, which has roots r = —1 = 5i.
Hence a general solution to the differential equation y” + 2y’ + 26y = 0 is given by

y(x) = Cre " cos b + Caye™ ¥ sin bz.

We will now try to determine C'; and C% so that the boundary conditions are satisfied. Setting

xr =0 and x = m, we find
y(0) =Cy =1, y(m) = —Cre ™ = —e™ ™.

Both boundary conditions yield the same result, C; = 1. Hence, there is a one parameter
family of solutions,

y(x) = e * cosbx + Cee” * sin bz,
where C} is arbitrary.
First note that the auxiliary equation for this problem is 72+ X = 0. To find eigenvalues which
yield nontrivial solutions we will consider the three cases A < 0, A =0, and A > 0.

Case 1. A < 0: In this case the roots to the auxiliary equation are +/—\ (where we note that

—\ is a positive number). Therefore, a general solution to the differential equation y” + Ay = 0
is given by
y(ZL‘) = 016\/__>\m + 026_\/__)\90 .

By applying the first boundary condition, we obtain
y(0)201+02:0 = Cy=-C.
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Thus
y(x) = C <e\/j‘”” — e’ﬁz) )

In order to apply the second boundary conditions, we need to find y'(x). Thus, we have

y(z) = Chv/—X\ <e‘/__’\x + e_\/__)‘“’) .
Thus
y(1) = CV=A (e 4 eV ) =0, (11.1)

Since v—X > 0 and eV + ¢ VA # 0, the only way that equation (11.1) can be true is for
C7 = 0. So in this case we have only the trivial solution. Thus, there are no eigenvalues for

A <0.

Case 2. A = 0: In this case we are solving the differential equation y” = 0. This equation has

a general solution given by

y(z) = Cy + Chx = y'(x) =Cs.
By applying the boundary conditions, we obtain

y(0)=Ci=0 and ¢'(1)=Cy=0.

Thus C; = C5 = 0, and zero is not an eigenvalue.

Case 3. A > 0: In this case the roots to the associated auxiliary equation are r = +v/\i.

Therefore, the general solution is given by
y(x) = C cos <\/Xx) + Cysin (ﬁx) .
By applying the first boundary condition, we obtain
y(0)=C1 =0 = y(x) = Cysin <\/XIE) :
In order to apply the second boundary conditions we need to find y/(z). Thus, we have

y'(z) = CyV/Acos <\/Xx> :
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and so

y'(1) = Cyv/ A cos (\/X) = 0.

Therefore, in order to obtain a solution other than the trivial solution, we must have

cos(ﬁ)zo = \/_:<n+%)7r, n=0,1,2,...

1 2
= )\n:(n+§> 2, n=0,1,2,....

For the eigenvalue \,, we have the corresponding eigenfunctions,

1
yn(x):Cnsin[(n—i—é)Wﬂ, n=0,1,2,...,
where (), is an arbitrary nonzero constant.

The equation (zy') + Az~ 'y = 0 can be rewritten as the Cauchy-Euler equation

22y + xy' + Ay =0, x> 0.

(11.2)

Substituting y = z" gives 7> + X = 0 as the auxiliary equation for (11.2). Again we will

consider the three cases A <0, A =0, and A > 0.

Case 1. A < 0: Let A = —p?, for > 0. The roots of the auxiliary equation are r = 4 and

so a general solution to (11.2) is
y(x) = Ciat + Cya ™.
We first find y/'(x).
y'(z) = Cyux™t — Copx™ 1 = p (C’lx"*l — C’g;f”fl) )
Substituting into the first boundary condition gives
y'(1) = p(Cr — Cy) =0.
Since p > 0,

01 — 02 =0 = 01 = 02 = y(ZL‘) = 01 (ZL’M + {L‘_M) .
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Substituting this into the second condition yields
y(e™) =Cy (e +e ') =0. (11.3)

Since €™ + e T #£ 0 the only way that equation (11.3) can be true is for C; = 0. So in this

case we have only the trivial solution. Thus, there is no eigenvalue for A < 0.

Case 2. A = 0: In this case we are solving the differential equation (zy’)’ = 0. This equation

can be solved as follows:

xy = C = y = — = y(x) =Co+ CiInx.

y'(1)=C1 =0 and  y(e")=Cy+Ciln(e") =Cy+ Cim =0.

Solving these equations simultaneously yields C; = Cy = 0. Thus, we again find only the

trivial solution. Therefore, A = 0 is not an eigenvalue.

Case 3. A > 0: Let A = p?, for u > 0. The roots of the auxiliary equation are r = +u7 and so

a general solution (11.2) is
y(x) = Cicos (ulnz) + Cysin (ulnz) .
We next find y/(z).

y'(z) =—-Cy <,u> sin (ulnz) + Cy <§) cos (ulnx).

x
By applying the first boundary condition, we obtain
Y(1)=Cop=0 =  Cy=0.
Applying the second boundary condition, we obtain
y (™) = Cycos (puln(e™)) = C cos (umr) = 0.
Therefore, in order to obtain a solution other than the trivial solution, we must have

1
cos (um) =0 = /m:<n+§)7r n=20,1,2,...
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1 1\?
= M:n+§ = )\n: 77/+§ s n:O,l,Q,....

Corresponding to the eigenvalues, \,’s, we have the eigenfunctions.

1
yn(z) = C), cos [(n—l—é)lnx], n=0,1,2,...,
where C), is an arbitrary nonzero constant.

As in Problem 13, the auxiliary equation for this problem is r? + A = 0. To find eigenvalues

which yield nontrivial solutions we will consider the three cases A < 0, A =0, and A > 0.

Case 1. A < 0: The roots of the auxiliary equation are r = +v/—X\ and so a general solution

to the differential equation y” + Ay = 0 is given by
y(z) = CreV=2" 4 Che VA7,
By applying the first boundary condition we obtain
y(0)=C1+Cy=0 = Cy=—-C1.

Thus
y(x) = C <e\/j‘”” — e’ﬁz) )

Applying the second boundary conditions yields
Y (1 + )\2) = <e*/__)‘(1+)‘2) — e_*/__’\(H’\Q)) =0.
Multiplying by V=212 yields
Cy (2720 1) o,
Now either C; =0 or
VA — 1 = VA1) =0 = Vea=0
Since A < 0, we must have C'; = 0 and hence there are no eigenvalues for A\ < 0.
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Case 2. A = 0: In this case we are solving the differential equation ” = 0. This equation has

a general solution given by
y(x) = Cy + Cax.

By applying the boundary conditions, we obtain
y(0)=Ci=0 and y(1+X)=C1+Cy(1+X) =0.

Solving these equations simultaneously yields ¢} = C5 = 0. Thus, we find that is A = 0 not

an eigenvalue.

Case 3. A > 0: The roots of the auxiliary equation are r = £v/Ai and so a general solution is

y(x) = C cos <\/Xx> + Cysin (ﬁx) .

Substituting in the first boundary condition yields
y(0) = C cos (ﬁ-o) + Cysin (ﬁ-o) — (= 0.
By applying the second boundary condition to y(x) = Cs sin <\/Xx>, we obtain
y (1+N?) = Cysin (\/X(l + )\2)> = 0.
Therefore, in order to obtain a solution other than the trivial solution, we must have
sin (\/X(1+)\2)> =0 = VA1 + \?) = n, n=123,....

Hence choose the eigenvalues \,, n = 1,2,3,..., such that v/A,(1 + A2) = nm; and the

corresponding eigenfunctions are

Yn(x) = C) sin <mx), n=123,...,

where the C),’s are arbitrary nonzero constants.

33. (a) We assume that u(z,t) = X (z)T(t). Then

680

uy = X (2)T"(t), uy = X'(2)T(t), and wg, = X"(2)T(t).
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Substituting these functions into uy = ug, + 2u,, we obtain
X(2)T"(t) = X"(x)T(t) + 2X'(2)T(1).

Separating variables yields

X'(@) +2X'(@) T
X(z) T(t)

(11.4)

where A is some constant. The first equation in (11.4) gives
X"(z) +2X'(x) + A\X (z) = 0.

Let’s now consider the boundary conditions. From «(0,t) = 0 and u(m,t) =0, t > 0, we

conclude that

X)) =0 and X(@T{t)=0, t>0.

Hence either T'(t) = 0 for all £ > 0, which implies u(z,t) =0, or

[gnoring the trivial solution u(z,t) = 0, we obtain the boundary value problem
X"(z) 4+ 2X'(x) + AX (z) =0, X(0)=X(m)=0.

The auxiliary equation for this problem, 72 4+ 2r + X\ = 0, has roots r = —1 & /1 — \.
To find eigenvalues which yield nontrivial solutions, we will consider the three cases
1—-A<0,1=A=0,and 1 — X > 0.

Case 1, 1= A <0 (A>1): Let p=+/—(1 — A) = /A —1. In this case the roots to the

auxiliary equation are r = —1 + ui (where p is a positive number). Therefore, a general

solution to the differential equation is given by
X(x) = Cre " cos px + Core™ ¥ sin p.
By applying the boundary conditions, we obtain
X(0)=C;=0 and X(m)=e " (Cycosum + Cysinpur) =0.
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Solving these equations simultaneously yields C; = 0 and Cysin um = 0. Therefore, in

order to obtain a solution other than the trivial solution, we must have
sin um = 0 = UT = nm = nw=n, n=123,....

Since p = v —1,

A—1=n = A=n%+1, n=1,23,....
Thus the eigenvalues are given by

Ay =102+ 1, n=123,....
Corresponding to the eigenvalue \,,, we obtain the solutions
Xn(x) = Cre ®sinnz, n=123, ...,

where C,, # 0 is arbitrary.

Case 2, 1 — A =0 (A = 1): In this case the associated auxiliary equation has double root

r = —1. Therefore, the general solution is given by
X(z) = Cie™® + Come™™.
By applying the boundary conditions we obtain
X(0)=C;=0 and X(r)=eT(C1+ Cym) =0.

Solving these equations simultaneously yields C; = Cy = 0. So in this case we have only
the trivial solution. Thus, A =1 is not an eigenvalue.

Case 3,1 —=A>0(A<1): Let o = v/1—A. In this case the roots to the auxiliary

equation are 7 = —1 £ p (where p is a positive number). Therefore, a general solution

to the differential equation is given by

X (2) = Cye1 0 4 Chel—1+me
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By applying the first boundary condition we find
X0)=C1+Cy=0 = Cy=—C1.
So we can express X (z) as
X(z)=0C [e(’l’”)“ — e(’lﬂ)ﬂ .
Thus the second condition gives us
X(m)=C, [e(_l_”)” — e(_1+")”} )

Since el~1=W7T — (=1Hmm oL (0 C; = 0, and again in this case we have only the trivial
solution. Thus, there are no eigenvalues for A < 1.

Therefore, the eigenvalues are A\, = n?+1,n =1,2,3, ..., with corresponding eigenfunc-

tions X, (z) = Cpe “sinnx, n =1,2,3,..., where C,, is an arbitrary nonzero constant.

EXERCISES 11.3: Regular Sturm-Liouville Boundary Value Problems, page 682

3. Here Ay = (1 — ) and A; = —2z. Using formula (4) on page 673 of the text, we find

_ 1 el — L praememiee _ L agaejaa
z(1l—x) (1l —x) (1l —x)

_ 1 p2n(l-a) _ 1 (1-2)?= l—x .

z(1l—x) z(1—x) x

pla) =

Multiplying the original equation by u(z) = (1 — z)/x, we get

(1 - 2)2y"(z) — 201 — )y (z) + A"

y(z) =0

1_xy(x):0.

= [(1—2)%/ ()] + A

9. Here we consider the linear differential operator Lly| := y"+A\y; y(0) = —y(7), ¥/ (0) = —y/(7).
We must show that

(u, Llv]) = (L[u], v),
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where u(z) and v(z) are any functions in the domain of L. Now

(u, L[v]) = /u(m) [V"(x) + Mv(z)]de = /u(:p)v”(x) dx + )\/u(x)v(:p) dx
and - - -
(L[u],v) = / [u"(z) + Mu(z)] v(z) de = /u"(x)v(x) dr + /\/u(x)v(x)dx.

™

Hence it suffices to show that [u(z)v”(z)dz = [u’(x)v(xz)dz. To do this we start with
0

0
T

[ w’(x)v(z) dz and integrate by parts twice. Doing this we obtain
0

Hence, we just need to show u'(z)v(z) |j —u(z)v'(z) |;= 0. Expanding gives
u'(z)v(x) }g —u(x)v'(x) ]g: o' (m)v(r) — 4/ (0)v(0) — u(m)v'(7) + w(0)v'(0).
Since  is in the domain of L, we have u(0) = —u(r), and «/(0) = —u/(r). Hence,
u'(z)o(z) |g —u(@)v'(2) [§= o'(7) [u(r) +v(0)] — u(m) [v'(7) + v'(0)].

But v also lies in the domain of L and hence v(0) = —v(7) and v'(0) = —v'(7). This makes

the expressions in the brackets zero and we have u/'(z)v(z) ’g —u(x)v'(x) }g: 0.

Therefore, L is selfadjoint.
17. In Problem 13 of Section 11.2; we found the eigenvalues to be
1\ 2
Ay = (n—|—§) 72, n=0,1,2,...
with the corresponding eigenfunctions
) 1
yn(x):C'nsm{(n—i—i)wx}, n=0,1,2,...,

where C), is an arbitrary nonzero constant.
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(a) We need only to choose the C), so that

1

/C’gsin2 {(n—k %) Wl'} dr = 1.
0
/ 1
/Cﬁsin2 [(n+§) mc] de = —Cz/ (1 —cos|[(2n + 1)mx]) dx

0

We compute

]

Hence, we can take C,, = v/2 which gives

(o {(re3) =)

as an orthonormal system of eigenfunctions.

(b) To obtain the eigenfunction expansion for f(x) = z, we use formula (25) on page 679 of

the text. Thus,
1
. 1
Cp = /x 2sin [(n—i— 5) mc] dr .
0

Using integration by parts with « = v/2z and dv = sin [(n + %) mc} dx, we find

/ V2 cos[(n + 1/2) ] dx

(n+1/2)7

—V/2z cos|(n + 1/2) 7] '
(n+1/2)7

Cc, =

—V2cos|[(n+1/2)x]  2sin[(n + 1/2)7z] '

(n+1/2)7 (n+1/2)%n?
B \/_sm[(n+ 1/2)x] (=12
- (n+1/2)2x2 (n+1/2)2x2

Therefore

> 1 " 1

T = nEO cn\/ﬁsin [(n—i— 5) mc] = 2 n + 1/2 1o sin [(n—i— 5) mc]
8 — )" 1

W— nE:O 2n+ sin [(n+ 5) mc] .

Mg
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23. In Problem 19 of Section 11.2, we found the eigenvalues

1\ 2
)\n:(n—l—é) , n=20,1,2,...,

with the corresponding eigenfunctions

1
Yn(x) = C), cos {(n—ki)lnx], n=0,1,2,...,

where C), is an arbitrary nonzero constant.

(a) We need only to choose the C), so that

T 1 1

/Cgcos2 [(n—k —> lnx] —dr = 1.
2 x

1

To compute, we let u = Inz and so du = dz/z. Substituting, we find

™

| 1 1 f 1

/020052 {(n—i— —) lnx] —dr = 02/0082 {(n—i— —) u} du
2 x 2

1 0

= %Cﬁ/{lqtcos[@n—l—l)u]} du

1, I
= 3 c: (u + 5 £ fin [(2n + 1)u])

™

m
~Tee
0o 2

Hence, we can take C,, = y/2/m, which gives

(2o (e g)ma] |

n=0

as an orthonormal system of eigenfunctions.

(b) To obtain the eigenfunction expansion for f(x) = z, we use formula (25) on page 679 of

the text. Thus, with w(z) = 27!, we have

T3 1
Cp = /x\/j cos [(n—i— —) lnx} z td.
s 2
1
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Let w = Inz. Then du = dz/z, and we have

Cp = — [ e%cos|({n+=|u|ldu
T 2
0

_ \/? e cos[(n + 1/2)u] + €*“(n + 1/2) sin[(n + 1/2)u] |
7T 14+ (n+1/2)2 0

_ \ﬁeﬂ(nﬂ/g) sinf(n +1/2)7] —1 _ \ﬁ(—mewm 1/2) -1

1+ (n+1/2)2 1+ (n+1/2)?

= S md
2o ()

EXERCISES 11.4: Nonhomogeneous Boundary Value Problems and the Fredholm
Alternative, page 692

Therefore,

3. Here our differential operator is given by
Lyl = (14 2%) y" + 22y + y.
Substituting into the formula (3) page 684 of the text, we obtain

Lyl = [(A+2)y]" — Qay) +y = [2zy+ (1 +2)y] -2y — 22y +y
= 2y -+ 22y + 20y + (1 +22)y" — 2y — 22y +y = (1+ 22y + 2zy +y.

7. Here our differential operator is given by

Lyl =y" =2y +10y;  y(0) =y(m) =0.

Hence

L*[v] = 0" + 20" + 10v.
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11.

688

To find the D (L), we must have
P(u,v)(x) }g: 0 (11.5)

for all w in D(L) and v in D (L*). Using formula (9) page 685 of the text for P(u,v) with
Ay = —2and Ay = 1, we find

P(u,v) = —2uv — uv’ + u'v.
Evaluating at m and 0, condition (11.5) becomes
—2u(m)v(m) — u(m)v' (7)) + ' (m)v(7) + 2u(0)v(0) + u(0)v'(0) — «'(0)v(0) = 0.
Since w in D(L), we know that u(0) = u(w) = 0. Thus the above equation becomes
o' (m)v(m) —u'(0)v(0) = 0.

Since u/(7) and u/(0) can take on any value, we must have v(0) = v(mw) = 0 for this equation
to hold for all w in D(L). Hence D (L") consists of all function v having continuous second

derivatives on [0, 7] and satisfying the boundary condition

Here our differential operator is given by
Lly] = 4" + 6y’ + 10y; y'(0) =9/(7) = 0.

Hence

L*[v] =v" — 60" + 10v.
To find the D (L), we must have
P(u,v)(x) }g: 0 (11.6)

for all w in D(L) and v in D (L*). Again using formula (9) page 685 of the text for P(u,v)
with A; =6 and Ay = 1, we find

P(u,v) = 6uv — uv' + u'v.
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Evaluating at m and 0, condition (11.6) becomes
6u(m)v(m) — u(m)v'(r) + o' (m)v(r) — 6u(0)v(0) + u(0)v'(0) — u'(0)v(0) = 0.
Applying the boundary conditions u/(0) = /(7) = 0 to the above equation yields
6u(m)v(m) — u(m)v'(7) — 6u(0)v(0) + u(0)v'(0) =0
= u(m) [6v(m) — ' (7)] — u(0) [6v(0) — v'(0)] = 0.
Since u(7) and u(0) can take on any value, we must have 6v(7)—v'(7) = 0 and 6v(0)—2'(0) = 0

in order for the equation to hold for all w in D(L). Therefore, the adjoint boundary value

problem is

Lt[v] = 0" — 60" + 10v; 6v(m) = (m) and 6v(0) ='(0).

In Problem 7 we found the adjoint boundary value problem
LT[v] = 0" + 20" + 10v; v(0) = v(m) = 0. (11.7)

The auxiliary equation for (11.7) is % + 2r + 10 = 0, which has roots r = —1 + 3i. Hence a

general solution to the differential equation in (11.7) is given by
y(x) = Cre” " cos 3z + Cae “sin 3.
Using the boundary conditions in (11.7) to determine C; and Cy, we find
y(0)=C; =0 and y(m) = —Cie™™ = 0.

Thus Cy = 0 and Cj is arbitrary. Therefore, every solution to the adjoint problem (11.7) has
the form

y(x) = Cye” " sin 3.

It follows from the Fredholm alternative that if h is continuous, then the nonhomogeneous

problem has a solution if and only if

/ h(z)e *sin 3z dz = 0.

0
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21. In Problem 11 we found the adjoint boundary value problem
L*[v] = 0" — 60" + 10v; 6v(r) = (m) and 6v(0) ='(0). (11.8)

The auxiliary equation for (11.8) is > — 6r + 10 = 0, which has roots r = 3 £+ i. Hence a

general solution to the differential equation in (11.8) is given by
y(z) = C1e* cosz + Cre®” sin z.
To apply the boundary conditions in (11.8), we first determine y'(z).
Y (z) = 3C1e* cosz — C1e¥ sin x 4 3C,e* sin x + Cye®” cos .
Applying the first condition, we have
—601*™ = —3C1e*™ — Che™ = 3C, =Cy.
Applying the second condition, we have
6C, = 3C, + Cy = 3C, =Cs.

Thus Cy = 3C) where (] is arbitrary. Therefore, every solution to the adjoint problem (11.8)
has the form

y(r) = C1e**(cosz + 3sin ).

It follows from the Fredholm alternative that if A is continuous, then the nonhomogeneous
problem has a solution if and only if

/h(x)eg’“(cos:c + 3sinz)dr = 0.

0
EXERCISES 11.5: Solution by Eigenfunction Expansion, page 698
3. In Example 1 on page 696 of the text we noted that the boundary value problem
y'+ Ay =0, y(0)=0, y(m)=0,
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has eigenvalues \, = n?, n =1,2,3, ..., with corresponding eigenfunctions
¢n(x) = sinnzx, n=123,....

Here r(z) = 1, so we need to determine coefficients =, such that

flz) = J(@) = Z% sin nx = sin 2z + sin 8z.
n=1

r(x)
Clearly 75 = 73 = 1 and the remaining v,,’s are zero. Since =4 = Ay and 5 = 1 # 0 there

is no solution to this problem.
. In equation (18) on page 666 of the text we noted that the boundary value problem
y'+ =0 y(0)=0, y()=0,
has eigenvalues \, = n?, n =0,1,2,..., with corresponding eigenfunctions
¢n(z) = cosnz, n=20,1,2,....

Here r(x) = 1, so we need to determine coefficients ~,, such that

/()
r(z)

Clearly 74 = 77 = 1 and the remaining +,’s are zero. Since =1 = A\; and y; =0,

fx) =

o0
= E Vn COS NT = cos 4x + cos 7.
=0

(k—M)aa—m =0

is satisfied for any value of ¢;. Calculating ¢4 and c¢7, we get

V4 1 1
Cyp = = = —_——
T u—-x 1-16 15
and
’}/7 1 1
Cr7

T u— 1-49 48
Hence a one parameter family of solutions is

1

[e.e] 1
= nPn = _ — 4 —_ — 7 s
o(x) ngoc On(T) = 1 cosx 7r cosde — o cos Ty

where ¢; is arbitrary.
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9. We first find the eigenvalues and corresponding eigenfunctions for this problem. Note that the

692

auxiliary equation for this problem is 72 + X\ = 0. To find eigenvalues which yield nontrivial

solutions we will consider the three cases A < 0, A =0, and A > 0.

Case 1, A < 0: Let 4 = v/—A\, then the roots to the auxiliary equation are r = +u and a

general solution to the differential equation is given by
y(x) = Cy sinh px 4+ Cy cosh px.

Since

y'(x) = Cypcosh px + Copsinh p,

by applying the boundary conditions we obtain
y(0)=Ciu=0 and  y(w) = Cysinh ur + Cs cosh um = 0.

Hence 7 = 0 and y(m) = Cycosh ur = 0. Therefore Cy = 0 and we find only the trivial

solution.

Case 2, A = 0: In this case the differential equation becomes y” = 0. This equation has a

general solution given by

y(x) = Cy + Cax.
Since y'(x) = Cy, by applying the boundary conditions we obtain
y(0)=Cy=0 and  y(r)=C+ Comr = 0.

Solving these equations simultaneously yields C; = C5; = 0. Thus, we again find only the

trivial solution.

Case 3, A > 0: Let A = p?, for u > 0. The roots of the auxiliary equation are r = 4 and so

a general solution is

y(x) = Cy cos px + Cysin px.

Since

y'(x) = —Cypsin px + Cop cos puz,
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using the first boundary condition we find

y'(0) = —=Chpusin(p - 0) + Copcos(p - 0) =0 = Con=0 = Cy=0.

Thus substituting into the second boundary condition yields
y(m) = Cycos um = 0.
Therefore, in order to obtain a solution other than the trivial solution, we must have
1
cospum =0 = ,u:n—l—é, n=0,1,2,....

Hence choose A\, = (n + 1/2)2, n=20,1,2,..., and

i =cues (- ).

where the C),’s are arbitrary nonzero constants.

Next we need to choose the (), so that

e 1
/020082 {(n—i— 5) x} dr = 1.
0

Computing we find

[ czeot[(ns ) o] ar = L2 [ 1 cosin s+ ey

™

1 T
= —C? in[(2n + 1 ==C2.
5 n{x+2n+1sm[(n+ )x]}o 5 Cn
An orthonormal system of eigenfunctions is given when we take C,, = 1/2/m,
Wres((e2)),
—cos|(n+<-]x
T 2 i

Now f(z) has the eigenfunction expansion

1= ST [(o+2) .
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where
o2 ] s 1) ]

Therefore, with ~, as described above, the solution to the given boundary value problem has

a formal expansion

05 2 (4 2) ] - 5 g 2o [0 2) ]

n=0

EXERCISES 11.6: Green’s Functions, page 706

1. A general solution to the corresponding homogeneous equation, y” = 0, is y,(z) = Az + B.

Thus we seek for paricular solutions z;(x) and z3(x) of this form satisfying
0

’ 11.9
0 (11.9)

The first equation yields

Since A is arbitrary, we choose A = 1 and so z;(z) = x. Next, from the second equation in
(11.9) we get
zo(m) = A=0.

Taking B = 1, we obtain z,(z) = 1.

With p(z) = 1, we now compute

Thus, the Green’s function is

Gle.s) {_21(5)22(1')/0, 0
’ —z1(x)25(s)/C,
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3. A general solution to the homogeneous problem, y” = 0, is yn(x) = Az + B, so z(x) and

zo(2) must be of this form. To get z;(z) we want to choose A and B so that
21(0) =B=0.

Since A is arbitrary, we can set it equal to 1 and z;(z) = z. Next, to get z2(x) we need to
choose A and B so that
29(m) + z9(m) = A+ B+ A=0.

Thus B = —(1+ m)A. Taking A =1, we get 29(z) =2 — 1 — 7.
Now compute

C =p@)Wla, 2] (x) = (D)) =Dz -1 -m)] =1+

Thus, the Green’s function is

—s(:l?—l—ﬂ)’ s <u,

G(x,S):{_Zl(s)@(@/C’ Osssz _ o
—2(1)2(s)/C, v <s<m —a(s—1-m) r<s<mT
l4r 707 T

5. The corresponding homogeneous differential equation, y” + 4y = 0, has the characteristic
equation r? + 4 = 0, whose roots are r = £2i. Hence, a general solution to the homogeneous
problem is given by

yn(z) = C; cos 2x + Cy sin 2z.
A solution z;(z) must satisfy the first boundary condition, 2;(0) = 0. Substitution yields

21(0) = Cycos(2-0) + Cysin(2-0) =0 = C;=0.

Setting Cy = 1, we get z;(z) = sin2x. For z;(x), we have to find constants C; and Cy such

that the second boundary condition is satisfied. Since

y,(x) = —2C sin 2z + 2C4 cos 2,
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we have

zo(m) = —2C sin(27) + 2Cy cos(2m) = 2C, = 0 = Cy = 0.
With Cy =1, z5(z) = cos 2z.
Next we find

C = p(x)W [z, 23] (x) = (1)[(sin 2z)(—2 sin 2x) — (cos 2z)(2 cos 2x)] = —2.

Thus, the Green’s function in this problem is given by

—z1(8)z2(2)/C, 0<s<uz, (sin2scos2x)/2, 0<s<ux,
G(z,s) = =

—z1(x)22(8)/C, z<s<m (sin2zcos2s)/2, x<s<m.

13. In Problem 3 we found the Green’s function for this boundary value problem. When f(z) = z,
the solution is given by equation (16) on page 702 of the text. Substituting for f(x) and G(z, s)

yields
b . .o _
- —-1- — S
o) = [ G ps)as = [ s = [P gy [l 120,
a 0 0 o
Computing
/x_SZ(x_l_W)d (z=1-m) (£\|" (x—1—m) (2’ ! _|_x3
S=—"0"— o - — — = — R
1+ 1+ 3 s=0 1+ 3 3(1+7T) 37
0
] Y v (¢ QEnR _ x [ (1w
S pr— — _ _— -
1+7 1+7 3 2 s 14713 9
4+ ot (I4ma?] 7T2x+ z? z?
147 |3 2 T 3014w 2 31+m 27
we finally get
0 R S [V R S R S
€T = — —_— — JE—
! 3(1+7) 3 31+7) 2 314w 2
3 X 2 3 3 7T2(3+7T)ZL'
e —_— _ r=——
6 2 3(1+ ) 6 6(1 4 )
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17. A general solution to the corresponding homogeneous problem y” —y = 0 is
yh(ZL‘) = C’lem + C’ge_”” .

So z1(x) and z2(z) must be of this form. To get z;(z) we want to choose constants C; and Csy

so that
21(0) = 0160 + 026_0 = 01 + 02 =0.

Let C1 = 1. Then Cy = —1 and so z;(x) = e* — e *. Likewise, to get a z3(x), we find C and
C5 so that
Zg(l) = 0161 + 026_1 =0 = 02 = —0162 .

If we let C; = 1, then Cy = —e?. Hence zy(7) = €* — e?e™% = €% — *~*. We now compute
C=p@)W [z1, 2] (z) = (1) [(¢" —e7") (" + ") — (" +e*) (¢" — e*")] =2¢* — 2.
Thus, the Green’s function is in this problem is

G(z,s) = {—21(3)22(93)/0, 0<s<uz,

Here f(x) = —z. Using Green’s function to solve the boundary value problem, we find
| [ e =@ )(s) | [ —en)e =@ )(=s)
e —e’)(e" —eT)(—s e’ —e ")(ef —e ) (—s
y(x) = /G(:L‘, s)f(s)ds = / 5 902 ds + / 5 902 ds.
a 0 T

Computing integrals yields

] @) — )8y, o Coe” / (se* — se™) ds

2 — 2¢2 2 — 2¢2
0 0
T 2—x
e —¢ s s —s —s\|®
= _27262 (86 — e + se +e ) 0
e’ 62 ’ T T -z —x
= _27262 (.1'6 — e +xe +e ) s
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25.

698

1 1

/ (e® — 62(552—62623)(—3) ds — _M/(ses — se”7*) ds

2 — 2¢e2
B _% (se* — e+ se*° 4+ 27|
R e X
= —% [26 — (xem — ¥ 4 e 4 62_95)] ]
Thus
et — 62733 et — e
y(l’) = —m (l’@m — et —+ xre * —+ e_x) — m [26 — ({L'ex — et + 1,62—1: + 62—m)j|
(e ) (we” — et twe T 7)) — (" — e 7)(2e —xe® + e —xe? T — )
B 2 2¢2
—2x + 2xe? — 2eltT 4 2el—7 . plte _ pl-z
g = —I - 2 ===
2 — 262 62 _ 1

Substitution y = 2" into the corresponding homogeneous Cauchy-Euler equation
22y — 2xy + 2y = 0,
we obtain the auxiliary equation
r(r—1)—2r+2=0 or P —3r+2=(r—-1)(r—-2)=0.
Hence a general solution to the corresponding homogeneous equation is
yn(x) = Crx + Cya?.
To get z1(x) we want to choose Cy and Cy so that
27(1)=C1+Cy=0 = Cy=—-C1.
Let C; = 1, then Cy = —1 and 2;(x) = z — 2%. Next we find 25(z) satisfying
29(2) =201 +4C, =0 = Cy = -205.

Hence, we let Cy = —1, then C; = 2 and 25(x) = 2z — z*. Now compute (see the formula for

K(z,s) in Problem 22)

C(s) = As(s)W [z1, 2] (s) = (8°) [(s —s*)(2—25) — (1 — 25)(25 — 5°)]
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= (32) (23 —45* 4+ 253 — 25 + 5s® — 233) = 34,

(s — %) (22 — %)

- 1 , 1 <s<u,
K(x,5) = {—21(3)22(33)/0(3), l<s<uwz, _ s
, —21(2)22(8)/C(s), ®<s<2 o )25 — ) .

Simplifying yields

Kos)= ) H@- 0P =s7) I<s <,
B L e N R

Hence, a solution to the boundary value problem with f(z) = —z is
b

M@::/K@@ﬂﬁ@:jKu@ﬂQ@+jK@@ﬂ@m

a

xT

= /[—:c(2 —2)(s7% — 57%)|(—s) ds + /[—x(l —)(257 — 572)](—s)ds

1 T
T 2

— (20— 4?) / (52— sV ds + (x — o) / (2572 — s7Y) ds

1 T

= (290 — x2) (—s_l —In s) }f + (ZE — x2) (—23_1 —1In s) }i

= 22In2—zln2—zlnzx.

. Let f(x) =6(x —s). Let H(x,s) be the solution to

*H(x,s
% = —6(1' — S)

that satisfies the given boundary conditions, the jump condition
. OH(x,s) .. 0*H(x,s)
A o T e T h
and H, OH/dz, 0* H/Oz* are continuous on the square [0, 7] x [0, 7]. We begin by integrating

to obtain
PH(z,s)

53 —u(z —s)+ C,
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700

where u is the unit step function and Cj is a constant. (Recall in Section 7.8 we observed
that u'(t — a) = §(t — a), at least formally.) 9*H/0x? is not continuous along the line z = s,

but it does satisfy the jump condition

3 3
lim O Hlzs) lim g H(z,5) = lim [—u(x —s) +Cy] — lim [—u(z — s) + C}]

r—st ox3 T—8~ ox3 z—st T—8~

We want H(x,s) to satisfy the boundary condition y”'(7) = 0. So we solve

PH
() = —ulr =)+ Cy = —1+ G =0
to obtain C'; = 1. Thus ;
0°H
%z—u(x—s)—kl.
We now integrate again with respect to z to obtain
0?H (x,
# =z —u(zr—s)(x—s)+Cy.

(The reader should verify this is the antiderivative for x # s by differentiating it.) We
selected this particular form of the antiderivative because we need 9> H/dx? to be continuous
on [0, 7] x [0, 7]. (The jump of u(x — s) when = — s is canceled by the vanishing of this term

by the factor (x — s).) Since

0*H
i S8 6
we can define ,
0“H
92 (s,s8) =s+Cy,

and we now have a continuous function. Next, we want y”(7) = 0. Solving we find

0*H
= 57 (m,8)=m—u(m—s)(mr—8)+Cy=1— (1 —8)+Cy =5+ Cy.

Thus, we find that Cy = —s. Now,

0*H(z, s)

97 =(x—s)—ulz—s)(z—s).
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We integrate with respect to x again to get

OH(x,s) a° (x —s)?
o 3 srule—s) T

_'_037

which is continuous on [0, 7] x [0, 7]. We now want the boundary condition y'(0) = 0 satisfied.

Solving, we obtain
OH 2

S
0= %(0,8) = —U(O—8)5+03 :Cg.
Hence, ) )
oH -
%z%—sx—u(m—s)(x 28) .
Integrating once more with respect to x, we have
3 2 _ )3
H(z,s)= % - % —u(x—s)(x 68) +Cy.

Now H (z, s) is continuous on [0, 7] x [0, 7]. We want H (z, s) to satisfy the boundary condition

y(0) = 0. Solving, we find

(0—s)°
0=H(0,s) =—u(0—s) +Cy=0Cy.
Hence, ; ) ;
H(x,s)z%—%—u(m—s)(xgs),
which we can rewrite in the form
2
-3
3(36 Y o<s<u
H(z,s) =
2
-3
:c(x6 3)’ r<s<nm

EXERCISES 11.7: Singular Sturm-Liouville Boundary Value Problems, page 715

1. This is a typical singular Sturm-Liouville boundary value problem. Condition (ii) of Lemma 1

on page 710 of the main text holds since

i ) = i 0
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and y(x), ¥'(x) remain bounded as z — 07. Because

lim p(z) = p(1) = 1

z—1—
and y(1) = 0, the analogue of condition (i) of Lemma 1 holds at the right endpoint. Hence L

is selfadjoint.
The equation is Bessel’s equation of order 2. On page 712 of the text, we observed that the
solutions to this boundary value problem are given by
Yn(T) = cny (Q2n)
where /[, = qu, is the increasing sequence of real zeros of Jy(z), that is, Jo(ag,) = 0.

Now to find an eigenfunction expansion for the given nonhomogeneous equation we compute

the eigenfunction expansion for f(z)/x (see page 694):

@ ~ ; anJ2 (042nx) )

where )
Jo(aopx) d
n:k{@Lﬂ%x)x, n=1,23, .. .
Jo ©J3 (agpz) da
Therefore,
00 a,
y(z) = J2 (2n) -
; H—= a%n 2

. Again, this is a typical singular Sturm-Liouville boundary value problem. L is selfadjoint

since condition (ii) of Lemma 1 on page 710 of the main text holds at the left endpoint and

the analogue of condition (i) holds at the right endpoint.

This is Bessel’s equation of order 0. As we observed on page 712 of the text, Jy (\/ﬁx) satisfies
the boundary conditions at the origin. At the right endpoint, we want J| (\/ﬁ) = 0. Now it
follows from equation (32) on page 488 of the text, that the zeros of J| and J; are the same.
So if we let \/ft, = ai,, the increasing sequence of zeros of Jy, then Jj(ay,) = 0. Hence, the

eigenfunctions are given by

Yn(x) = Jo (1), n=1,23,....
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To find an eigenfunction expansion for the solution to the nonhomogeneous equation, we first

expand f(x)/x (see page 694):

@ ~ ; anO (Oélnx> )

where )
- Jo f(@)Jo(arme) dx W 193
" fol zJ¢ (1) da ’ T
Therefore,
o bn
y(l’) = Z w— Oé2 JO (OéanL‘)
n=1 In

Therefore,

2 [adf(2)] — = 6(a) + Aapla) =0
S @) + 20" (@) — S o) + Aaola) = 0.

Multiplying both side by ¢(z) and integrating both sides from 0 to 1, we obtain

1 1 1
2

[o@d@ iz [ adn - [Zlo@pdns [xalo@Pde =0 (11.10)

T
0 0 0

Now integrating by parts with u = ¢(x)¢'(z) and dv = dz, we have

1

/ o) (@) dr = wp(@)d() | - / 26 (2)8 (@) + B() " (2)] da
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Since ¢(1) = 0, we have

Thus equation (11.10) reduces to

1 1 1

- [eld@) do— [ 260 @ do+ [26()0" (@) do

0 0

]

= —/x[¢’(x)]2 dx—uQ/x1[¢(x)]2dx+)\/x[¢(x)]2 dxr = 0. (11.11)

0

(b) First note that each integrand in (11.11) is nonnegative on the interval (0,1), hence
each integral is nonnegative. Moreover, since ¢(x) is an eigenfunction, it is a continuous
function which is not the zero function. Hence, the second and third integrals are strictly
positive. Thus, if v > 0, then A must be positive in order for the left-hand side of (11.11)

to sum to zero.

(c) If v = 0, then only the first and third terms remain on the left hand side of equa-
tion (11.11). Since the first integral need only be nonnegative, we only need A to be

nonnegative in order for equation (11.11) to be satisfied.

To show A = 0 is not an eigenvalue, we solve Bessel’s equation with v = 0, that is, we

solve

xy// _'_ y/ — O’
which is the same as the Cauchy-Euler equation

l'2y” + ZL‘y/ =0.
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Solving this Cauchy-Euler equation, we find a general solution
y(x) =c1 +cxInzx.

Since lim, o+ y(x) = —o0 if ¢5 # 0, we take ¢ = 0. Now y(x) = ¢; satisfies the boundary
condition (17) in the text. The right endpoint boundary condition (18) is y(1) = 0. So
we want 0 = y(1) = ¢;. Hence the only solution to Bessel’s equation of order 0 that
satisfies the boundary conditions (17) and (18) is the trivial solution. Hence A = 0 is not

an eigenvalue.

EXERCISES 11.8: Oscillation and Comparison Theory, page 725

5. To apply the Sturm fundamental theorem to
y' +(1—-e")y=0, 0 <z < oo, (11.12)

we must find a ¢(x) and a function ¢(z) such that g(z) > 1 —¢€*, 0 < & < oo, and ¢(z) is a
solution to

y" 4+ q(x)y =0, 0 <z < oo. (11.13)

Because, for x > 0, 1 — ¢* < 0, we choose ¢(z) = 0. Hence equation (11.13) becomes
y" = 0. The function ¢(x) = x + 4 is a nontrivial solution to this differential equation. Since
¢(z) = x + 4 does not have a zero for x > 0, any nontrivial solution to (11.12) can have
at most one zero in 0 < x < oco. To use the Sturm fundamental theorem to show that any
nontrivial solution to

v +(1—¢e")y =0, —oo <z <0, (11.14)
has infinitely many zeros, we must find a ¢(z) and a function ¢(x) such that ¢(z) < 1 — €7,
x < 0, and ¢(x) is a solution to

y" 4+ q(x)y =0, —o00o <z <0.

1

Because 1 — e™! & 0.632, we choose ¢(x) = 1/4 and only consider the interval (—oo,—1).

Hence, we obtain
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which has nontrivial solution ¢(x) = sin(z/2). Now the function ¢(x) has infinitely many
zeros in (—oo, —1) and between any two consecutive zeros of ¢(z) any nontrivial solution to
(11.14) must have a zero; hence any nontrivial solution to (11.14) will have infinitely many

zeros in (—oo, —1).

. First express

y// +x_2y' 4 (4 o e—z) y = 0,
in Strum-Liouville form by multiplying by the integrating factor e='/*:

e—l/zy// + e—l/zx—2y/ + 6—1/&: (4 _ e—a}) y=0 = (e—l/zy/)/ + e—l/z (4 _ e—m) y = 0.

Now when x gets large, we have

D N efl/large _ 1 _ 1 B 1
g\ eWlaree (4 — ¢-laree) T\ (1)(4 —small) V4 27

Hence, the distance between consecutive zeros is approximately /2.

We apply Corollary 5 with p(z) = 1 + z, g(z) = e *, and r(z) = 1 to a nontrivial solution

5

on the interval [0,5]. On this interval we have pyy = 6, p, = 1, qu = 1, ¢ = €7°, and

ry = Tm = 1. Therefore, for

)\>max{_qM,_—qm,O}:O,

M T'm

the distance between two consecutive zeros of a nontrivial solution ¢(x) to the given equation

is bounded between

qm + Ary V1+A Gm + A\, Ved+



CHAPTER 12: Stability of Autonomous Systems

EXERCISES 12.2: Linear Systems in the Plane, page 753

3. The characteristic equation for this system is 7% + 2r + 10 = 0, which has roots r = —1 & 3i.
Since the real part of each root is negative, the trajectories approach the origin, and the origin
is an asymptotically stable spiral point.

7. The critical point is the solution to the system

—4r 4+ 2y +8 =0,
r—2y+1=0.

Solving this system, we obtain the critical point (3,2). Now we use the change of variables
T =u-+3, y=0v+2,

to translate the critical point (3,2) to the origin (0,0). Substituting into the system of this

problem and simplifying, we obtain a system of differential equations in u and v:

du dz

il (u+3)+2(v+2)+8 U+ 2v,
dv dy

il (u+3)—2v+2)+1=u—2v

The characteristic equation for this system is r% 4+ 67 + 6 = 0, which has roots r = —3 + /3.
Since both roots are distinct and negative, the origin is an asymptotically stable improper node
of the new system. Therefore, the critical point (3,2) is an asymptotically stable improper

node of the original system.

9. The critical point is the solution to the system

20 +y+9=0,
—dxr — 2y — 22 = 0.
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Solving this system, we obtain the critical point (—4, —1). Now we use the change of variables
T =u—4, y=0v-—1,

to translate the critical point (—4,—1) to the origin (0,0). Substituting into the system of

this problem and simplifying, we obtain a system of differential equations in u and v:

du dx

i (u—4)+(v—=1)4+9=2u+wo,

dv dy
—=-==-5u—4)—-2wv—-1)—22=—bu—2v.
il 5(u—4)—2(wv—1) bu — 2v

The characteristic equation for this system is 72 + 1 = 0, which has roots r = =4i. Since
both roots are distinct and pure imaginary, the origin is a stable center of the new system.

Therefore, the critical point (—4, —1) is a stable center of the original system.

The characteristic equation for this system is 72 + 7 — 12 = 0, which has roots r = —4 and
r = 3. Since the roots are real and have opposite signs, the origin is an unstable saddle point.
To sketch the phase plane diagram, we must first determine two lines passing through the
origin that correspond to the transformed axes. To find the transformed axes, we make the

substitution y = max into
dy dy/dt 5x—2y

dr  dx/dt x4+ 2y

to obtain
_ Sx —2mx
x4 2ma
Solving for m yields
5
m(z + 2mz) = bx — 2mx = 2m* +3m —5 =0 = m=-—g or m = 1.
Som = —5/2 or m = 1. Hence, the two axes are y = —5x/2 and y = z. On the line y = x
one finds
dx
3
at "
so the trajectories move away from the origin. On the line y = —5x/2 one finds
dy
]
dt y?
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so the trajectories move towards the origin. A phase plane diagram is given in Figure B.56 in

the answers of the text.

19. The characteristic equation for this system is (r + 2)(r + 2) = 0 which has roots r = —2, —2.
Since the roots are equal, real, and negative, the origin is an asymptotically stable point. To
sketch the phase plane diagram, we determine the slope of the two lines passing through the

origin that correspond to the transformed axes by substituting y = max into

dy dy/dt =2y
dv  dx/dt 2z +y
to obtain
. —2mx
 2r+max’
Solving for m yields
m(—2z +mz) = —2ma = m? =0 = m = 0.

Since there is only one line (y = 0) through the origin that is a trajectory, the origin is an

improper node. A phase plane diagram is given in Figure B.58 in the answers of the text.

EXERCISES 12.3: Almost Linear Systems, page 764

5. This system is almost linear since ad — bec = (1)(—1) — (5)(—1) # 0, and the functions
F(x,y) = G(z,y) = —y* = 0 involve only high order terms in y. Since the characteristic
equation for this system is 72 + 4 = 0 which has pure imaginary roots r = 424, the origin is

either a center or a spiral point and the stability is indeterminant.

7. To see that this system is almost linear, we first express e**¥, cosz, and cosy using their

respective Maclaurin series. Hence, the system

dx

— ="t —cosz,
dt

dy

— =cosy+zx—1,
dt Y

709



Chapter 12

710

becomes
der [ (z +y)? z”
dr |, RSl AN I I H
o _ + (v +y) + 91 - 2!+
=z + y + (higher orders) = = +y + F(z,y),
d - 2
d_?Z: 1_%_1_..}+x_1:x+(higherorders)=$+G($7y)~

This system is almost linear since ad — be = (1)(0) — (1)(1) # 0, and F(x,y), G(x,y) each
only involve higher order forms in x and y. The characteristic equation for this system is
7?2 —r — 1 = 0 which has roots r = (1 4 v/5)/2. Since these roots are real and have different

signs the origin is an unstable saddle point.

. The critical points for this system are the solutions to the pair of equations

16 — a2y =0,
x—y3=0.
Solving the second equation for z in terms of y and substituting this into the first equation
we obtain
16 —y*=0
which has solutions y = £2. Hence the critical points are (8,2) and (—8, —2).

We consider the critical point (8,2). Using the change of variables x =« + 8 and y = v + 2,
we obtain the system

du
dt
dv
dt

=16 — (u+8)(v + 2),
= (u+8) — (v+2)°

which simplifies to the almost linear system

du
dt
d

—U:u—12v—61)2—v3.

dt
The characteristic equation for this system is 72+ 14r +32 = 0, which has the distinct negative

= —2u — 8v — uv,

roots ¥ = —7 + +/17. Hence (8,2) is an improper node which is asymptotically stable.



13.

Exercises 12.3

Next we consider the critical point (—8,—2). Using the change of variables x = u — 8 and

Yy = v — 2, we obtain the system

du
dv 3
o = w=8) —(v=2)"

which simplifies to the almost linear system

d
d—z:2u—|—8v—uv,

d
d—z:u—12@+602—v3.

The characteristic equation for this system is 2 + 10r — 32 = 0, which has the distinct roots

r = —b5 £ +/57. Since these roots are real and have different signs, (—8, —2) is an unstable

saddle point.

The critical points for this system are the solutions to the pair of equations
1—2y =0,
x—y3=0.
Solving the second equation for = in terms of y and substituting this into the first equation

we obtain
1—y*=0
which has solutions y = £1. Hence the critical points are (1,1) and (-1, —1).

We consider the critical point (1,1). Using the change of variables xt = u+ 1 and y = v + 1,

we obtain the almost linear system

d

d—? =1—(u+1)(v+1)=—-u—v—uv,

d

d_:;:(u—|—1)—(v—|—1)3:u—3v—3v2—v3.
The characteristic equation for this system is r24-4r+4 = 0, which has the equal negative roots
r = —2. Hence (1,1) is an improper or proper node or spiral point which is asymptotically
stable.
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Next we consider the critical point (—1,—1). Using the change of variables x = u — 1 and

y = v — 1, we obtain the almost linear system

d

d—?zl—(u—l)(@—l):uij—uv,

d
d_::(u—l)—(v—l)Bzu—30+3vz—v3.

The characteristic equation for this system is r? + 2r — 4 = 0, which has roots r = —1 + /5.
Since these roots are real and have different signs, (—1, —1) is an unstable saddle point. A

phase plane diagram is given in Figure B.59 in the answers of the text.

Case 1: h = 0. The critical points for this system are the solutions to the pair of equations

z(l -4z —y) =0,
y(1 —2y —5z) =0.
To solve this system, we first let z = 0, then y(1 —2y) =0. Soy=0ory = 1/2.
When y = 0, we must have z(1 —4z) =0. Sox =0or z = 1/4.
And if x # 0 and y # 0, we have the system
1—4z —y =0,
1—2y—5x=0,
which has the solution x = 1/3, y = —1/3. Hence the critical points are (0,0), (0,1/2),
(1/4,0), and (1/3,—1/3).

At the critical point (0,0), the characteristic equation is r* — 2r + 1 = 0, which has equal
positive roots r = 1. Hence (0,0) is an improper or proper node or spiral point which is

unstable. From Figure B.61 in the text, we see that (0,0) is an improper node.

Next we consider the critical point (0,1/2). Using the change of variables y = v + 1/2 and
x = u, we obtain the almost linear system

d 1 1

d—?:u<1—4u—v—§) = §U—4U2—U’U,

dv 1 5
v ) —20—1-5u)= —2u—v—2° - 5uw.
p” <U+2)( v bu) HU— V=2 Suv
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The characteristic equation for this system is r?+ (1/2)r — (1/2) = 0, which has roots r = 1/2
and r = —1. Since these roots are real and have different signs, (0,1/2) is an unstable saddle

point.

Now consider the critical point (1/4,0). Using the change of variables z = v+ 1/4 and y = v,

we obtain the almost linear system

d 1 1
o (u+—> (1—du—1-v)=—u——v—4u> — uv,

dt 4 4
dv 5 1 9
g—v(1—20—5u—§)——10—20 — Buw.

The characteristic equation for this system is r2+(5/4)r+(1/4) = 0, which has roots r = —1/4
and r = —1. Since these roots are distinct and negative, (1/4,0) is an improper node which
is asymptotically stable.

At the critical point (1/3, —1/3), we use the change of variables t =u+1/3 and y =v —1/3

to obtain the almost linear system

d 1 4 1 4 1
Y (u—|—§> (1—4u———v—|——> = ——u—-v—4u® —uv,

dt 3 3 37 3
d 1 2 5 5 2
d_::(v—g) (1—20+§—5u—§) :§u—|—§v—2v2—5uv.

The characteristic equation for this system is >+ (2/3)r — (1/3) = 0 which has roots r = 1/3
and r = —1. Again since these roots are real and have different signs, (1/3,—1/3) is an
unstable saddle point, but not of interest since y < 0. Species = survives while species y dies

off. A phase plane diagram is given in Figure B.61 in the answers of the text.

Case 2: h = 1/32. The critical points for this system are the solutions to the pair of equations

1 —_—
32
y(1 —2y —5z) =0.

(1l -4z —y) 0,

To solve this system, we first set y = 0 and solve z(1 — 4x) — 1/32 = 0, which has solutions

r = (2++/2)/16.
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If y # 0, we have 1 — 2y — 5z = 0. So y = (1/2) — (5/2)x. Substituting, we obtain
1
x|l —4r — ——§x —i:O.
2 2 32

3, 1 1
_° S —
R I

which has the solution z = 1/4 or x = 1/12. When x = 1/4, we have

151\ 1
¥y=573\1) "%

Simplifying, we obtain

And when z = 1/12, we have

Hence the critical points are

2-V3 2+ V3 vy (1T
16 ) 16 ) 1 g) 12724)°

22
16
to obtain the almost linear system

du <u+2_\/§> (1—4u—2_4\/§—v> ! V2 2-v2

16

At the critical point ,O) , we use the change of variables z = u + and y =v

v — 4u® — uw,

- = u
32 2 16

dt 16

d 10 — 5v2 6 + 5v/2

_v:U 1—2@—5u—7\/_ :iv—202—5uv.
dt 16 16

The characteristic equation for this system is

V2 6+5v2)
)T T )T

2 -2
16

which has distinct positive roots. Hence ( ,O) is an unstable improper node.
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2 2
Now consider the critical point ( JZ6\/_ ) O) , where we use the change of variables y = v and
2 2
T =u-+ JZ(S\/_ to obtain the almost linear system
du 2+12 2+2 1 V2 2442 )
— = lu+ 1—4u — V| = =——u— v —4u” — uwv,
dt 16 4 32 2 16
d 1 2 —5v2
—v:v 1—2v—>5u-— O+5\/_ :6 5\/_v—2v2—5uv
dt 16 16

The characteristic equation for this system is

V2 6 —5v2
(-9)(-3)

2+/2
16

which has distinct negative roots. Hence < ,O) is an asymptotically stable improper

node.

When the critical point is (1/12,7/24), the change of variables x = u+1/12 and y = v+7/24

leads to the almost linear system

du_ (N () ! 7 11 Lo
a \"T 12 YT TV Top) Tap Tt Tt T

dv 7 7 Y 35 7 9
i (v—i—ﬂ> (1—21}—5—5u—ﬁ) ——ﬂu—ﬁv—%) — duw.

The characteristic equation for this system is r? + (13/24)r — (7/48) = 0, which has roots
r = (—134+/505)/48. Since these roots have opposite signs, (1/12,7/24) is an unstable saddle

point.

And when the critical point is (1/4, —1/8), the change of variables x = u+1/4 and y = v—1/8

leads to the almost linear system

d 1 1 1 7 1
o (u—l——) (1—4u—1—v+—)——:——u——v—4u2—uv,

dt 4 8 32 8 4

dv 1 1 5 5 1

— = —— 1—-2 - —bu—— ) =— —v— 2% — )
i (fu 8)( 'U+4 Su 4) 8u+4v v Suv
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The characteristic equation for this system is 72 + (5/8)r — (1/16) = 0, which has roots
r = (=5 £ 1/41)/16. Since these roots have opposite signs, (1/4,—1/8) is an unstable saddle

point. But since y < 0, this point is not of interest.

Hence, this is competitive exclusion; one species survives while the other dies off. A phase

plane diagram is given in Figure B.62 in the answers of the text.

Case 3: h = 5/32. The critical points for this system are the solutions to the pair of equations

3
x(1—4x—y)—§:O,

y(1 —2y —5z) =0.
To solve this system, we first set y = 0 and solve

5
r(1—4x) = 55 =0,

which has complex solutions. If y # 0, then we must have

1-2y—-52x=0 = Yy=—=—=0r.

1 5 5
1—do—|=—= —— =0.
x{ T (2 295)} ) 0

3, 1 5

which also has only complex solutions. Hence there are no critical points. The phase plane

Substituting we obtain

Simplifying, we obtain

diagram shows that species y survives while the x dies off. A phase plane diagram is given in

Figure B.63 in the answers of the text.

EXERCISES 12.4: Energy Methods, page 774

3. Here g(x) = 2?/(x — 1) = 2+ 1+ 1/(z — 1). By integrating g(x), we obtain the potential

function
ZL‘2
G(.’L’) = 7+$+1H|$—1|+C,
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and so
v? a?
E(z,v) = 5+3+x+1n\x— 1|+ C.
Since E£(0,0) = 0 implies C' = 0, let
2 2
E(z,v) = %+%+x+ln\x— 1.

Now, since we are interested in E near the origin, we let |z — 1| = 1 — = (because for x near

0, x — 1 < 0). Therefore,

2 2

E(z,v) = %—l—%—kx—i—lm(l—x).

. Here we have g(z) = 222 + # — 1 and hence the potential function

2x3+x2
= — 4+ — — 7.
3 2

The local maxima and minima of G(z) occur when G'(x) = g(z) = 22> + z — 1 = 0. Thus

G(z)

the phase plane diagram has critical points at (—1,0) and (1/2,0). Since G(x) has a strict
local minimum at x = 1/2, the critical point (1/2,0) is a center. Furthermore, since x = —1
is strict local maximum, the critical point (—1,0) is a saddle point. A sketch of the potential

plane and phase plane diagram is given in Figure B.65 in the answers of the text.
Here we have g(z) = z/(z —2) =14 2/(x — 2) so the potential function is
Gx)=xz+2njz -2 =2+2In(2 — 2),

for x near zero. Local maxima and minima of G(x) occur when G'(z) = g(z) = x/(z—2) = 0.
Thus the phase plane diagram has critical points at (0,0). Furthermore we note that z = 2
is not in the domain of g(x) nor of G(x). Now G(x) has a strict local maximum at x = 0,
hence the critical point (0,0) is a saddle point. A sketch of the potential plane and phase

plane diagram for x < 2 is given in Figure B.66 in the answers of the text.

We first observe that vh(z,v) = v? > 0 for v # 0. Hence, the energy is continually decreasing

along a trajectory. The level curves for the energy function

1)2 2 4

T T
E(:c,v):5+7 Z
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are just the integral curves for Example 2(a) and are sketch in Figure 12.22 on page 770 of
the text. The critical points for this damped system are the same as in the example and
moreover, they are of the same type. The resulting phase plane is given in Figure B.67 in the

answers of the text.

EXERCISES 12.5: Lyapunov’s Direct Method, page 782

3. We compute V (z,y) with V(z,y) = 22 + .

Viz,y) = Vilz,y)f(z,y) + V,(2,y)9(z,y)
= 2z (y2 + xy2 - x3) + 2y (—xy + x2y — y3)
= 4a?y? — 22" — 2yt = -2 (x2 — y2)2 .

According to Theorem 3, since V is negative semidefinite, V' is positive definite function, and

(0,0) is an isolated critical point of the system, the origin is stable.

. The origin is an isolated critical point for the system. Using the hint, we compute V(x, Y)

with V(z,y) = 22 — y*. Computing, we obtain

Viz,y) = Vilz,y)f(x,y) + Vy(z,y)g(x,y)
= 20 (2°) =2y (2% —y°) = da’ — 42’y + 27 = 2" 4 (& — )"

which is positive definite. Now V(0,0) = 0, and in every disk centered at the origin, V' is
positive at some point (namely, those points where |z| > |y|). Therefore, by Theorem 4, the

origin is unstable.

7. We compute V (z,y) with V(z,y) = az* + by?.

718

Vieg,y) = Velz,y)f(z,y) +Vy(z,y)g(z,y)
= dax® (2y — xg) + 2by (—x3 — y5)
= Sazdy — 4ax® — 202y — 2by°.
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To eliminate the 23y term, we let @ = 1 and b = 4, then
V(z,y) = —42° — 8",

and we get that V' is negative definite. Since V is positive definite and the origin is an isolated

critical point, according to Theorem 3, the origin is asymptotically stable.

11. Here we set
_dx N dy d*x
Y= dt - de?

Then, we obtain the system

dr _
dt
dy _
dt

Y,
—(1—y2)y—x.

Clearly, the zero solution is a solution to this system. To apply Lyapunov’s direct method,

we try the positive definite function V(z,y) = ax?® + by* and compute V.

Vig,y) = Valz,9)f(z,y) + Vy(z,9)9(2,y)
= 2az (y) +2by [— (1 — v°) y — 2] = 2azy — 2by* + 2by" — 2bzxy .

To eliminate the xy terms, we choose a = b =1, then
Viz,y) = -2 (1—¢%).

Hence V is negative semidefinite for |y| < 1, so by Theorem 3, the origin is stable.

EXERCISES 12.6: Limit Cycles and Periodic Solutions, page 791

5. We compute r%:
P xd—x%—y@:x[x—y+x(r3—4r2+5r—3)]+y[x+y+y(r3—4r2+5r—3)]
dt dt dt

= 2 —ay+2® (r —4r* +5r = 3) +ay +y* +y° (r’ — 4r* 4+ 5r — 3)
= r2—|—r2(r3—4r2+5r—3):7’2(7“3—47’2—1—57“—2).
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11.

720

Hence
dr

= =7 (r’ =47 +5r —2) =r(r—1)%@r —2).
Now dr/dt = 0 when r = 0,1,2. The critical point is represented by r = 0, and when r = 1
or 2, we have limit cycles of radius 1 and 2. When r lies in (0, 1), we have dr/dt < 0, so
a trajectory in this region spirals into the origin. Therefore, the origin is an asymptotically
stable spiral point. Now, when r lies in (1, 2), we again have dr/dt < 0, so a trajectory in this
region spirals into the limit cycle » = 1. This tells us that » = 1 is a semistable limit cycle.

Finally, when r > 2, dr/dt > 0, so a trajectory in this region spirals away from the limit cycle

r = 2. Hence, r = 2 is an unstable limit cycle.
de

To find the direction of the trajectories, we compute 7"2%.

5 df dy dz
rt— = 11— —y—
dt at Ut
= +ay+ay(r—4r*+5r—3) —ay+y* —ay (r* — 4 4+ 5r — 3)

:x[x+y—|—y(r3—4r2+5r—3)} —y[:p—y+x(r3—4r2+5r—3)}

= x2+y2:7“2.

Hence df/dt = 1, which tells us that the trajectories revolve counterclockwise about the origin.

A phase plane diagram is given in Figure B.74 in the answers of the text.

We compute r dr/dt:
r@ = xd—x—k @—x + x sin 1 + —x + ysin 1
at — Tat " Yar — r 4 I G

= xytar'sm|—)—zyt+ysmm|-—)=rsm|-—].
r r r
dr . (1
— =7rsin | -
dt r)’

and dr/dt = 0 when r = 1/(nm), n = 1,2,.... Consequently, the origin (r = 0) is not an

Hence,

isolated critical point. Observe that

dr >0 f 1 <r< !
— or — <r < —
dt (2n+ )7 2nm’
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dr <0 f 1 <r< 1
o or D T —_— .
dt 2nm (2n— 1)

Thus, trajectories spiral into the limit cycles » = 1/(2n7) and away from the limit cycles

r =1/[(2n + 1)x]. To determine the direction of the spiral, we compute r2 df/dt.
7"2@ = x@ _ = |—2 + ysin Nl- -+ z sin !
at — TatVar Y r Y r

1 1
= —224 xy sin (—) — y2 — zysin (—> — 2
r r

Hence df/dt = —1, which tells us that the trajectories revolve clockwise about the origin. A

phase plane diagram is given in Figure B.77 in the answers of the text.

We compute f, + g, in order to apply Theorem 6. Thus
Jo(wy) + gy(w,y) = (=84 32°) + (=7 +3y%) =3 (+* +¢° - 5),

which is less than 0 for the given domain. Hence, by Theorem 6, there are no nonconstant

periodic solutions in the disk 22 + y? < 5.

It is easily seen that (0,0) is a critical point, however, it is not easily shown that it is the only
critical point for this system. Using the Lyapunov function V(z,y) = 2z% + y?, we compute

V(z,y). Thus

. dx dy
Viey) = Valz,y)— + Vylz,y) -
= 4z (295 —y—22° — 3xy2) + 2y (23: + 4y — 4y — 2x2y)

= 8z — 8zt — 16x2y2 + 8y2 — 8y4 =38 (x2 + y2) —8 (x2 + y2)2 .

Therefore, V(x,y) < 0 for 2% 4+ y> > 1 and V(z,y) > 0 for 22 + y*> < 1. Let C} be the curve
222 + y* = 1/2, which lies inside 2 + y* = 1, and let C; be the curve 222 + y* = 3, which lies
outside 2 4+ y> = 1. Now V(z,y) > 0 on C; and V(z,y) < 0 on C,. Hence, we let R be the
region between the curves C; and C3. Now, any trajectory that enters R is contained in R.

So by Theorem 7, the system has a nonconstant periodic solution in R.
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25. To apply Theorem 8, we check to see that all five conditions hold. Here we have g(z) = x and

f(x) = 2?(2®> — 1). Clearly, f(z) is even, hence condition (a) holds. Now

T
5 3

Fla)= [ &2(2—1)ds=2 -2,
(x) /3 (s ) ds T3
0
Hence F(z) < 0 for 0 < z < /5/3 and F(z) > 0 for x > /5/3. Therefore, condition (b)
holds. Furthermore, condition (c) holds since F(z) — +o0o0 as £ — 400, monotonically for

x > 4/b/3. As stated above, g(z) = x is an odd function with g(z) > 0 for = > 0, thus
condition (d) holds. Finally, since

xT

2
G(x):/sds:%,

0
we clearly have G(x) — 400 as © — 400, hence condition (e) holds. It follows from Theo-

rem 8, that the Lienard equation has a unique nonconstant periodic solution.

EXERCISES 12.7: Stability of Higher-Dimensional Systems, page 798

5. From the characteristic equation

722

—r—1) (I +1) =0,

we find that the eigenvalues are 1, +7. Since at least one eigenvalue, 1, has a positive real

part, the zero solution is unstable.

. The characteristic equation is

(r+1) (r*+1) =0,
which has eigenvalues +7, £¢. Next we determine the eigenspace for the eigenvalue i. Com-

puting we find

i —1 —1 0 1 ¢4 00

1 ) 0 —1 0 010
=

0 0 1 —1 0 001

0 1 1 0 00O
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Hence the eigenspace is degenerate and by Problem 8(c) on page 798 of the text, the zero
solution is unstable. Note: it can be shown that the eigenspace for the eigenvalue —i is also

degenerate.

To find the fundamental matrix for this system we first recall the Taylor series e”, sin x, and

cosz. These are

- 1'2 x3

e = +$+§+§+"',
x> 2

SINT = R T
{L‘2 1'4

cosv=1=or 5=

Hence

dry 3 T3 3 73
EZ(l—ZL‘l—l—a—"' + 1—5'}‘"' —2=—-21+ 5— + —54—"' ,

s + i Loy
— = —x Ta — — e = —2y — I —_ o e
dt ? T 2 3! ’

drs (29 + 3)? _ (w2 + 23)
a“*‘b+@ﬁ”ﬂ+—ﬁf—+“';ﬁT”V'—zr—+““
Thus,
—1 0 0
A= 0 —1 1
0 -1 -1
Calculating the eigenvalues, we have
o s 0 0
A — 71| = 0 —1—r 1]=0.
0 -1 —-1-—7r

Hence, the characteristic equation is —(r 4 1)(r? + 2r +2) = 0. Therefore, the eigenvalues are

—1, —1 £ 1. Since the real part of each is negative, the zero solution is asymptotically stable.
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15. Solving for the critical points, we must have

—171+1:0,
—21‘1—.%'2+2.I'3—4:0,
—3$1—2$2—$3+1:0.

Solving this system, we find that the only solution is (1, —2,2). We now use the change of

variables

1 =u+1, To =0 — 2, T3 =w+ 2

to translate the critical point to the origin. Substituting, we obtain the system

du

- — _y

dt ’

d

d_: = —2u — v+ 2w,

d

d—if = —3u —2v —w.

Here A is given by
-1 0 0
A=| -2 -1 2

-3 -2 -1

Finding the characteristic equation, we have —(r + 1)(r? +2r +5) = 0. Hence the eigenvalues
are —1, —1 4+ 2i. Since each eigenvalue has a negative real part, the critical point (1, —2,2) is

asymptotically stable.
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EXERCISES 13.1: Introduction: Successive Approximations, page 812

1. In this problem, x¢ = 1, yo = y(xo) = 4, and f(z,y) = 2*> — y. Thus, applying formula (3) on
page 807 of the text yields

x x T

y(x):y0+/f(t,y(t))dt:4+/[tQ—y(t)] dt:4+/t2dt—/y(t)dt.

o 1 1 1

Since

the equation becomes
2?1 11 2% [
ylr) =4+ — ———/y(t)dt: —+——/y(t)dt.

3. In the initial conditions, o = 1 and yo = —3. Also, f(z,y) = (y — 2)? = y* — 2zy + 2%

Therefore,

va) =wt [ Seudi=-3+ [ (A0 - 20+ ) dr

1

Using the linear property of integrals, we find that

T x T x

/(zﬂ(t) —2ty(t) + 1) dt = /y2(t) dt—2/ty(t) dt+/t2 dt

— / [y2(t) — 2ty(t)] dt + ‘%3 — % ,
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we have
X X

x> 10 9

y(x) = 33 + [y (t)dt —2 [ ty(t)dt. (13.1)
1 1

Note that we can rewrite the last integral using integration by parts in terms of integrals of

the function y(x) alone. Namely,

l/x()dttl/t // dsdt_x/ ds_// ) ds dt

Thus, another form of the answer (13.1) is

T

y(x):%3—?+/y2(t)dt+xjy(t)dt—jjy(s)dsdt.

1

g(x):%(ij;).

Thus the recurrence formula (7) on page 807 of the text becomes

5. In this problem, we have

1 3
xn+1=g(:cn)=§<xn+—), n=20,1,....

With zy = 3 as an initial approximation, we compute

1 3 1 3 1 3 1 3
. Z)l=Z(3+Z2) =20 =z - — (2 =1.75
1 2<$0+x0) 2( +3> y i) 2<$1+x1) 2( +2> 5

and so on. The results of these computations is given in Table 13-A.

1 3
Table 13—A: Approximations for a solution of z = 5 (x + —).
T
zg = 3.0 x3 = 1.732142857
x1 = 2.0 x4 = 1.732050810
xr9 = 1.75 x5 = 1.732050808

We stopped iterating after x5 because x4 — x5 < 1078, Hence z ~ 1.73205081.
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7. Since g(x) = 1/ (2% + 4), we have the recurrence formula

xn+1:g(xn):x2+4, n:O,l,...

n

with an initial approximation zy = 0.5. Hence

1 1 4
_ _ — = ~0.2352941176
T 24T (05214 17 ’
1 1

Ty = ~ 0.2465870307, etc.

22+ 4 (0.2352941176)2 + 4

See Table 13-B. We stopped iterating after x; because the error xg — z7 < 107°. Hence
x =~ 0.24626617.

1
Table 13—B: Approximations for a solution of x = e
x
zg = 0.5 x4 = 0.2462664586
x1 = 0.2352941176 x5 = 0.2462661636
zo = 0.2465870307 zg = 0.2462661724
x3 = 0.2462565820 z7 = 0.2462661721

9. To start the method of successive substitutions, we observe that

g(z) = (5 2 x)1/4 :

Therefore, according to equation (7) on page 807 of the text, we can find the next approxi-

mation from the previous one by using the recurrence relation

5— 1, 1/4
$n+1:9($n):< ) .

3

We start the procedure at the point xqg = 1. Thus, we obtain

5—.%’0 1/4 51 1/4 4 1/4
1 ( 5 ) 5 5 074569932 ,
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5— . \Y* /5 —1.074569932\ /4
Ty = ( Bxl) ~ ( . ) ~ 1.069526372 ,

5—2,\Y* /5 —1.069526372
T3 = 3 ~ 3

1/4
> ~ 1.069869749 .

By continuing this process, we fill in Table 13-C below. Noticing that z; — 24 < 1078, we
stopped the procedure after seven steps. So, z ~ 1.06984787.

5 g\ V4
Table 13—C: Approximations for a solution of x = ( x) .

3
zo = 1.0 4 = 1.069846382
1 = 1.074569932 x5 = 1.069847972
2 = 1.069526372 6 = 1.069847864
3 = 1.069869749 x7 = 1.069847871

11. First, we derive an integral equation corresponding to the given initial value problem. We
have f(z,y) = —y, xo0 = 0, yo = y(0) = 2, and so the formula (3) on page 807 of the text
yields

T

y(x) =2+ / —y(t)] dt =2 - / y(t)dt.

0
Thus, Picard’s recurrence formula (15) becomes

xT

Yn+1() :2—/yn(t) dt, n=0,1,....
0

Starting with yo(x) = yo = 2, we compute

x x

yl(x):2—/yo(t)dt:2—/2dt:2—2t yzgzz—m,
0 0

yo(z) = —/yl(t)dt:2—/(2—2t)dt:2+(t—1)2 }Zg:Q—Qx—FxQ.
0 0

728



13.

15.

Exercises 13.1

In this problem, f(z,y) = 322, zo = 1, yo = y(1) = 2, and so Picard’s iterations to the
solution of the given initial value problem are given by
Ynsa(z) = 2+ / (3%)dt =2+ | =2 +1.
1
Since the right-hand side does not depend on n, the sequence of iterations yx(x), k = 1,2,. ..,

is a constant sequence. That is,
yp(r) = 2° + 1 for any k> 1.

In particular, y;(z) = yo(x) = 23 + 1.

(In this connection, note the following. If it happens that one of the iterations, say, yx(x),
obtained via (15) matches the exact solution to the integral equation (3), then all the subse-
quent iterations will give the same function yg(z). In other words, the sequence of iterations
will become a constant sequence starting from its kth term. In the given problem, the first
application of (15) gives the ezact solution, x® + 1, to the original initial value problem and,

hence, to the corresponding integral equation (3).)

We first write this differential equation as an integral equation. Integrating both sides from
xo = 0 to & and using the fact that y(0) = 0, we obtain

xT

va) =y0) = [ -elar =y = [ [0~ ] de.

0

Hence, by equation (15) on page 811 of the text, the Picard iterations are given by

T

er(e) = [ [oalt) = ] dr.

0

Thus, starting with yo(z) = yo = 0, we calculate

T T

yl(x):/[yo(t)—et] dt:—/etdtzl—em,

0 0
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17.

19.

730

Y2 () :/[yl(t)—et} dt:/(l—Qet)dt: l—e"=2+4+z—2".
0 0
First of all, remark that the function f(x,y(z)) in the integral equation (3), that is,
) =w+ [ Sty dr.
Zo

is a continuous function as the composition of f(x,y) and y(x), which are both continuous by

our assumption. Next, if y(x) satisfies (3), then

Yy (x9) = y0+/f(t>y(t))dt = Yo,

because the integral term is zero as a definite integral of a continuous function with equal

limits of integration. Therefore, y(z) satisfies the initial condition in (1).

We recall that, by the fundamental theorem of calculus, if g(x) is a continuous function on an

interval [a, b], then, for any fixed ¢ in [a, b], the function G(z) := [ g(t) dt is an antiderivative

6= ([ a0 dt)' — g(z).

/

y'(@) = | o+ / FEy®)de | = fty®) | _= fa.y(z),

for g(x) on (a,b), i.e.,

Thus,

and so y(x) satisfies the differential equation in (1).
The graphs of the functions y = (2 + 1)/2 and y = z are sketched on the same coordinate
axes in Figure 13-A.

By examining this figure, we see that these two graphs intersect only at (1,1). We can find

this point by solving the equation
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Py
N
0 1 2 3 4
: : _ : 2?41
Figure 13—A: The method of successive substitution for the equation x = 5

for x. Thus, we have
20 =2 + 1 = 2?22 +1=0 = (z—12=0 = r =1

Since y = z, the only intersection point is (1, 1).

To approximate the solution to the equation x = (2% + 1)/2 using the method of successive

substitutions, we use the recurrence relation

2 +1

Tp4+1 = 9

Starting this method at xqg = 0, we obtain the approximations given in Table 13-D. These
approximations do appear to be approaching the solution z = 1.

However, if we start the process at the point x = 2, we obtain the approximations given in

Table 13-E.

We observe that these approximations are getting larger and so do not seem to approach a

fixed point. This also appears to be the case if we examine the pictorial representation for the
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732

2
x
Table 13—D: Approximations for a solution of z = starting at o = 0.
z1 = 0.5 r15 = 0.89859837
r9 = 0.625 T9o = 0.91988745
z3 = 0.6953125 z39 = 0.94337158
x4 = 0.7417297 z40 = 0.95611749
x5 = 0.7750815 50 = 0.96414507
z19 = 0.8610982 Tgg = 0.98102848
72
Table 13—E: Approximations for a solution of x = starting at xo = 2.
71 =25 74 = 25.4946594
T9 = 3.625 r5 = 325.488829
x3 = 7.0703125 T = 52971.9891

method of successive substitutions given in Figure 13-A. By plugging xy = 0 into the function
(z? +1)/2, we find Py to be the point (0,0.5). Then by moving parallel to the z-axis from
the point Py to the line y = x, we observe that @)y is the point (0.5,0.5). Next, by moving
parallel to the y-axis from the point Qg to the curve y = (2% + 1)/2, we find that P, is the
point (0.5,0.625). Continuing this process moves us slowly in a step fashion to the point (1, 1).
However, if we start this process at xy = 2, we observe that this method moves us through

larger and larger steps away from the point of intersection (1, 1).

Note that for this equation, the movement of the method of successive substitutions is to
the right. This is because the term (22 + 1)/2, in the recurrence relation, is increasing for
x > 0. Thus, the sequence of approzimations {x,} is an increasing sequence. Starting at a
nonnegative point less than 1 moves us to the fixed point at = 1, but starting at a point
larger that 1 moves us to ever increasing values for our approximations and, therefore, away

from the fixed point.
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EXERCISES 13.2: Picard’s Existence and Uniqueness Theorem, page 820

1. In order to determine whether this sequence of functions converges uniformly, we find ||y, — y||.

Since
x x
alw) = y(@) = (1- = .
we have
lgm — 9n(2) — () = _ 1
n—yll = max |y,(z) —y(x)| = max — = —.
Y y z€[—1,1] 4 y ze[-1,1] n n
Thus
1
lim |y, —y||= lim — =0
n—oo n—oo N,

and {y,(x)} converges to y(x) uniformly on [—1, 1].
3. In order to determine whether this sequence of functions converges uniformly, we must find
Tim . — ]l

Therefore, we first compute

nx
1 4 n2x2?

nx
= max ————,
z€l0,1] 1 4+ n?x

lyn —yll = llynll = max

where we have removed the absolute value signs because the term (nz)/(1+ n?z?) is nonneg-

ative when = € [0, 1]. We will use calculus methods to obtain this maximum value. Thus, we

differentiate the function y,(z) = (nz)/(1 + n*z?) to obtain

n(l — n%a?
()= ML)
(1 + n2z?)
Setting y/ (x) equal to zero and solving yields
1
n(l—n2x2):O = n?z® =1 = T =F—.
n

Since we are interested in the values of x on the interval [0, 1], we will only examine the critical
point z = 1/n. By the first derivative test, we observe that the function y,(z) has a local

maximum value at the point x = 1/n. At this point, we have
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734

Computing
n(0)
n O - - 07
0 = T2
n(1) n 1 1
n(1 = <—<-=- f > 2,
) = T Ty S S form
we conclude that
() = 5
max yYn(z) = =
z€[0,1] 2

Therefore,

1
lim |y, — W—hm—z—%O

Thus, the given sequence of functions does not converge uniformly to the function y(z) = 0

on the interval [0, 1].

This sequence of functions does, however, converge pointwise to the function y(z) = 0 on the

interval [0, 1]. To see this, notice that for any fixed z € (0, 1] we have

ne . 1

Jim [yn () = y(@)] = lim =g = lm 5= =0,

where we have found this limit by using L’Hospital’s rule. At the point = 0, we observe
that
0
lim [y,(0) —y(0)] = lim — = 0.

n—oo n—oo

Thus, we have pointwise convergence but not uniform convergence. See Figure 13-B(a) for

the graphs of functions y; (), y10(x), yso(z), and yoo(z).

. We know (as was stated on page 433 of the text) that for all z such that |z| < 1 the geometric

series, Y -, x¥, converges to the function f(z) = 1/(1—=). Thus, for all z € [0,1/2], we have

1
1—=x =ltazta’+ Z L
Therefore, we see that
0 00 00 1 k
k k
n = Imax n — = max X V| = max Jra— Z
lon =9l = €[0,1/2] 9a(7) ~y(2) z€[0,1/2] Z ; z€[0,1/2] k;—l k;—i-l (2>
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054 vy1(z) 201 | y20(x)

0 1 0 02 04 06 08 1

(a) (b)

Figure 13—B: Graphs of functions in Problems 3 and 7.

and so
o0

N\
lim ||y, —yl| = Li — .
Jm fly, —yl) = Jim, [ > (3) ]
k=n+1
Since Y7 1(1/2)" is the tail end of a convergent series, its limit must be zero. Hence, we

. =
Tim iy, =yl = lim [ > (5) ] =0.

k=n+1

have

Therefore, the given sequence of functions converges uniformly to the function y(z) = 1/(1—x)

on the interval [0,1/2].

. Let z € [0, 1] be fixed.
If z = 0, then y,(0) = n?(0) = 0 for any n and so lim,, . ¥,(0) = lim,, ., 0 = 0.

For x > 0, let N, := [2/z] + 1 with [-] denoting the interger part of a number. Then, for

n > N,, one has

2 2 2
n>|—|+1>- = x> —
T T n

and so, in evaluating v, (), the third line in its definition must be used. This yields y,(z) = 0
for all n > N,, which implies that lim,, .. y,(z) = lim, ., 0 = 0.
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Hence, for any fixed x € [0, 1], lim,, oo yn(x) = 0 = y(x).

On the other hand, for any n, the function y,(z) is a continuous piecewise linear function,
which is increasing on [0, 1/n], decreasing on (1/n,2/n), and zero on [1/n,1]. Thus it attains

its maximum value at x = 1/n, which is
1 1
-
n n

lim [ly, —y| = lim [jy,| = lim n = oo,
Nn—00 n—00 n—00

Therefore,

and the sequence does not converge uniformly on [0, 1]. See Figure 13-B(b) for the graphs of
Ys5(2), y10(x), y15(x), and yao(z).

. We need to find an h > 0 such that A < min (hy, a1 /M,1/L). We are given that

Ry={(z,y):|le =1 <1, [y <1} ={(z,y): 0<2 <2, -1 <y < 1},

and so hy = 1 and a; = 1. Thus, we must find values for M and L.

In order to find M, notice that, as was stated on page 816 of the text, we require that M

satisfy the condition
[f(@y)l = ly* — 2| < M,

for all (z,y) in R;. To find this upper bound for |f(z,y)|, we must find the maximum and
the minimum values of f(z,y) on Ry. (Since f(x,y) is a continuous function on the closed
and bounded region Ry, it will have a maximum and a minimum there.) We will use calculus
methods to find this maximum and this minimum. Since the first partial derivatives of f(z,y),
given by

folw,y) = =1, and  fy(z,y) = 2y,

are never both zero, the maximum and minimum must occur on the boundary of R;. Notice
that R; is bounded on the left by the line x = 0, on the right by the line z = 2, on the top
by the line ¥y = 1, and on the bottom by the line y = —1. Therefore, we will examine the
behavior of f(z,y) (and, thus, of |f(x,y)|) on each of these lines.



Case 1:

Case 2:

Case 3:

Exercises 13.2

On the left side of Ry where z = 0, the function f(z,y) becomes the function in the

single variable y, given by

f0,y)=Fi(y)=y*-0=y>  ye[-11].

This function has a maximum at y = £1 and a minimum at y = 0. Thus, on the left
side of R; we see that f reaches a maximum value of f(0,+1) =1 and a minimum value
of £(0,0)=0.

On the right side of R; where x = 2, the function f(z,y) becomes the function in the

single variable y, given by

f2y)=Fy)=y-2, yel-11]

This function also has a maximum at y = +1 and a minimum at y = 0. Thus, on the
right side of Ry, the function f(z,y) reaches a maximum value of f(2,+£1) = —1 and a

minimum value of f(2,0) = —2.

On the top and bottom of R; where y = +1, the function f(z,y) becomes the function
given by

flr, £1) = B3(z) = (1)’ —a2=1—2, x€]0,2].
This function also has a maximum at x = 0 and a minimum at x = 2. Thus, on both

the top and bottom of the region R;, the function f(x,y) reaches a maximum value of

f(0,£1) = 1 and a minimum value of f(2,+1) = —1.

From the above cases we see that the maximum value of f(x,y) is 1 and the minimum value

is —2 on the boundary of R;. Thus, we have |f(x,y)| < 2 for all (z,y) in R;. Hence, we
choose M = 2.

To find L, we observe that L is an upper bound for

of
’8y 12y| = 2yl

on Ry. Since y € [—1,1] in this region, we have |y| < 1. Hence, we see that

— | =2y <2
’93/ ly| <2,
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for all (z,y) in R;. Therefore, we choose L = 2.

Now we can choose h > 0 such that

1 11 1
h<mln<h1,%,5> :mln(1,§§> :a

Thus, Theorem 3 guarantees that the given initial value problem will have a unique solution

on the interval [1 — h, 1+ h], where 0 < h < 1/2.

11. We are given that the recurrence relation for these approximations is y,.1 = T [y,]. Using
the definition of T'[y], we have

T

Y1 =2° —x+1 /(u — )y (u) du.
0

3

Thus, starting these approximations with yo(z) = x° — x + 1, we obtain

x T

yi(x) = x3—:E—|—1+/(u—x)y0(u)du:x3—x—|—1+/(u—x) [v® —u+1] du

0 0
T

= x3—x+1+/(u4—u2+u—xu3+xu—x)du
0
S g4 zd x3+x2 x5+x3 N
= 2° -2 e T Rl
d 3 2 4 2
By simplifying, we obtain

1 7 1
yl(x):—2—0x5+6x3—§x2—x+1.

Substituting this result into the recurrence relation yields

xT

yo(x) = x3—x+1/(u—x)y1(u)du

0
T

1 7 1
- x3—x—|—1/(u—x) [—%u‘r’—kéu‘g—éqﬂ—u—l—l du
0
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Exercises 13.2

1 7 1 1 1
3 7 5 4 3 2

= — 1 _ A Z
o -+ 1+ 0~ —1—3030 3T — 37 —1—230

1 7 7 5 1 4 1 3 2
T0% Tt Tt gt o ®

When simplified, this yields

1 7 7 5 1 4 7 3 1 2
S S e STy R B G
nlr) = g% “ gt gt tgr Tgr —ot

Using properties of limits and the linear property of integrals, we can rewrite the statement

that

n—oo

b b
lim [ y,(z)dz = /y(x) dx

in an equivalent form

b b b

lim /yn(x) - /y(:p) dr| =0 = lim [ [y.(z) —y(z)]dz = 0. (13.2)

n—oo n—o0
a a a

The sequence {y, } converges uniformly to y on [a, b], which means, by the definitionof uniform
convergence, that

19n = Yllcpay = max lyn(z) —y(2)| = 0 as n — oo.

Since
b

/[yn(l’)—y(x)]da: S/Iyn(x)—y(xﬂdxé (0 —a) lyn = Ylleuy — 0

a

as n — 00, we conclude that

b

lim / lyn(2) — y(2)] dz| = 0,

n—oo
a

and (13.2) follows. (Recall that lim, . a, = 0 if and only if lim,,_,« |a,| = 0.)
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15. (a) In the given system,

2'(t) = —y*(t), «(0)
y'(t) = =(b), y(0)
Z(t) = x(t)y(t), =2(0) =

replacing ¢ by s, integrating the differential equations from s = 0 to s = ¢, and using the

0;
I; (13.3)

fundamental theorem of calculus we obtain

2'(s)ds = — OftyQ(s) ds; z(t) — z(0) = — OftyQ(s) ds;

By the initial conditions in (13.3), x(0) = 0, y(0) = 2(0) = 1. Substituting these values

into the above system yields

z(s) ds; (13.4)

which is equivalent to the given system of integral equations. Thus, (13.3) implies (13.4).

Conversely, differentiating equations in (13.4) and using the fundamental theorem of cal-
culus (its part regarding integrals with variable upper bound), we conclude that solutions

x(t), y(t), and z(t) to (13.4) also satisfy differential equations in (13.3). Clearly,

0=~

e —o

d

y*(s)ds = 0;
0
z :

y(0) —1 Of(s)s:O
2(t) — 1= b?x(s)y(s) ds

=0,

and the initial conditions in (13.3) are satisfied. Therefore, (13.4) implies (13.3).



Exercises 13.3

(b) With starting iterations zo(t) = x(0) = 0, yo(t) = y(0) = 1, and 2¢(t) = 2(0) = 1, we
compute x1(t), y1(t), and 2 (t).
¢ ¢
zi(t) = = [ys(s)ds = — [(1)*ds = —t;
0 0
t t
yp(t) =14 [2(s)ds=1+ [(1)ds=1+1;
0 0
t ¢
z1(t) =1+ [zo(s)yo(s)ds =1+ [(0)ds =1
0 0
Applying given recurrence formulas again yields
t t ¢ t3
ealt) = — [ y(s) ds = — [(1+ 8)2ds = ~(1+)2/3 [y= —t 12—
0 0
t t
yp(t) =14 [z1(s)ds=1+ [1ds =1+t
Ot 0 t ¢ t2 t3
2t) =14 [z1(s)yi(s)ds=1— [s(1+s)ds=1— (s*/2+ s*/3) }0: 1-— 73
0 0

EXERCISES 13.3: Existence of Solutions of Linear Equations, page 826

1. In this problem,

A(t):[COSt \/f], f(t):[tani].

| e

In A(t), functions cost, 3, and —1 are continuous on (—oc, c0) while y/Z is continuous on
[0, 00). Therefore, A(t) is continuous on [0, c0). In f(¢), the exponential function is continuous
everywhere, but tant has infinite discontinuities at ¢t = (k + 1/2)7, k = 0,£1,4+2,.... The
largest interval containing the initial point, t = 2, where tant and, therefore, f(¢), is continuous
is (m/2,3m/2). Since A(t) is also continuous on (7/2,37/2), by Theorem 6, given initial value

problem has a unique solution on this interval.

3. By comparing this problem to the problem given in (14) on page 825 of the text, we see that

in this case

pl(t) = _lnta pQ(t) Oa p3(t) = tant, and g(t) = 62t'
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We also observe that t; = 1. Thus, we must find an interval containing ¢ty = 1 on which all of
the functions p;(t), p2(t), ps3(t), and g(t) are simultaneously continuous. Therefore, we note
that po(t) and g(t) are continuous everywhere; p;(t) is continuous on the interval (0, c0); and
the interval which contains ¢, = 1 on which ps(t) is continuous is (—7/2,7/2). Hence, these
four functions are simultaneously continuous on the interval (0, 7/2) and this interval contains
the point ¢y = 1. Therefore, Theorem 7 given on page 825 of the text guarantees that we will

have a unique solution to this initial value problem on the whole interval (0,7/2).

In this problem, we use Theorem 5. Since

£(t,x) = [ sin xa ] |

31’1

of 0 of COS T
a—xl(tax)_ [3]7 a—ZL'Q(t7X)_ [ O]

Vectors f, 0f /0xq, and 0f /Oxs are continuous on

we have

R={-00<t<o00,—00<x <00,—00< Ty <00}

(which is the whole space R?) since their components are. Moreover,

of
=3, '6—:702(t’x)

= |cosxs| < 1

for any (¢,x), and the condition (3) in Theorem 5 is satisfied with L = 3. Hence, given initial

value problem has a unique solution on the whole real axis —oo < t < o0.

The equation

y"(t) — (sint)y'(t) + e "y(t) = 0
is a linear homogeneous equation and, hence, has a trivial solution, y(f) = 0. Clearly, this
solution satisfies the initial conditions, y(0) = y'(0) = y”(0) = 0. All that remains to note is

t

that the coefficients, —sint¢ and e™*, are continuous on (—o00, c0) and so, by Theorem 7, the

solution y = 0 is unique.



Exercises 13.4
EXERCISES 13.4: Continuous Dependence of Solutions, page 832

3. To apply Theorem 9, we first determine the constant L for f(z,y) = €% 4+ 2. To do this,

we observe that

0
a—‘?};(x,y) = —e“Ysiny.
Now on any rectangle Ry, we have
0 ‘ ‘
2 o] = ey = e iy < e
Y

(More detailed analysis shows that this function attains its maximum at y* = (v/5 —1)/2,

and this maximum equals to 1.4585....) Thus, since h = 1, we have by Theorem 9,

[9(x,90) — ¢(x, Yo)| < |yo — Yol €.
Since we are given that |yo — 7| < 1072, we obtain the result

D(, 10) — O, )| < 1072 =~ 0.151543 .

9. We can use inequality (18) in Theorem 10 to obtain the bound, but first must determine the
constant L and the constant e. Here f(x,y) =sinz + (1 +y*) ! and F(z,y) =z + 1 — y°

Now,
okl
oy | T 0 )2
and

oF
— = 2y| < 2.
)| = ] <

To find an upper bound for |0f/dy| on Ry, we maximize 2y/(1 + y*)?. Hence, we obtain

(1+y2)? () (1+y2)°

( 2y )'_ 201+ 922 —2y-2(1+y%)2y  2(1+y%) —8°  2—6y?
(1+y?)?

Setting this equal to zero and solving for y, we obtain

2 — 6y

= = 2 —6y° =0 = =+
(1+y?)° ’ !
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Since 2y/(1 4 4?)? is odd, we need only use y = 1/4/3. Thus

of 2/V3 3v/3
S| < =

and so L = 3v/3/8. To obtain ¢ we seek an upper bound for

1 1
|f(z,y) — F(z,y)| = |sinz + .y —z—1+y% <|sinz—z|+ ’1+y2 —1+y
Using Taylor’s theorem with remainder we have
) 23 cos €
sinz =z — ,
3!
where 0 < & < x. Thus for —1 <z < 1 we obtain
_ 23 cosé |z]3cosé 1
sinx —z|=|z — —— 2| = —> < —.
3! 3! 6

Applying Taylor’s theorem with remainder to 1/(1 + y*) — 1 + y?, we obtain

gly) = 1 +y°) " = 1+¢*,

g(y) = —2y(1+y*)~* +2y,

g"(y) = —2(1+y*) 7 +2(1 +y*) 7 (29)* + 2,

g"(y) =41 +y°)(2y) — 6(1 +y°) " (2y)° + 2(1 +y*) > (8y) .
Since ¢(0) = ¢'(0) = ¢"(0) = 0, we have

9"(&)
3

I+y) " =14y =

where 0 < ¢ < y. Thus, we obtain

" 8+ 48 + 16
3! 6
Hence
1 73

It now follows from inequality (18) in Theorem 10 that
73
[6(x) — (@) < ¢*V3/8 ~ 23.204541

for x in [—1,1].
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